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1. INTRODUCTION

The Hermite—Hadamard inequality says that for any convex function f: I — R, I an interval and,

fora,b € I, one has
a+b 1 b fla)+ f(b)
f( ) >§ b—a/a fi)dt < ) ) (1.1)

and the Fejér inequality reads

f<“+b>/ da;</ £(0) dt<f(“);f(b) /abp(a;)dm (1.2)

when f is convex and p: [a,b] — R is nonnegative, integrable, and symmetric with respect to the
midpoint z = (a + b) /2.

There have been a lot of developments and applications of these inequalities. One such development
is to replace the notion of classical convexity by other variants and generalizations of convexity. An early
well cited such paper is by Dragomir et. al. [1], also see [2] and [3]. We also mention the paper [4]
and especially the book [5] by Niculescu and Persson, where several generalizations, variants and
applications are described and placed into a more general convexity context.

In this paper, some new extensions and refinements of Hermite—Hadamard and Fejér type inequali-
ties for functions which are N-quasiconvex are provided. We also deal with monotonicity related to Fejér
and Hermite—Hadamard type inequalities for 1-quasiconvex functions.

Definition. Let v be a real number. A real-valued function f defined on an interval [0,b), 0 < b < o0,
is said to be y-quasiconvex if it can be represented as the product of a convex function and the power
function 27.
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600 ABRAMOVICH, PERSSON

In Sec. 2 we extensively use the following results from [6].

Lemma 1. Let ¢ be a convex and differentiable function, and let iy (x) = 2*p(z), k =0,1,...,N.
Then the N-quasiconvex function yn(x) = N p(x) for x,y € [a,b), a > 0, satisfies

N
On(y) =N () = P (@)Y — )+ (y —2)° Yy (@)

I'N— N
@)+ 2P (720 el). (13)

For N =1, forz € [a,b), we have

i (@) — () > Py () (@ — o) + ¢ (@) (@ — 2)%,
from which we obtain the following assertion (also see [7] and Lemma C in [6]) for 1-quasiconvex
function v; and for integrable nonnegative f satisfying f: f(z)dx > 0.

Theorem A. Let f be a nonnegative function, and let ¢ be a differentiable convex function on [0,b),
0<b<oo. Let fand o f be u-integrable functions on the probability measure space (2, u) and

fQ f(s)du(s) > 0. Let 1 (x) = zp(z). Then
/Q G1(F(5)) dia(s) — vn ( /Q £s) dMS))

> [ ([ s@rau0) (16 [ 10 du(0)>2du(8) (14)

holds. If p is also increasing, then (1.4) s a refinement of Jensen’s inequality.

This paper is organized as follows. The main result (Theorem 1) is stated and proved in Sec. 2. In
Sec. 3, we present, derive and discuss some consequences of the main result, by, in particular, giving
new variants and generalizations of (1.1) and (1.2); see especially Theorem 2.

2. A GENERAL VERSION OF HERMITE-HADAMARD INEQUALITY
FOR N-QUASICONVEX FUNCTIONS

Our main result in this section reads:

Theorem 1. Let ¢: [a,b] — R, a > 0, be differentiable, convex and ¥ (z) = zNp(x), N =1,2,... .
Let p: [a,b] — R be nonnegative, integrable, and symmetric with respect to x = (a + b)/2.
Then

[ ovtemerzun(“3) [ ['(e- a§b>2éxk_l¢”‘k<a;b>p(x) "

szv<a;b> /:p(w)d:r
+/ab<x— a;b>2<; (xz:stO(x))

b a b
/a 1[)N(1‘)p(1‘)dl‘ < TZJN( );_wN(b)/a p(l‘)dl‘

>p(:c) dz, (2.1)
z=(a+b)/2

AR
T (b—a) Z/ (& = a)(b — &)y, (@) (0 — 2)0" ! + (x — a)a"")p(x) da

k=1
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FEJER TYPE INEQUALITIES AND N-QUASICONVEXITY 601

_ wN(a) ;_wN(b) /bp(g;) dx
1 b 0 N
ot [le-ao-022 (775 ww)
N _ N
+ (z — a)*(b — ) aaac <$aj B Z go(a;))}p(a;) dzx. (2.2)
Proof. From (1.3), fora < x < b, we obtain
N
On(b) = Pn (@) = Py (@) (b —2) + (b —2)® Y by () (2.3)
v
Un(a) —dn (@) > Py(@)(a — )+ (z—a)* Y a" ey (2.4)
k=1

Multiplying (2.3) by (x —a)/(b — a) and (2.4)) by (b —z)/(b — a), adding up, and using the relation
b(x —a)/(b—a)+a(b—1z)/(b— ) = z, we find that

T —a b—

b—a

(x— w— -
> b“_ o Z D)L (@ — a)ah )y (@), (2.5)

=1

Now we add (2.3) multiplied by (b — x)/(b — a) and (2.4) multiplied by (x — a)/(b — a), obtaining
"B+ Ca) — dla b a)
(b—z)(x —a) al

> - Zl )b+ (b= 2)d Dy (a+b— ), (2.6)

where ¢y, (a +b — x) means dipn_j(z)/dz at z = a + b — .

Adding (2.5) and (2.6), multiplying it by p(z), and taking into consideration that p(z) = p(a + b — z),
we obtain

(Y (b) + ¢n(a))p(x)
> YN (@)p(a) +Pn(a+b—z)pla+b—1)
(2= )0 =2) S b1 4 (0 — )1y
+ T OO (- e (o - @)a i (@n()

k=1
N

(@ _b“)_(z_ DS (@ — )+ (b— 2)a )y _p(a+b—Dplatb—g).  (27)
k=1

Next, we make a change of variables x — a + b — z and integrate over the interval [a, (a + 0)/2].
After some calculations, we obtain

. N
/( e _ba)_(l;_ g Z((m —a)b N 4 (b—2)a" )y (a+b— 2)pla+b—x)da
a k=1

b (x —a)(b—x) N b1 e
- /( +b)/2 b—a Z((b — )"+ (2 — a)a” )Py (2)p(x) do (2.8)
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602 ABRAMOVICH, PERSSON

(a+b)/2 b
[ o)+ ontappyae = O TNy an, (29)
Now, by using (2.8) and (2.9), and by integrating (2.7) from a to (a + b)/2, we find
TZJN(b) + Yy (a

b (a+b)/2
y N [ pwyas = [T )+ n(eple) do

(a+b)/
> / YN (z)p(z) dx

1 (a+b)/2 - k—1 =1y,
+b—a/ (r—a b—wz (b—xz)b" " + (z —a)a” " )Wy_i(z)p(x) dx
@ k=1

b
—i—/( Yy (x)p(x) dx

a+b)/2
N

b
Ty i a /( +b)/2(33 —a)(b—x) Y ((b— )"+ (x — a)a" )y _y(2)p(x) da.

k=1
This inequality and elementary calculations imply (2.2).

Now we prove the lower bound for ff Yy (x)p(x) dx, expressed in (2.1). To find this bound, we first
use (1.3) with = (a + b)/2, obtaining

b() - w(““’)

2 N
_1/1N<a+b> <x_ a—2|—b> + <x_ a—;b) ka_llﬁfv_k(a;b). (©.10)

Next, we replace z with a + b — x and find

Yn(a+b—x)— 1/1N<a+b>

2 N
_¢N<a+b> <a;b—x> + (m— a—2|—b> Z(a+b—m)k_1w§\,_k<a—2|—b>. (2.11)

k=1
Adding (2.10) and (2.11), we obtain

2 N
ooz (1)« (o= 1) (1)

k=1
2 N
+ <m - a;”’) S (a+b- m)’f—lngv_k<“;b>. (2.12)
k=1

Finally, multiplying (2.12) by the nonnegative and symmetric function p(x) and integrating, we see
that

(a+b)/2 b
/wN nds = [ @l de + [ unt@ta)ds

(a+b)/2
(a+b)/2
:/ (Un(z) +Yn(a+b—z))p(z) de
(a+b)/2 2 X
[ (1)) (s
a k=1
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FEJER TYPE INEQUALITIES AND N-QUASICONVEXITY 603

(a+b)/2
()

2 N
+ <$_a—2|—b> Z(a+b—az)k_11[)§v_k<a—2|_ ﬂp (a+b—1x)d

k=1

(a+b)/2 2 N
L (1)
a k=1
+/b <¢ <a+b>+<x_a+b>2§:mk—1¢/ <a+b>>p(m)dx
@rp2\ T\ 2 2 ) &~ NoR\ 2
2 N
/ (w(“b) + ( - “‘2“)) Zwk-wgv_k<“; b))pm dz.
k=1

This inequality obviously implies (2.1) and the proof is complete.

3. SOME CONSEQUENCES OF THEOREM 1

In this section, we present and derive a number of new variants and refinements of (1.1) and (1.2).
First we point out some more or less obvious consequences of Theorem 1 for N = 1.

Corollary 1. If ¢: [a,b] = R, a >0, is a differentiable and convex function and ¥1(x) = xp(x),

then
b b
o3 [ (0 11) o3 e oo

a b b
<TI0 [pwyde - [ )0~ a)le - apla) da, (3.1)

where p: [a,b] — R is nonnegative, integrable, and symmetric with respect tox = (a +b)/2.

Note that for p(xz) = 1, (3.1) reads:
Example 1. Let ¢ and v be defined as in Corollary 1. Then

b 1 b
m(“* >+12¢(a§ )

b
/zpl Vo < P10 )“f’l()_bia/ S@)b— )@ —a)de.  (32)

Remark 1. When ¢ is a convex and increasing function and, therefore, 1, is also convex, we have
(a) inequalities (3.1) are refinements of the Fejér inequality (1.2));
(b) inequalities (3.2) are refinements of the Hermite—Hadamard inequality(1.1).
For N = 1, when both ¢ and ¢’ are convex functions, we can also present the following.

Example 2. Let : [a,b] = R, a > 0, be differentiable, convex, and increasing, and let ¢1 (x) = z¢(x).
Let ¢’ be also convex. Then

b 1 b
a(“30)+ e (oo

b
<, [ s O T (a8 (33)
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604 ABRAMOVICH, PERSSON

In fact, because ¢’ is convex and as (b — x)(z — a) is nonnegative, symmetric in the interval [a, ], it
follows from the Fejér inequality (1.2) for the convex function ¢’ that

S0,<a-2u;>(b—6a)2 :¢,<a—2|—b> /ab (b—l:f)_(:z—a) "

b
< b i " / o (x)(b—z)(x — a)dx. (3.4)

By using the estimate (3.4) and the right-hand side of inequality (3.2), we obtain the right-hand side
inequality in (3.3). The left-hand inequality in (3.3) is the same as that in (3.2).

Remark 2. If ¢ is convex and ¢’ is concave, we obtain, in the same way as in Example 2, the inequalities

¢1<a+b>+112¢,<a—2kb>(b_a)2
/wl ) do < ()+¢1() é@’(a);w’(b)(b_a)z‘

Next, we observe that under the condition that p(x) is integrable, nonnegative, and symmetric on
[a, b], the same is true for (b — x)(z — a)p(x), which leads to the following example.

Example 3. Let ¢: [a,b] — R, a > 0, be differentiable, convex, and increasing, and let ¢ (z) = z¢(x).
Let ¢’ be convex and p(x) be integrable, nonnegative and symmetric on [a, b]. Then

() [ (4 10) [ o1 s [ e

< 1/11(0)‘;1/11(5) /bp(m)dx—¢’<a;b>/a (b— 2 — a)p(x) de.

We now state the following less obvious refinement of the Hermite—Hadamard inequality (1.1).

Corollary 2. Let iy be a 1-quasiconvex function, i.e., ¥1(x) = xzp(x), where ¢ is differentiable and
convex on [a,b], a > 0. Then

b
¢1<a+b> +112Q0/<a—2|—b>(b—a)2§ bia/a Y1(x) dx

a a b a —a — a
< '@bl( )‘gwl(b) 4 ;—bbial gO(IL')d«TS ¢l( )+¢1(b) - (b )(Qo(b) SO( )) (35)

2 6
Moreover,

b
_a/wl i T @) - )@ - a)da

b
:3[b_a/a¢1(x)dﬂc—wl(a)gwl b) _(a+b) 1 /abgp(ﬂc)dx]go. (3.6)

Proof. Since

b b
/ o (x)(b—x)(z —a)dr = —/ o(x)(a+b—2x)dx
b b
= 2/ Y1(x)dx — (a + b)/ o(z) dz, (3.7)

we can rewrite the right-hand side inequality in (3.2) as

b a b b
ia/ apl(x)dacgwl( )‘2*‘¢1(b)_2bia/ 1[)1(x)dx+(a+b)bia/ o(z) dx
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FEJER TYPE INEQUALITIES AND N-QUASICONVEXITY 605

and, from this inequality, by rearranging its terms, we obtain
TR Yi(a) +¢1(d) | (a+b) 1 [P
< . .
b_a/a¢1(x)dx_ 6 + b_a/ago(x)d:r: (3.8)
Moreover, from the convexity of ¢, by using the Hermite—Hadamard inequality (1.1) and the fact that
¥1(x) = zp(x), we see that
b _ _
Y1(a) ‘6F”¢1(b) n (a;b) bia/ () dz < Y1(a) ;_wl(b) (@ a)(@(é’) ¢(a)) ‘

By combining (3.8) and (3.9) and using the left-hand side inequality of (3.2), we get (3.5).
Next, we again use (3.7) to conclude that

b a b
fa/zm(w)dvc—wl()Wl(b)+ 1 /so’(m)(b—x)(x—a)dm

(3.9)

[ - /1111 2 (b)glﬁltzb)(a;rb)bl /bgp(x‘)dl']
[%( )gwl )+(a;b)bialb¢(x)dx} “
_Tﬁl(a);ﬂ/fl(b)_i_bia/ab@’(m)(b_g;)(a;—a)dx.

Finally, we use (3.5) and make a simple calculation to obtain (3.6); the proof is complete.

Remark 3. Note that (3.5) yields a refinement of the right-hand side of the Hermite—Hadamard
inequality (1.1) (it suffices that ¢ be convex on [a,b] and ¢(b) > ¢(a)). For the refinement of the
left-hand side of the Hermite—Hadamard inequality (1.1), it suffices that ¢ be convex on [a,b] and
¢ ((a+0)/2) > 0.

Example 4. If the conditions in Remark 3 are satisfied, then the inequalities

b b 1 b
1/11<a+ > 1/11<a+ >+12¢,<a—2k >(b— b—a/ Y1

§¢1(a)+1/11(b)+a+b 1 /b (2) ds

6 3 b—al, O
< V(@) +41(b) _ (b=a)(p(b) = p(a)) _ ¥r(a) + ¢ (D)
= 2 6 = 2

hold, which are refinements of the Hermite—Hadamard inequality (1.1).

We continue this section by giving some similar results also for values of N other than N = 1.

Example 5. For N = 2,3, ..., inequalities (2.1) and (2.2) are refinements of the Fejér inequality (1.2).
I ¢ is a convex, increasing and nonnegative function and if also p(z) = 1, then it follows that

a+b 1 b a+b\2/ 0 (2N — 2N
()l L) (s )| )
b 2 N
_¢N<a+b>+bia/ <m—a—2|_b> Zxk_liﬁEV—k(a;b)dx
a k=1
1 b
gb_a/ Yy (x)dx

x—a)(b—x b— )bkl x—a)ak 1
< V() + o0 Z/a ML

¢§v—k($) dx

MATHEMATICALNOTES Vol. 102 No.5 2017



606 ABRAMOVICH, PERSSON

et [ le-wo-a2l (Y, )

+(z—a)2(b- m)aax (“’“N —at cp(a;)ﬂ dr,  (3.10)

r—a

which are refinements of the Hermite—Hadamard inequality (1.1), when ¢ is a differentiable, nonnega-
tive, nondecreasing, and convex function.

Next, we present the main result of this section, namely, a nondecreasing sequence of upper bounds
of (1/(b—a)) f ¥1(x) dz by using the upper bounds of (1/(b — a)) f Y (x) dz from Example 5.

Theorem 2. Let ¢: [a,b] = R, a >0, be a differentiable, convex function and ¥y (z) = 2N p(z),
N =1,2,3,...,. Then

_a/w1

—a b bN+l _ aN—i—l 2ab bN—l _ aN—l 1 b
. )(fﬁﬁ(_)ﬂv ;zw( DI 3(>b;_agv | )1 [ etordo = by

(3.11)

Moreover, { Hy }$° is a nonincreasing sequence of N. Especially, this yields that

b b— b+2a 1 [P
[ @< e+ [

)
(- >6<$ @JV ;/w(b)) PR aN?b; ibgvbgv —a7h) b ! ) / o) da
< 1”1(“);1/’1(5) + “;a)bfa/abso(:c)dx
@ n® o a><w<6b> — o) (3.12)
Example 6. For N = 1 (see Corollary 2) and for N = 2, we have
Lo [ OO I b [
Sw )gwl(b)”;bbia/abw(w)dw
<@ 00 0 a)(so(bf» —¢la) (3.13)
Proof of Theorem 2. By using (2.2) with p(z) = 1 and integrating by parts, we find that
b_a/ o <a>—2wN<b>
o Z ¢N w(@) (@ — a)(b— 2)((b— )V + (2 — a)ab™)) da (3.14)
2 ),

Denote
b
Ty = / Un_i(z)((z —a)(b— z)((b — 2)b* ' + (z — a)aF 1)) da, k=1,2,...,N.

MATHEMATICALNOTES Vol. 102 No.5 2017



FEJER TYPE INEQUALITIES AND N-QUASICONVEXITY 607

After some elementary computations, we obtain
b

ZTk = Z[ —a")(a+0b)+ab(b* "t —a* ) | Yn_p(z)da

k=1 a

+30F =Y | Ynpo_i(@) da:} . (3.15)

We can rewrite (3. 15) as

N
ZTk_Z *)(a +b) + ab(bF " — /¢N

k=1

N-—1 b
- Z 2P — M 4 (a4 b) (B — ak))/ W _(z) da

-2

b
+ Z 3 bk+l _ak-i-l)/ ¢N—k($) dr

which is the same as
N—2

Z T = > [(0F = a")(a+b) + ab(®*" = a* 1)) — 200" — P! 4 (a + D) (VF — 7))
. + 307 — aF )] /wa_k z) dx
+ (V1 = a¥ V(@ + b) + ab(b¥ 2 — a2 / e
+ (0™ — a)(a +b) + ab(B¥ ! — / Yola
200" —aV + (a+ D)V — aN_l))/a Uy (z) dz — 2(b" — at) /ab Un(z) dz

bt —al) /b Yy (x)de + 3(0° — a®) /b¢N+1(;p) dz. (3.16)

Next, we add the terms that include f; Yn—j(x)dx, j=1,...,N, in (3.16)) and see that for
j=1,...,N — 2, the coefficients of ff n—j(z) dx sum up to zero because
[((bj —a)(a+b)+ab(tV ! —ai™h))
o — @It (a + )BT — @I HIY)) 3Rl aj+2—1)] —0
Now we add the coefficients of f Yy (x) dx and f U1 ( )da: obtained from T} and T5. The coefficient
of f Yy (x)dx in Ty is (—2)(b — a), and the coefficient of f Yy (x)dr in Ty is 3(b — a), together the
coefficient Off Yy (z)dris (b — a).
Also, from T; we see that the coefficient of f; Yn+1(z) dx is zero.
Now note that the contribution of Tw_1 and T to ff Yn—j(z)dr for j =N —1and j = N is the
contribution to the coefficient of ff 11 (x) dx, which is equal to
(V' =a" N (a+b) +ab®V T = eV ) 200N — N + (a+ )V —aV )
= —3(b" —a"),

MATHEMATICALNOTES Vol. 102 No.5 2017



608 ABRAMOVICH, PERSSON

b b
/ Yo(x) de = / o(z)dz
appears only in Ty and is equal to

(a+b)(Y —a™) +ab(d¥ 1 — a7 = 2ab(BV 1 — oV Ty 4 pN T N

Therefore we get that

N b b N-2 b
T, =0 [ Ynpi(x)de+ (b—a) [ Yn(x)dr+ 0 Yn_i(z)dx
>-7=0 [ vw JRECEE N A

a

and the coefficients of

b b
_ 30N = aN)/ (@) da + (BN — oY) 4 2ab(pN 1 — aN-l))/ o(z)dz. (3.17)

By combining (3.14) with (3.17), and making a simple computation, we obtain (3.11).
To prove (3.12), we use the convexity of ¢ and make some elementary calculations to derive that

(b—a)(¥n(a) +¥n (b)) . (BNHL — N+ L 2ab(BV L — N 1 /b o(z) dx

6(bN — alV) 3(bN —alV) b—a
b—a _1(a _1(b N —aN) 4+ 2ab(bN "2 —aN-2) 1 b
_ [( )6((12}]1\\;_1(_)&;1/111\)7 1(0)) | ( 3()1;\;_1 _(aN_l) )b—a/a () dx]
aN=1pN=1(p — )2 1 b a b
T 30N - aN)((bN(—l - lN—l)) <b— a/a playdo - “1% ;SO( )> <0 (3.18)

The last inequality in (3.18) is just (1.1). Therefore from (3.18) it follows that the sequence {Hy }$°
is nonincreasing. The second inequality in (3.12) is just (3.11). The third inequality in (3.12) follows
from the fact that { Hx }$° is nonincreasing. For the fourth inequality (see Corollary 2), we again use the
monotonicity of { Hy }$°. From the fact that this sequence is bounded below and by letting N — oo, we
conclude that the first inequality in (3.12) also holds. The proof is complete.

Finally, we state the following monotonicity and comparison result.

Proposition. Let ¢ be a differentiable, nonnegative, increasing, and convex function. Then,
when we consider the N-quasiconvex [unction vy = p(x)z, the lower bound in (3.10) of

(1/(b—a)) f; Yy (z)dx is greater than the lower bound for the (N — J)-quasiconvex [unction
(1/(b—a)) [? ¢o.s(x)aN~" dx derived from (3.10), where ¢ ;(x) = p(x)z’ and the bound for
(1/(b—a)) [? ¢o,s(x)aN~" dx is nonincreasing with J,0 < J < N.

Similarly, the upper bound for (1/(b — a)) [ ¢o,s(x)aN~" d is increasing with J,0 < J < N.

Proof. By using (3.10) for ¢g_s(z)z™¥ =7, which like ¢ is also a differentiable, convex, and increasing
function, we see that the lower bound is

I IR
oo [ on@de= L[ @) s

a+b)/a+b\"’
>
_¢0,J< 5 N >
1 ' a+0\"' =y a+b
+b_a/a<x_ 2 > kZZIm ¢0,N—J—k< 9 >da:
ath Lo a+b\ X i a+b
_wzv< 9 >+b_a/G<x— ) > zzjx ¢N_k< 5 >d:}c. (3.19)
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FEJER TYPE INEQUALITIES AND N-QUASICONVEXITY 609

The last equality in (3.19) holds because

doN—g-k(x) = (p(@)a”)a TP = ()2 = Yy (2).

Therefore, since it is clear that

1 b a+b 2 _ a+b
LB )
a k=1

is decreasing with J, 0 < J < N, our claim about the monotonicity of the lower bound for

1P I
oo o= 1o @

is proved. Similarly, it can be proved that the upper bound for

I I
N T RO

is increasing with J. The proof is complete.
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