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New derivations of origin-independent expressions for the electric permittivity are presented,
starting either from the response function of the current density that defines the absorp-
tion coefficient, or from the off-resonance single-photon scattering amplitude that leads to
the Kramers—Heisenberg dispersion formula. The resulting expression for the permittivity is
compared with earlier work on the origin dependence of the material constants. Different
origin-independent expressions for the permittivity, the inverse permeability and the mag-
netizability are calculated and discussed. By considering electromagnetic plane waves in the
absence of external sources, the macroscopic Maxwell equations are used to describe the re-
sponse of matter to external fields. In combination with the constitutive relations, a wave
equation expressed in terms of the material constants is derived. It is shown that the different
definitions of the material constants lead to the same wave equation. The non-uniqueness
of the definitions of the material constants is discussed in this context. Finally, based on
the discussions, we propose a possible unique, origin-independent definition of the material
constants.

Keywords: Material constants; frequency-dependent magnetizability; permittivity; inverse
permeability; scattering amplitude; absorption coefficients

1. Introduction

The multipole description of electrodynamics has been widely used to derive ex-
pressions for molecular properties in order to describe physical phenomena such
as reflection, scattering and other optical effects. [1] Multipole theory is commonly
introduced in microscopic electrodynamics and extended to the macroscopic case
through a spatial averaging process [1, 2]. When using multipole theory, the expres-
sions obtained for many molecular properties are origin dependent when going be-
yond the lowest non-zero multipole order, even if the observable quantities remain,
by necessicity, origin independent. This is found for both microscopic and macro-
scopic theories. Origin dependence means that the respective properties explicitly
depend on the choice of the origin of the coordinate system (see e.g. Refs. [1, 3]).
It is therefore important to derive origin-independent expressions for observable
molecular properties, but controversy remains [4-6].

Raab and de Lange proposed a transformation theory [7] that—when applied
to the macroscopic description of electrodynamics—leads to origin-independent ex-
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pressions for the material constants, also known as the constitutive tensors. This
transformation theory makes use of the macroscopic Maxwell equations and ex-
ploits the non-uniqueness of the definition of the auxiliary fields D and H. The
theory provides satisfactory results in the sense that origin-independent expressions
are obtained. However, limitations regarding their physical behaviour remain, since
the material constants in these derivations are not directly related to experimental
measurable quantities. In the following, we will relate the material constants to
measurable quantities such as the scattering amplitude.

The magnetizability has often been at the core of the debate on gauge-origin inde-
pendent expressions for molecular properties. The expression for the magnetizability
obtained from multipole theory is origin independent for a static external magnetic
field, but appears to be origin dependent in the frequency-dependent case. Raab
and de Lange proposed an origin-independent definition of the frequency-dependent
magnetizability in the microscopic case [8] that agrees with the macroscopic expres-
sion achieved for the inverse permeability using their transformation theory. The
validity of this expression has still to be investigated, since an alternative definition
of the inverse permeability can be derived in the macroscopic case |9]. Furthermore,
the theory used to derive the magnetizability in the microscopic case relies on the
invocation of a number of requirements that the frequency-dependent magnetizabil-
ity is assumed to possess [8]. Although all the requirements imposed are reasonable,
their introduction is nevertheless of an ad hoc nature.

In this work, the origin-independent expression for the permittivity obtained by
Raab and de Lange is derived in a new way, using two alternative approaches: (1)
by considering the expression for the off-resonance single-photon scattering am-
plitude [10], and (2) starting from the response function of the current density
that defines the absorption coefficient [11]. It is shown that these procedures do
not require any transformation theory, only a Taylor expansion (to second order)
of the external electromagnetic perturbation. The results can be considered as a
generalization, beyond the dipole approximation, of the work of Healy [10] on the
Kramers—Heisenberg dispersion formula.

The macroscopic Maxwell equations and the constitutive relations [1] are then
discussed, and it is shown that a general and unique definition of the material con-
stants is still not established. Therefore, possible alternative expressions have to
be considered. It is shown that a covariant formulation of the auxiliary fields and
the constitutive relations leads to origin-independent expressions for the material
constants [9, 12| that differ from the ones given in Ref. |7]. Particular attention is
paid to the inverse permeability, noting that the result obtained for the electric per-
mittivity suggests that transformed multipole theory provides correct and unique
definitions of the material constants.

Next we consider the wave equation expressed in terms of the material constants,
in order to show why multipole theory has been successful in describing many
physical phenomena despite the origin dependence of many of the expressions used
to describe the material constants.

The rest of the paper is organized as follows. A brief overview of the relevant
theoretical background is given in Sec.2 and the definitions of the constitutive rela-
tions provided by multipole theory and by the transformed multipole theory by Raab
and de Lange are presented and compared. In Sec.3 and Sec.4, the main results of
this work are derived and discussed. It is shown that the scattering amplitude and
the absorption coefficient are connected to the electric permittivity. They provide
expressions for the permittivity that correspond to the definition obtained from
transformed multipole theory. Our results relate the permittivity to well-known
measurable quantities, such as the scattering amplitude and the absorption coef-
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ficient, providing a way to determine the permittivity experimentally, also in the
optical region.

Alternative origin-independent expressions for the material constants are dis-
cussed in Sec.5, and compared to results obtained in the analysis of the scattering
amplitude and absorption coefficients.

The inverse permeability is discussed in detail in Sec.6, together with the mag-
netizability in the microscopic case. In Sec.7, the wave equation in terms of the
material constants is derived and discussed. Calculations of the origin-independent
expressions of the electric permittivity and the inverse permeability are reported
in Sec.8. Special attention is given to their dispersion curves. Concluding remarks
and an outlook are given in Sec.9.

2. Maxwell’s equations and the constitutive relations

Maxwell’s equations form the basis of all electromagnetic phenomena, providing
a complete description of the interactions between charged particles and electro-
magnetic fields when the particle degrees of freedom are fixed and the sources are
specified. A covariant formulation of electrodynamics gives Maxwell’s equations in
the form (SI units) [12]

V-B=0 (1)
0B
VAE+ - =0 (2)
V-D=p (3)
oD
VAH =55 +J (4)

where FE and B are the electric and magnetic fields, D and H the auxiliary fields
and p and J the macroscopic free charge and current density (not including bound
charges and currents), respectively.

In order to have a complete description of a macroscopic system, it is necessary to
specify the relation between the electric and magnetic fields and the corresponding
auxiliary fields. The auxiliary fields are thus not uniquely defined until the relation
between them and the basic fields is specified through the so-called constitutive
relations.

Before defining the constitutive relations, we note that in the following discussion,
only non-magnetic media are considered. However, the results obtained below can
be straightforwardly extended to the case of magnetic media. Furthermore, the co-
variant Maxwell equations eqs.(1)-(4) describe all kinds of homogeneous, dielectric,
magnetic, anisotropic and chiral media [12]. In the following we will also assume
that the external perturbation is described by electromagnetic plane waves of the
general form

F = Fyexp[i(k - r — wt)] (5)

where F refers to the fields E and B, Fj their amplitude, w the frequency of the
oscillating fields and k the wave vector. The wave vector is related to the frequency
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of the fields and to the refractive index n through the relation

(6)

where o defines the direction of propagation of the wave. In vacuum, the constitu-
tive relations are

D=¢E H=yu,'B (7)

A general definition of the auxiliary response fields in terms of induced multipole
moments, up to the electric octopole-magnetic quadrupole order, is given by [13]

1 1
DZ = 50El + PZ — §VJQ” + évkvaUk — ... (8)

_ 1
le,uolB—MmLﬁV]Mw—... (9)

In these equations and throughout this paper, implicit summation over repeated
indices will be used (Einstein summation convention). In these equations we have
also introduced the electric constant £y, the magnetic constant g, and F;, @,
Quyk, M,, M, represent the macroscopically induced electric and magnetic multipole
moments, respectively. The induced multipole moments can be expressed in terms
of molecular responses to electric and magnetic fields (see for instance Ref. [14]).
Considering an electromagnetic plane wave eq.(5), the multipole moments in egs.(8)
and (9) can be rewritten in terms of the fields. Collecting terms in the electric and
magnetic fields leads to the following set of constitutive relations

D, = A,E,+T,B, (10)

H,=U,E, + X,B, (11)

introducing the material constants A,,, T;,, U,, and X,,. A,, is the permittivity, T,,
and U, = TZ]; the magneto-electric coefficients and X,, the inverse permeability.
In this definition, the permittivity appears as a purely electric property and the
inverse permeability as a purely magnetic property, whereas the magneto-electric
coefficients couple the electric and magnetic fields. In eqgs.(10)-(11) we have trun-
cated the expansion of the auxiliary fields in order to obtain linear constitutive
relations.

The explicit expressions for the material constants in eqs.(10)-(11) provided by mul-
tipole theory, up to the electric octopole-magnetic quadrupole order and in terms
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of molecular responses, are [1]
1
AZJ = 60(51] + oy, + iz(awk — a]]ﬂ)kk (12)
1 1
- g(bukl + byur) ik + 7 katkiky
1
EJ = _ZG;] + 5( z/]k - ;k])kk (13)
UZ] = _ZG;z - 5( ]/zk - ;kz)kk (14)
1
ng = 751] — Xy (15)
Ho

The definitions, from time-dependent perturbation theory, of the various molec-
ular response terms appearing in eqs.(12)—(15) are given in Table 1.

Tensor | Definition
uy 23 swsnZsnRe{< P, >ps< Py >}
Qugk %Zs wansnRe{< -Pz >ns< ij >sn}
ng _% Zs WanIm{< ]Dz >ns< M] >sn}
bz]kl %Zs wansnRe{< ]Dz >ns< Q]kl >sn}
dzgkl %Zs wansnRe{< ng >ns< le >sn}
Hz/jk _% SWanIm{< F)Z >ns< M]k >sn}
L;Jk —2 SWanIm{< sz >ns< My, >sn}
Xy %ZS wansnRe{< M, >,s< M] >sn} +
(x))2
S R i — ()25, )

Table 1. Molecular properties up to the electric-octopole magnetic-quadrupole order defining the material con-

2 2y—1 Ep —E,
stants. Ze, = (w3, —w?) and wps = ZREE,

It can be shown that the expressions for the material constants in eqgs.(12)-(15)
derived from multipole theory are origin dependent [15].

Because the material constants describe the response of a material to an electro-
magnetic perturbation (vide infra), they are observable quantities and thus their
expressions are expected to be origin independent. As already mentioned, the aux-
iliary fields are however not uniquely defined by Maxwell’s equations, and it is
therefore necessary to introduce constitutive relations that express D and H in
terms of the basic fields. There is thus a certain freedom in the definition of the
constitutive relations and of the material constants, and it is possible to consider
different expressions for the material constants to the ones provided by multipole
theory as long as Maxwell’s equations are satisfied and the wave equation is origin
independent (see e.g. Ref. [1]). We will return to this point in Sec.7.

The freedom implied by Maxwell’s equations should not lead to any ambiguities
in the definition of the materials constants, since they are observables. Thus, the
definition of the materials constants should be unique. On this basis, Raab and de
Lange have proposed a transformed multipole theory of the auxiliary fields up to
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electric octopole-magnetic quadrupole order [7| that provides origin-independent
expressions for the material constants. The origin independence of the material
constants is imposed as a necessary requirement and, by construction, they are
unique. The origin-independent expressions of the material constants resulting from
this transformed multipole theory are

1 1
Ay = €00y + aqy — agzklkk(Gfg +G)) + gkk(awk = k) (16)
1 2 y /
+ Ekkkl{ﬁezkmgjlnan - agzkm( ml ]lm)
1 ! !/ 1 1
- ;ejk’m(Hzml - zlm) - g(bz]kl + bjzkl) + §dzk]l}
1 1
T, =—(G,, — QUWEIAkD) — 5, Ektkr Xy (17)
1
Uy =—u(G), — iw&klaklj) + ﬂgyklkall (18)
1 1
Xy = %513 — Xy + §W{Ezkz(H]/kz + L) (19)

1 1
+ et (Hypy + Ligg) — W[g(szkk + bpik) — dek]k]
1

1
— Oy lerimHgm — W(gbkku - delkl)]}

In conclusion, conventional multipole theory provides origin-dependent expres-
sions for the material constants (see eqs.(12)-(15)), whereas applying transformed
multipole theory to the auxiliary fields leads to origin-independent expressions
(eqs.(16)-(19))), that are obtained by considering terms up to the electric octupole—
magnetic quadrupole order.

3. Scattering amplitude and permittivity

In this section, we will present an alternative derivation of the expression for the
permittivity that is more straightforward than transformation theory and which
is based on the standard quantum-mechanical theory of the interaction between
electromagnetic fields and matter.

We will demonstrate that the permittivity in eq.(16) can be obtained starting
from the definition of the off-resonance, single-photon scattering amplitude. The
derivation builds on the work of Healy [10], who presented a generalization of the
Kramers—Heisenberg dispersion formula [16]. Healy showed that the expression for
the scattering amplitude derived using perturbation theory to second order, with
the minimal-coupling interaction Hamiltonian as perturbation, is identical to the
expression for the scattering amplitude provided by the multipolar formulation
of molecular quantum electrodynamics, where a multipolar Hamiltonian is used.
However, no multipolar approximation is made, instead exact integral expressions
from the multipolar formulation of molecular quantum electrodynamics are used,
retaining terms to second order in the wave vector.

In order to derive an expression for the scattering amplitude in terms of induced
electric and magnetic moments, we consider a Taylor expansion of the electromag-
netic wave, to second order.

Let us start by considering the measurable quantity doo. 1, the probability that



January 24, 2015

13:20 Molecular Physics Revised

Molecular Physics 7

a photon with wave vector ki and polarization A; is scattered by the molecule,
initially in the state n(1) with energy Ej, into a photon with wave vector ko and
polarization \g, leaving the molecule in the state n(2) with energy Fs. This prob-
ability is measured by the differential cross section per unit solid angle about ko

doge 1

_ 21 (o2 9
i |fac1]|® = |—(27m) ko Toe 1] (20)

where fa. 1 is the single-photon scattering amplitude defined in terms of the tran-
sition matrix element for the process T, 1[10]:

To 1 = <k2)\2, n(2)|Hmt]n(1), kl)\1> + (21)

3 (ko Ao (2)[Hing|I) (1| Hint|k1 A1n(1))
Einitial — E1

1

The expression for the scattering amplitude derived using perturbation theory
and the minimal coupling Hamiltonian for an atom interacting with electromagnetic
fields is given by [10]

_ « €
f2<_1 = _kl 1/2k;/2{€£A1)6(A2) E<n2 ‘ € (kl kz) " ‘ TL1> (22)

e (e/m)(ng | pe® [ n)el > (e/m)(n | pe 2T | ny)
E2 + Enn1

I}

(N

where e,”’ is the polarization vector with polarization A, and E,,,, = E,, — Ey,.
Note that the hypothesis of energy conservation and off-resonance frequency has
. . Eng
been imposed, that is k1 + k(1) = k2 + ky(2), where k,,(;) = =
Assuming that the wavelength of the radiation is much greater than the molecular
dimension (k- r < 1), we can perform a Taylor expansion to second order of the

exponentials
1 2
e:np(—zk-r)zl—zk-'r—g(k-r) — ... (23)

and inserting this expansion into eq.(22), we obtain a linear combination of terms at
different order in the wave vector k, containing transition moments in both velocity
and length gauge. Retaining terms up to second order in the Taylor expansion
means including contributions of electric octopole-magnetic quadrupole order. We
use the canonical commutation relations p, = —%[n, H] to express everything in
the length gauge. By using the definition of a response function

(4B = —L S QLA LB10) (01 BInn LAIO) _ gy

w W w
n£0 no +

(24)
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and imposing energy conservation, we obtain

« 1 1
foc1 = 61()\1)65)‘2) [, + ilkk(azgk — Qpk) — 6kkkl(bzﬂcl + byukt) (25)

1
+ Zdzkjl - Zszklkk(G;J + G;l) + Ezkmgjlnkklemn

1 1
— §€kakkkl(H5ml - ;lm) - §€]kmkk‘kl(HZ/ml - ;lm)}

= e g,

where the definition of A;; introduced in eq.(16) has been used. Eq.(25) defines
the scattering amplitude in terms of the electric permittivity invoking the origin-
independent definition of this material constant provided by Raab and De Lange
in their transformed multipole theory eq.(16). In the appendix, we present an al-
ternative derivation of this result using the expression for the scattering amplitude
provided by a multipolar formulation of molecular quantum electrodynamics.

In this derivation we have retained terms at the second order in both: (1) the
expansion of the external perturbation (eq.(23)), and (2) the vector potential in
the Hamiltonian (eq.(21)). The expression for the oscillator strength is then the
square of eq.(25). Comparing this expression to the one derived by Bernadotte
et al[17], we can see that they apparently differ. This is due to the fact that
Bernadotte et al. do not include the quadratic term of the vector potential in
the Hamiltonian, thus obtaining an expression containing only the leading-order
contribution. A result more directly comparable to the one of Bernadotte et al. will
be derived and discussed in the next section, where the quadratic term of the vector
potential in the Hamiltonian will be neglected.

The derivation of the permittivity presented here provides an indirect route for
measuring the permittivity, since it has been shown to be related to a well-known
measurable quantity, the differential cross section, expressable as a linear com-
bination of polarizabilities. We have also indirectly confirmed the validity of the
expression derived by Raab and De Lange in transformed multipole theory.

4. Absorption coefficients and permittivity

In the previous section, an origin-independent expression for the permittivity was
derived from the quantum-mechanical expression for the differential cross section,
providing a unique definition of this material constant. It was also shown that the
expression obtained for the permittivity is equivalent to the expression provided
by transformed multipole theory. Here, we show that an equivalent result can be
achieved from the definition of the absorption coefficient in terms of the response
function of the current density. This derivation is similar to the former approach,
but allows us to also consider the current density.

Let us consider again a photon with wave vector k1 and polarization A1, that is
scattered by a molecule of volume V and linear dimension L, initially in the state
n(1) with energy Ej, into a photon with wave vector ko and polarization Ay, leaving
the molecule in the state n(2) with energy Es. The probability that a photon would
be detected with polarization Ao and wave vector k9 is the square of the amplitude:
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T ks — b, (o) o, () (26)

+ < g, (k2)idn, (k1) >pcl

T2<—1 = €£Ep(—7/kL)[6)\1)\2(Sklk2 - (

expressed in terms of the current density [11]. Retaining terms linear in L we get

47
Toer? =14 (—)3 <) 3 w 2
T + ()3 <) (k) > (27)

The absorption coefficient describing the decrease in intensity per unit length of
matter in the ground state is

47
= —(—)& ix, (k1); 9 (k w 2
a= ()8 <, (k) (k) > (28)
where w = kec.

From a quantization of the fields and the Hamiltonian describing the molecular
system, the current density can be expressed as:

in(k) = rx (k) - / drj(r)exp(—k - ) (29)

where the current density operator j(r) is

3(r) = Y5 (VU E)(E) — T () Vi E) (30)
~ U OVOAW) + VA W ©ov(©)

(&) is here the electron field operator, satisfying the wave equation, and o the Pauli
spin operators. We exclude from the current density operator the field-dependent
term and the spin term—that is, we consider low-intensity light sources and closed-
shell systems only. Inserting the definition of the current density operator eq.(30)
into eq.(29), we obtain

i) = ma() - [ dro© (T ©)0A€) - OV eap(—k- 1) 31

Inserting the Taylor expansion to second order of the exponential given in eq.(23)
in the integral in eq.(31) and considering the component of r along k and V along
1), eq.(31) takes the form

i) = A [ el ©(-va)0ie) - [ dewl ©ubm(—Vaue) @2

_ % / et () kikmriron (—1V2)8(€)}
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Using the identities

r(—Vy) = i%lk + %[Tz(—lvk) +ra(=2Vy)] (33)
rirm(—1Vy) = %[Tﬁm(*lvx) +ri(=2Vin)ra + (—2Vi)rpra (34)

+ %[Tﬂ)\ + I\
we can rewrite the response function of the current density in terms of magnetic
and electric moments. Note that the indices [ and m are contracted with the wave
vector, i is the angular momentum and an explicit choice for the orientation of
the axis has been made. Defining the magnetic dipole and quadrupole moments
as: My = 5—ly, My = 3%(73[1 + 1,r;) and using the Levi-Civita tensor, the current
density for an arbitrary direction A is

) e 1 1€
ia(k) = 7PA ﬁklgkl)\mk - %kl(np,\ + 1) (35)
1
- ﬁklkmsklkmkm - %klkm(rlrmpk + TPmTA + DITmT )

where p, is a component of the linear momentum operator. Eq.(35) has been ob-
tained using simple algebraic manipulations, canonical commutation relations and
the identities

m

pr == H] (36)
(([A, H]; B)) = hw({A; B)) — ([A, B]) (37)
((4;[B, H])) = hw({A; B)) + ([A, B]) (38)

The response functions that appear in the definition of the absorption coefficient,
eq.(28) can be calculated in a similar manner. Note that the complex conjugate of
eq.(35) should be considered for an arbitrary orthogonal direction \". Thus, for two
arbitrary directions A =2 and \" = j, the response function of the current density
is

. . w? 1 1
< Gu(k); il (k) >0 = ﬁ{ﬁ” + ayy — ;(ezklkk(GEJ +G) (39)

7 1

+ §(kk(az]k — k) — ékkkl(bzgkl + byul)
1 1 / /

+ Zdzk]l - %kkklé—zkm(H]ml - ]lm)
1

- %kkkl{f]k‘m(H{ml - {le)

1
+ E kk klezkmgjlnan}

Comparing eq.(39) with the expression for the permittivity obtained by Raab and
de Lange eq.(16), keeping terms up to electric octopole-magnetic quadrupole or-
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der [7], one can see that these expressions are identical. Thus, an origin-independent
expression of the permittivity can be obtained from the response function of the
current density. This result is equivalent to the one derived by Bernadotte et al. [17].

It is important to note that our calculation have started with quantities that
are origin independent because they are physical/observable quantities, namely the
external electromagnetic field and the current density. As a consequence, the ex-
pressions derived are also origin independent at each order in the Taylor expansion.
Retaining only first-order terms in the expansion would lead to an expression for the
current density proportional to the polarizability («,,) [11], which is well-known to
be origin independent. In our derivation, we have not imposed any constraints nor
applied any transformation theory in order to derive an origin-independent expres-
sion for the permittivity as done in earlier work [7, 8|. Instead, standard quantum-
mechanical theory for the interaction between matter and electromagnetic fields is
used.

In accordance with the discussion above, we can define the absorption coefficient
in terms of the permittivity Ay, », as

drw

a= —(m)%(z‘hy\l) (40)

Thus, a direct link between the electric permittivity and a physical observable
quantity, the absorption coefficient, has been provided.

5. Covariant formulation of the constitutive relations

Exploiting the non-uniqueness of the auxiliary fields (discussed in section 2),
alternate definitions for the auxiliary fields and the material constants can be ob-
tained within the relativistic covariant theory of electromagnetism [12]. Referring
to the discussion in Refs. [3, 9, 12], the constitutive relations can be written

D, = A,E, +T,B, (41)
H, =U,E, + X,,B, (42)

where D) and H] are the auxiliary fields in covariant form that satisfy Maxwell’s
equations (free of sources)

V-D' =0 (43)
D

The material constants in eqs. (41) and (42), to electric octopole-magnetic
quadrupole order, are defined as [9]
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1
Ay =€0dy + Fy — 13 FRF Wkt (45)
T, = —Zt;] + k‘kh;]k (46)
U, = —it', — kihy, (47)
1
Xy = ——0,y —my, (48)
Ho
where [9]
E] = Qyy (49)
1
ty, =G,y — 5 WERL kL (50)
Wz]kl = (bwkl + b]zkl + bk‘l]l + bl]lk‘) - (dz]kl + dzk]l + d]kzl) (51)
1 1
k= Z(H]/zk + Hy,, —2L,) — E(SJ’L(H;CZI + Hyy, — 2Ly (52)

1

1
- E(Slk‘(H‘;ll + Hy, = 2LYy) + s weambiykm

12

My = Xy — iw(gzklﬂllgjl + 5jle]/gzl) - %WQ(gzklfjmn + Ejklazmn)dkmnl (53)
The tensors which appear in these expressions are given in Table 1. Note that
eqs. (49)-(53) are origin independent, and thus also the material constants in
egs. (45)—(48).
Using the tensors in egs. (49)—(53), we can rewrite the expressions for the per-
mittivity and permeability given in the previous section egs. (16)—(19) as

1 1
Ay = €00y + Fy + kkkl(ﬁezkmgﬂnmmn - ;&kmh;ml (54)
1 1
— ;‘g]ln ;nk - EWUM)
1
ng = —761‘7 — My + szklh;kl + ngklh;lk <55)

Ho
w2
+ (251k5]l - 5135kl)274Wklmm

Egs.(54) and (55) clearly differ from eqs.(45) and (48). Two different covariant and
origin-independent definitions of the material constants are thus achieved.

It is clear that the material constants cannot be uniquely defined. In order to
discriminate between the different expressions for the material constants, and com-
pare them with experimental results, it is necessary to add more information to the
theory.

The analysis presented in Secs.3 and 4, which is a first principles approach to the
problem, provides a definition of the permittivity and of the material constants by
transformed multipole theory, that are origin independent at all orders in the mul-
tipole expansion, and that can be related to experimentally observable quantities.
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6. Inverse permeability and magnetizability

An origin-independent expression for the inverse permeability has been derived by
Raab and de Lange using a transformed multipole theory for the auxiliary fields [7],
see eq.(19) (or from the covariant formulation in eq.(55)). In the microscopic case, an
origin-independent expression for the frequency-dependent magnetizability, equiv-
alent to eq.(19), has also been derived by the same authors [8]

1
) = Xoy — §w{51kl(HJ/kl + L) (56)

1 1
+ egnt (Hypy + Lagy) — w[g(bzﬂck + bykk) — §d@kﬂc]

1 1
— 8y kimHpgm — W(gbkkll - delk‘l)]}

where o, indicates the second-order magnetic response (frequency-dependent mag-
netizability), which is different from the definition of the magnetizability provided
by multipole theory to lowest order x,,;, to which o} reduces in the static limit.

The procedure used to derive eq.(56) in Ref. [8] relies on a number of assump-
tions that the expression for the magnetizability is supposed to fulfil. The expression
in eq.(56) matches the definition of the inverse permeability given in eq.(19). Al-
though we cannot isolate a simple linear expression for the inverse permeability
from the constitutive relations and the expressions for the material constants, the
correspondence between eq.(56) and eq.(19) gives a strong support for this form
of the inverse permeability. However, with the exception of this indirect argument,
there is no physical reason not to assume eq.(48) as an equally good definition of
the inverse permeability, since it is covariant, origin independent and satisfies the
Maxwell equations.

It is important to note that, according to transformed multipole theory, in order
to derive an origin-independent definition of the material constants, it is necessary
to include contributions up to the electric octopole-magnetic quadrupole order
(see ref.|7]). This confirms that when going beyond the dipole approximation in the
definition of the permittivity, as derived from the absorption coefficient (or the scat-
tering amplitude), contributions up to the electric octopole-magnetic quadrupole
order must be included.

Eq.(16) can thus be considered the proper definition of the electric permittiv-
ity, whereas the definition of the inverse permeability needs further investigations.
Neverthless, considering the intimate relation between the electric permittivity and
the inverse permeability, our results for the permittivity suggests that the proper
expression for the inverse permeability is provided by eq.(19).

7. Wave equation

The starting point for deriving the wave equation is the Maxwell equations for
the auxiliary fields and the constitutive relations given in eqgs.(3)-(4) and egs.(10)-
(11), respectively. Taking an electromagnetic plane wave (eq.(5)) and inserting the
definitions of the auxiliary fields in terms of the material constants in the Maxwell
equations, the two wave equations



January 24, 2015

13:20 Molecular Physics Revised

14 Taylor & Francis and I.T. Consultant
1 1 1
(aezqupqu + AU + Egzpqglkjkkzkqul + aglk]kknl)EOj =0 (57)
1 c? c?
(;@ququJ + 1y - E@pqﬂkjkkkpUql - ;Elkyk'kAzl)BOJ =0 (58)
are derived, where Faraday’s law V A E = —%—If is used to express B in terms of

FE in the first wave equation, and F in terms of B in the second.

The wave equations eqs.(57) and (58) are origin independent and do not depend
on the form of the material constants. This provides a degree of freedom in the
definition of the material constants, subject to the constraint that the wave equation
remains origin independent. By substituting the two different definitions of the
material constants given in eqs.(16)-(19) and (45)-(48), it can be shown that they
both lead to the same wave equation.

Note that the definitions of the material constants given by multipole theory,
egs.(12)-(15), also lead to the same origin-independent wave equation. This is some-
what surprising since the expressions for the material constants provided by multi-
pole theory are origin dependent. However, this explains why it has been a successful
theory to explain several observable phenomena, although it gives unphysical results
for reflection effects. In the latter case, it is necessary to consider the transformed
material constants in order to have origin-independent expressions|1]. Reflection
effects can also be used to experimentally to help elucidate which of the two origin-
independent definitions for the material constants introduced above correspond to
experimental interactions. The study of the refractive index of chiral molecules,
such as helicene, could also provide valuable insights. In fact, the refractive index
of chiral molecules is defined in terms of the four material constants|[18], appear-
ing at the same order of magnitude, so that the referactive index values would be
different for the different definitions of the material constants.

In contrast, solving the wave equation in terms of the fields and of the material
constants leads to a good description of various optical effects, but does not provide
any constraints for deciding on the proper definition of the material constants.

8. Numerical investigations

We have in the previous sections discussed the two different origin-independent
expressions for the electric permittivity and inverse permeability as presented by
Raab and de Lange in eqs.(16)-(19) and eqgs.(45)-(48). We have shown that the
electric permittivity obtained from transformed multipole theory can be derived
from experimentally observable quantities, both the scattering amplitude and the
absorption cross section. Albeit indirectly, this gives support for the expression for
the inverse permeability as obtained from the transformed multipole theory.

We now turn our attention to a numerical investigation of the effects of the two
different forms of the permittivity and inverse permeability in order to explore the
numerical differences between the two expressions, and thus in which situations we
can expect to be able to distinguish between the two expressions through experi-
mental observations.
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8.1. Computational details

All calculations presented in this work have been performed using a development
version of the Dalton program package [19]. Our calculations have been performed
using density functional theory with the B3LYP functional [20] together with the
augmented correlation-consistent double-zeta basis (aug-cc-pVDZ) of Dunning and
Woon |21, 22|. The inverse permeability has been calculated in the presence of a
dynamic external perturbation (electromagnetic waves) for different frequencies of
the applied external electromagnetic field.

We have chosen the benzene molecule as a test system because it is comparatevely
large, elctronic rich and symmetric. Therefore a strong response can be expected,
highlighting interesting aspects of the dispersion curve of the inverse permeability.
The molecule has been placed in the yz-plane with the center of mass at the origin
of the coordinates system and with the long axis of the molecule along the z axis.
Due to the strong origin dependence observed for the conventional static magne-
tizability [23] when using a finite basis set, we have used London atomic orbitals
(LAOs) [24] in the calculation of the conventional diamagnetic and paramagnetic
contributions to the magnetizability [25, 26]. The gauge-origin independence of the
two expressions for the inverse permeability as well as of the electric permittivity
has been verified by shifting the gauge origin. The molecular responses that con-
tribute to the electric permittivity and inverse permeability have been implemented
in the Dalton program as straightforward extensions to the complex polarization
propagator approach. [27]

The two lowest excitation energies of the benzene molecule are at this computa-
tional level w = 0.198893E;, and w = 0.221012E, corresponding to states of Ba,,
B4 symmetry, respectively. We note that the first of these states is electric dipole
allowed and electric quadrupole (and thus magnetic dipole) forbidden, whereas the
second excited state is electric quadrupole allowed and electric dipole forbidden.

8.2. Inverse permeability

The two different definitions of the inverse permeability have been calculated con-
sidering the origin-independent definitions given in eqgs.(19) and (48), respectively.
A range of frequencies between w = OE; and w = 0.26E; has been used, covering
the first five excitation energies, in order to investigate the behaviour of the inverse
permeability close to resonances.

In order to check the origin dependence of the expressions for the inverse per-
meability, we have first located the center of mass of the benzene molecule at the
origin of the coordinate system, and then we have shifted the gauge origin and the
dipole origin by 1 Bohr. The use of LAOs ensure gauge-origin independence for
tensors that depend on the magnetic dipole operator, but not for the tensor H,,
which include the magnetic quadrupole moment for which an implementation using
the London orbital approach does not yet exist. The error due to this fact is fairly
small, as can be seen from Tables 2 and 3.

In Tables 2 and 3 we report the results of our calculations for the inverse perme-
ability. In this work, both the expression provided by transformed multipole theory
and by the covariant formulation are calculated. Calculations for the xx-component
and zz-component of the tensor X,, (Xzz,X.-), at the origin and when a shift along
the y-axis, are performed. Due to the symmetry of the benzene molecule, analogous
results to X, have been obtained for the X,, component. Shifts along the x or the
z axis show the same behaviour. In the calculation, a damping factor of 0.005 a.u.
has been used. We will in the following refer to eq.(19) as the "Raab and de Lange
expression" (RL) and to eq.(48) as the "alternative expression" (A).
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w (Ep) Xfo(Dy =0) XﬁcL(Dy =1) X:éc(Dy =0) X;fx(Dy =1)
0,001 -20,555 -20,557 -20,507 -20,509
0,100 -26,097 -26,091 -20,640 -20,631
0,150 -36,217 -36,199 -21,180 -21,154
0,170 -43,896 -43,870 -21,803 -21,767
0,180 -49,381 -49,349 -22,330 -22.288
0,190 -56,763 -56,726 -23,111 -23,061
0,200 -67,475 -67,431 -24,303 -24,243
0,205 -75,060 -75,011 -25,140 -25,074
0,210 -85,185 -85,132 -26,212 -26,139
0,220 -91,635 -91,571 -29,476 -29,387
0,230 -82,956 -82,874 -35,6501 -35,539
0,240 -172,922 -172,734 -49,334 -49,188
0,250 -319,108 -318,996 -78,409 -78,327
0,260 265,349 264,834 68,177 67,648

Table 2. Raab and de Lange expression (RL) and alternative expression (A) for the xx component of inverse
permeability. All results are reported in atomic units.

w (Ep) szL(Dy =0) szL(Dy =1) Xé(Dy =0) X,?z(Dy =1)
0,001 -7,389 -7,390 -7,391 -7,392
0,100 -6,347 -6,356 -6,644 -6,643
0,150 -4,381 -4,402 -5,386 -5,381
0,170 -2,796 -2,826 -4,495 -4,486
0,180 -1,574 -1,609 -3,867 -3,858
0,190 0,255 0,214 -2,999 -2,988
0,200 3,391 3,439 -1,621 -1,606
0,205 6,160 6,106 -0,515 -0,499
0,210 10,372 10,315 1,132 1,149
0,220 0,048 0,023 -2,199 -2,177
0,230 -37,656 -37,744 -14,354 -14,325
0,240 -7,626 -7,822 -10,605 -10,649
0,250 14,026 13,904 -11,729 -11,760
0,260 13,285 13,805 18,478 18,463

Table 3. Raab and de Lange expression (RL) and alternative expression (A) for the zz component of inverse
permeability. All results are reported in atomic units.

The results obtained confirm the origin independence of the Raab and de Lange
and of the alternative expressions, with good accuracy, and they are plotted in Fig-
ure 1. At small frequencies, the Raab and de Lange and the alternative expressions
show analogues behaviour, since they both have the same static limit. In contrast,
close to resonances, the Raab and de Lange expression is four times larger than the
alternative expression for all components. Therefore, the resonance region is signif-
icant in order to discern between the two expressions. Note that the xx-component
of the inverse permeability is always negative, whereas the zz-component and the
yy-component (not showed here) change their sign at resonance frequencies.

Figure 2 analyze the dispersion behaviour of the dominant contributions in the
Raab and de Lange and the alternative expressions. According to the definition
of these contributions in Table 1 in terms of multipole moments, we can observe
the presence of poles in accordance with the first resonance frequencies, where the
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electric dipole, quadrupole, octopole and magnetic dipole, quadrupole moments are
either allowed or forbidden by symmetry. The analysis of these poles explain the
behaviour of both expressions showed in Figure 1. Note that the contraction and
the coefficient in front of the various tensors are different in the two expressions,
explaining the different values of d in Figure 2.

In the expressions for the inverse permeability, the first-order contribution is the
standard magnetizability yx,,, which is origin dependent by itself at non-zero fre-
quencies. Therefore, the higher-order contributions are essential in order to recover
origin independence, and they have the same order in magnitude of the standard
magnetizability, as shown in figure 2.

Comparison xxx
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200 T

03 wmfilem Raab and de Lange Expression
mgum Alternative Expression

-400

Comparison xzz

30

03
==lem Raab and de Lange Expression
mgun Alternative Expression

-50

Figure 1. Comparison of the xx- and zz-component of the Raab and de Lange and the alternative expres-
sions, varying the frequency of the external field.
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8.3. Electric permittivity

Calculations of the two different expressions for the electric permittivity, given in
eqs.(16) and (45), have been performed following the same approach and methods
introduced and discussed in the previous section for the inverse permeability. In
particular, the origin independence of these expressions and their differences in
magnitude have been investigated.

Tables 4 and 5 report the results of the calculations of the Raab and de Lange
and the alternative expressions. We have reported the values of the xx-component
and the zz-component of the electric permittivity (A,;,A4..) of both expressions,
calculated at the center of mass and when a shift along the y-axis is considered.

Contributions to the
Raab and de Lange
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. 50
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Contributions to the
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5 3
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-25 0 005 0.1 0.15 0.2 0.25 0.3
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Figure 2. Analysis of the different contributions to the zz-component of the inverse permeability X using
the Raab and de Lange and the alternative expressions, varying the frequency of the external field. All
quantities are reported in atomic units.
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As expected, origin independence is seen to be recovered in all cases. We note
for the permittivity that the polarizability enters in both expressions and is much
larger than all other contributions. Thus the Raab and de Lange and the alternative
expressions have similar values for all frequencies, as can be seen in Figure 3.

We have in Sections 3 and 4 discussed how the electric permittivity can be mea-
sured through its relation to the absorption coefficient and to the scattering ampli-
tude. Our analysis indicates that it will be hard to distinguish between the Raab
and de Lange and the alternative expressions from an experimental measurement,
since they are both dominated by the polarizability and they only differ in the
higher-order contributions, which are most likely too small in magnitude with re-
spect to oy, to be measured. This is different to the case of the inverse permeability
discussed above, where the expressions differ at resonances, and experimental mea-
surements could be able to distinguish between the two expressions.

w (En) A:?af(Dy =0) Aé‘%(Dy =1) A?x<Dy =0) Afx(Dy =1)
0,001 44,791 44,791 44,683 44,683
0,100 46,941 46,941 46,860 46,860
0,150 50,431 50,431 50,398 50,398
0,170 52,760 52,760 52,761 52,761
0,180 54,330 54,330 54,344 54,344
0,190 56,311 56,311 56,343 56,343
0,200 58,930 58,930 59,054 59,054
0,205 60,607 60,607 60,777 60,777
0,210 62,718 62,718 62,837 62,837
0,220 691,168 69,168 69,243 69,243
0,230 82,401 82,401 82,283 82,283
0,240 51,732 51,732 51,840 51,840
0,250 32,100 32,100 32,544 32,544
0,260 45,714 45,715 45,507 45,507

Table 4. Raab and de Lange expression (RL) and alternative expression (A) for the xx component of electric
permittivity. All results are reported in atomic units.

w (Ep) Asz(Dy =0) AZL(DZJ =1) A?z(Dy =0) A?z(Dy =1)
0,001 81,746 81,746 81,542 81,542
0,100 88,454 88,453 88,247 88,247
0,150 100,405 100,405 100,189 100,405
0,170 108,876 108,876 108,876 108,876
0,180 114,871 114,871 114,871 114,871
0,190 122,569 122,569 122,569 122,569
0,200 133,159 133,158 132,896 132,896
0,205 139,714 139,714 139,439 139,449
0,210 147,227 147,227 147,227 147,227
0,220 168,972 168,972 168,972 168,972
0,230 205,699 205,699 205,699 205,699
0,240 280,282 280,282 279,714 279,714
0,250 426,490 426,490 425,525 425,525
0,260 -271,164 -271,157 -270,293 -270,293

Table 5. Raab and de Lange expression (RL) and alternative expression (A) for the zz component of electric
permittivity. All results are reported in atomic units.
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9. Summary and concluding remarks

Multipole theory provides origin-dependent expressions for the material constants
in both the microscopic and the macroscopic case. Origin-independent expressions
of the material constants have been derived by Raab and de Lange applying a
transformed multipole theory of the auxiliary fields [7]. The uniqueness of these
expressions have been discussed in this work, with special attention given to the
electric permittivity and the inverse permeability.

The covariant formulation of Maxwell’s equations also leads to origin-independent
definitions of the material constants, which can be considered equally valid as the
results of transformed multipole theory, since they both are origin independent and
do not affect the spatial invariance of the wave equation.

We have recovered the expression of the electric permittivity by transformed mul-
tipole theory given in eq.(16), using different derivations based on the description
of the interaction between radiation and matter [11]. In particular, the absorption
coefficient and the scattering amplitude can be written in terms of the electric per-
mittivity defined by the expression provided by Raab and De Lange. Thus, we have
provided a quantum-mechanical derivation of the expression for the electric per-
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Figure 3. Axx and Azz components of the electric permittivity at the origin of the coordinates (blue) and
after a shift of 1 Bohr along the y-axis (red).
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mittivity identical to the one obtained using transformed multipole theory starting
from observable quantities.

The two alternative definitions of the inverse permeability given in eq.(19) and
eq.(48) are both covariant, origin independent and preserve the spatial invariance of
the wave equation. We have not been able to find a rigorous derivation that would
allow us to prefer one expression over the other. However, considering the results
obtained for the electric permittivity, which agree with the expressions provided
by transformed multipole theory, support is given to eq.(19) as the definition of
the inverse permeability. We thus feel that this work provides strong support for
the notion that the origin-independent expressions of the material constants are
provided by transformed multipole theory, as given in eqs.(16)-(19). Furthermore,
we should note that in the microscopic case, an origin-independent expression for
the frequency-dependent magnetizability, equivalent to the one obtained applying
transformed multipole theory, has been achieved.

We have discussed the wave equation written in terms of the material constants,
noting that different expressions for the material constants can be considered valid
as long as the form and the spatial invariance of the wave equation is preserved.
Therefore, the wave equation does not provide a constraint that could help to
discern between different definitions of the material constants. This observation
also explains why the origin independence of the material constants often have not
been discussed in literature. In fact observable quantities that are derived from
the wave equation, such as for example the refractive index, do not suffer from
origin dependence, since the wave equation is origin independent, irrespective of the
definition of the material constants. However, this is not the case when considering
reflective properties. Our derivation of the scattering amplitude in terms of the
electric permittivity also emphasizes the need for origin-independent definitions of
the material constants.

We have performed calculations on the benzene molecule for various frequency
values. The two different expressions for the inverse permeability and the electric
permittivity provided by transformed multipole theory and by the covariant for-
mulation of the constitutive relations have been investigated, verifying their origin
independence and comparing their numerical values. Analogues results have been
obtained for both expressions for the electric permittivity, which are strongly dom-
inated by the first-order contribution (polarizability), whereas for frequencies close
to resonances, the expressions of the inverse permeability show different behaviours.
In particular, the Raab and de Lange expression is four times larger in magnitude
with respect to the covariant expression. Therefore, we conclude that the resonant
region provides useful information in order to discern between the two expressions
for the inverse permeability, should it be possible to measure the dispersion curves
of the inverse permeability.

Appendix

Referring to Healy’s work, we here derive the result obtained in Section 3 using
the expression of the scattering amplitude provided by the multipolar formulation
of molecular quantum electrodynamics, written in terms of multipole integrals:
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The quantities that appear in this expression can be identified as the matrix ele-
ments of the electric and magnetic multipole operators, defined as

Ozn/(kk,) = (62/m) <n | [(q - R)Q(Sw - (q - R)z(q - R)j] (60)
1 1
/ aezk-[R+9(qR)]d0/ Hlezkz’-[R+9'(q7R)}d9/ ‘ n/>
0 0
, 1
P (k) = —e(n| (g — R) / e BH0a=R) gg | ') (61)
0

1 1
Mm’(k):—2i<n| U / gtk [BRH0(a—R)l g 4 / fek (BTGBl gop | vy (62)

m 0 0

where R is the position vector, and 6 is a parameterization of the integration
variable (position), the angular momentum I is defined with respect to R. Healy
showed [10] that egs. (22) and (59) are equivalent if the energy conservation condi-
tion k1 + kn, = ka + ky, is preserved.

In order to re-derive the expression for the permittivity starting from the scat-
tering amplitude, let us start by considering eq.(59), the definitions of the integrals
given in eqs.(60)-(62), and the Taylor expansion up to second order of the expo-
nential describing the external perturbation

%4 =1 4 u(k-q)0—1/2(k-q)%0% + ... (63)

It is important to note that, without loss of generality, the center of the multipole
expansion has been put as the atomic center, chosen to be located at R = 0.
Inserting this expansion in eqs.(60)-(62) and performing the integration over 6 gives

Ozznl(kl’ _k2) = (eQ/m)<n2 | %(QQ&J - qij) ‘ 7”L1> (64)
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for each of the different terms that contribute to eq. (59), in which we can identify
electric and magnetic multipole moments.

Substituting eqs.(64)-(66) into the expression for the scattering amplitude
(eq.(59)), we can rewrite fo, 1 as a linear combination of response functions, or
alternatively as a linear combination of polarizabilities [1].

Thus, the expression for the scattering amplitude provided by the multipolar
formulation of molecular quantum electrodynamics can be written as

. 1 1
foc1 = 61(’\1)65)‘2) [y + §Zkk(amk — Gpk) — ékkkl(bmkl + byukt) (67)

1
+ kgt — ik (Gl + GYy) + e ginkrkiXmn

1 1
— §5zkmkkkl(Hjlml - ;lm) - igjkmkkkl(H;ml - ;lm)}
= e,g)\l)e‘gAz)*Az] (68)

This is equal to eq.(22) when performing a Taylor expansion of the perturbation,
providing a unique definition of the permittivity being equivalent to the one
achieved in transformed multipole theory (eq.(16)).
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