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1 Introduction

In this paper we are concerned with estimates of the heat kernel (=fundamental solution) of certain
evolution equations with non-local elliptic part. The heat kernel of the classical heat equation

Ou — Au =0,

where A is the Laplace operator in R?, is given by the Gauss-Weierstrass function

1 z —y|?
pe(T,y) = Wexp E—y : (1.1)

For a more general parabolic equation

Ou — Lu =0,
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where L is a uniformly elliptic second order operator in divergence form, Aronson [2] proved the following
Gaussian estimates for its heat kernel:

2
P (22y) = 2 exp Nz =yl
BN I) ™ d)2 ct ’

where the sign =< means both < and > but with different values of positive constants C, c.
A simplest heat equation with non-local elliptic part is

Aeu+ (—A)?u =0, (1.2)

where 0 < o < 2. Applying the subordination techniques of [I5] to the Gauss-Weierstrass function, one
obtains that the heat kernel of ([2) satisfies the following estimates

_ C |1E _ y| *(d+a)
pe(,y) = 370 <1+ Ta (1.3)
(see also [3]). Note that (—A)*/? is an integro-differential operator of the form
(—A)*2 f () = cgap-v. 1&) -1 f(y)d (1.4)
R o=y

The heavy tail of the heat kernel in the estimate (3)) is a consequence of the heavy integral kernel in
(C4). Similar estimates hold also for non-local heat kernels on fractals [11].

A natural class of non-local operators arises on graphs. Let I' be a countable, locally finite, connected
graph. Let d(z,y) be the graph distance on I'. The discrete Laplace operator A on I' acts on functions
f:T = R as follows:

A @)= g 2 0= f@) = ()~ @) @),

{yeTy~a} yel’

where

1
J(w,y) = Ml{d(x,y):l}-

Davies has obtained in [8] the upper bounds of the heat kernel p; (z,y) of the heat equation dyu—Awu = 0
on I' that in the case of uniformly bounded degree deg (z) of vertices amounts to

pe(z,y) < exp <—ct<I> <M>> , (1.5)

ct
where
® (€) = sup {EX — cosh A} = ¢ In <§+ \/§2+1) —Jitée.
A>0
Since )
@(f)w% as & =0 and P (&) ~EIn¢ as & — oo, (1.6)

the estimate (L)) implies for small M the Gaussian estimate

e <o (222,

ct

and for large M

pi(z,y) < exp (—cd (z,y)In

o)

ct
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The estimate (O] gives a rather sharp upper bound of the tail of the heat kernel on an arbitrary graph
because on I' = Z the heat kernel admits the following two-sided estimate

pe (z,y) < (t+d(i,y))1/2 (—2tq> <d(;;y)>>
(see [14]).

In this paper we consider the non-local operator A on functions f : R? — R given by

Af =axf— |, (1.7)

where the convolution kernel a is such that

a(x) >0; a(x)=a(—x); a(z) € L®(RY) N LY(RY), (1.8)

/Rd a(z)dz = 1, /R |z[2a(z)dz < oo. (1.9)

In particular, under condition (L3) there exists a positive definite matrix o = {o;;} with o;; =
Jga mizja(z)dz. The third condition in (LX) implies that a(z) € L?(R?), and for the Fourier transform
a(p) we have

a(p) € Cp(RY N LA(RY), maxa(p) =a(0) =1, a(p) =0 as |p| = oco. (1.10)
The operator A takes a form of an integro-differential operator as follows:

Af) = [ (F)=f@)ata-wdy.

An essential difference from the operator (L) is that the integral kernel a (z — y) of A is bounded and
integrable. Surprisingly, these assumptions do not make the task of estimating of the heat kernel easier.

Since A is a bounded operator in L? (Rd), its heat semigroup €' can be easily computed by using
the exponential series that leads to

k

A - ka*k = Ra

tA _ —t tax _ —t _ ot —t

et =e"e" =e¢ E t X e ‘Id+e E t R
k=0 k=1

By removing the singular part e ‘Id of the heat semigroup, we obtain the regularized heat kernel

e 0 (@)
v(z,t)=e Zt o (1.11)
k=1

with the source at the origin. In other words, for any f € L? (Rd), a solution to the non-local Cauchy
problem

Ou — Au =0,
u‘t:O =f

has the form u(x,t) = e 'f(z) + (v * f)(z,t) with v given by (LII). In particular, the fundamental
solution of the problem (12 is

(1.12)

u(w,t) =e 5 (z) +v(x,t).

The function v is the main subject of this paper.

A probabilistic interpretation of the function v(x,t) is of great interest. Under conditions (L),
([L9) the operator A defined in (7)) is a generator of a continuous time Markov jump process. If this
process starts at zero, its transition probability has a regular part and a singularity at zero, and v(z, t)
is the density of the regular part. The results of this work allow us to describe the large time behaviour



of this Markov process in different regions of the space. In particular we obtain the local moderate and
large deviations results for this Markov process.

Recent years there is an essential progress in studying the large time behaviour of solutions to
evolution problems in R? for convolution type operators with integrable kernels, see, for instance, [I],
[6], [7], and the references therein. One of the key questions of interest here is obtaining point-wise
estimates for the corresponding nonlocal heat kernels and solutions. To our best knowledge there
are just few papers devoted to this topic. In [5] the asymptotic behaviour of fundamental solution
for evolution equations with a convolution kernel has been considered. For Gaussian and compactly
supported kernels that are radially symmetric, two-sided estimates have been obtained. Since [5] mostly
deals with problems with unbounded initial conditions, the authors focuses on the behaviour of heat
kernel in the region of extra large |x| > ¢, and their estimates are rather loose in other regions. The
kernels showing sub-exponential decay at infinity have been studied in [I0], this work deals with the
asymptotic behaviour of the fundamental solution in the region |z| > t.

Closely related results on point-wise estimates for a resolvent kernel of non-local convolution type
operators have been obtained in the recent work [12]. Both polynomially and exponentially decay-
ing kernels were considered. With the help of these estimates point-wise bounds for the principal
eigenfunction of non-local Schrédinger operator were deduced.

In the present paper we deal with convolution kernels a(z) that decay at infinity at least exponen-
tially and admit an estimate from above by a radially symmetric function: a(x) < ce 7" with b > 0
and p > 1.

The large time behaviour of the studied heat kernel depends crucially on the relation between ||
and t. We consider separately four different regions in (z,¢) space, namely,

(i) |z = O(t"/?),
(ii) 12 < |z < t,
(i) [2] ~ 1,
(iv) |x| > t.

p=1
In particular, it will be shown that in the region (iv) the function — Inwv(x,t) behaves like |z| (ln %) g

for a(z) ~ e Y*” with p > 1, and like |z|In % for a(z) with a finite support.

Remark that for the corresponding Markov jump process with the generator defined in (7)) the
region (i) corresponds to the standard deviations where the local central limit theorem applies, (ii) is
the region of the moderate deviations, (iii) is the region of large deviation, and (iv) should probably be
called the "extra large” deviation region.

Before considering the case of generic convolution kernels with a light tail we first study the Gaussian
kernels for which the k-th convolution admits an explicit formula. This allows us to find the asymptotics
of the corresponding heat kernel in all the regions mentioned above, see Theorem 211

The Gaussian asymptotics of a generic non-local heat kernel in the region (i) is a consequence of
the (local) central limit theorem. It is interesting to observe that in the region (ii) the logarithmic
asymptotics of the non-local heat kernel still remains the same as for the classical heat kernel with the
covariance matrix o, see Theorem [B.Il The transition between Gaussian and non-Gaussian behaviour
occurs in the region x = rt. For small r the behaviour is still close to Gaussian, while as r — oo the
asymptotics of the non-local heat kernel does not look like Gaussian at all, as shown in Theorems 77?7
and B4l The difference is getting even more drastic in the region |z| > ¢, see Theorem

2 Gaussian convolution kernel

We consider in this section the case of a Gaussian convolution kernel:
1 2 2
alx) = ———=¢€ 1, a = e P, 2.1

In this case the convolutions a**(x) admit explicit formulae for all & > 1 which essentially simplify
our analysis. The large time asymptotics (or log asymptotics) of the fundamental solution depends



essentially on the relation between x and ¢. We consider separately four different regions in (z,t)-space,
namely, |z| = O(t%) and |z| ~ 5 with 0 < 6 < l,ord=1,0rd > 1.
Denote ®g(r) = 1+ 2. In&, — &, where &, is a solution to the equation £2In¢ = %.

Theorem 2.1 (Gaussian kernel). Let the convolution kernel a(x) be defined by 2II). Then for the
function v(z,t) defined by (LII) the following asymptotics holds as t — oo (see Figure 2.1]):

1) For any r > 0, if |z| < rt2, then

1 2

v(x,t) = We*%(l + o(t*i)). (2.2)

2) For any r > 0, if |z| = rt's with 0 < § < 1, then
Inov(z,t)
Z‘2
4t
) ) 146 148 .
In particular, if mt™= <|z| <rqot"z with some 0 <r; <ry and 0 < < 1, then

2 2
et (o) < v(z,t) < e~ 3t (1+o(1)).

3) For any r > 0, if |x| = rt, then

L ] (24)
Furthermore, the function ®(r) possesses the following properties:
0< ®g(r) <r?/4 for all r #0,
Oq(r) = %(1 +0(1)) as r— 0+

Oq(r) =rvinr(l+o(1)) as r— oo

4) If |x| > 5 with § > 1, then
Inv(zx,t) L

|| In 12!

Corollary 2.2. For any r > 0, if || = rt 5 with § > 1, then it follows from (23] that

1 —1
7nv(m,t) — —c(d,r), with ¢é(0,r)=r —5 .

t%\/lnt 2

Remark 2.3. In the case § > 1 the function % = %t‘s exhibits the faster polynomial growth at infinity

than the function ¢35 VvInt. Consequently, in this region the nonlocal heat kernel v(z,t) has a more
2

B 541 )
fat” tail v(x,t) ~ e €O Z VInt than the classical heat kernel w(z,t) = ER

%ef% ~ ef 4
(4ﬂ.)d/2td/2

In the next sections we prove all statements of Theorem 2.11

2.1 Asymptotics in the case |z| < rtz

The asymptotics ([2.2]) follows from the local limit theorem for a general probability distribution that
satisfies (L8]) - (L9). To justify the estimate for the reminder in ([Z2]) we give a short analytic proof
based on the following representation for v(z,t)

v(z,t) = /]Rd e <e*t(1*d(p)) — e*t>dp.

5
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Figure 2.1: The large time behaviour of the function Inwv(z,¢) depends crucially on whether |z| < ¢
(under the lower curve), or |z| ~ ¢ (the middle curve), or |x| > ¢ (over the upper curve). Here ¢’ < 1
and 0" > 1.

This integral can be rewritten as the following sum:

v(x,t) = / e t1=a®) gy — ot / e Pdp + / e'oP <67t(17&(p)) - eft> dp. (2.6)
|p|<VIn2t |p|<vIn 2t |p|>VIn2t

The second and the third integral in (28] can be estimated from above by O(e~(In t)%) and o(e~'t)
correspondingly. Denoting 1—a(p) = p? —p*f(p) and taking into account the relation p* f(p) = O(—t%)
valid for |p| < ¢=3, for the first integral in (26]) we get

/ ¢ip =t 1=6(n) gy, — / et =P f(P)) gpy 1 / e'wpe—t1=a(p)) gy (2.7)

1
Ip|<vIn2t |p|<t~ t73 <|p|<vIn2t

ol

1 _2? _1 —t
= g ¢ T (o) wete

W=

).
This yields (22]).

2.2 The case |z| = e, 0<8<1

In this region we exploit the first representation for v(z,¢) in (ILII]). Since

2

T .
x) = cp e 4k with ¢ =

a*k(

¢ .
W, c> 0, (28)



then using Stirling’s approximation we get

tk *k 2
“T(x) — exp{klnt—klnk+k—i—k—c(d)lnk+rk} (2.9)
with a constant ¢(d) = di21 and |rg| < C. Let us estimate the maximal term in the sum

i tha™(z) (2.10)

k!
k=1
To this end we introduce a function
72
S(zt) = (zInt—zlnz+ 2z — Yl c¢(d)In z) e’ 2 > 0, (2.11)

and locate max S(z,t) in z for each ¢ > 0. Since for each positive ¢ the function S(z,t) tends to —oo
z>

both as z — 0 and as z — oo, it attains its maximum on (0,400). Denote
z = 2(t) = argmaz,~oS(z,1).
Proposition 2.4. Let § > 0, then 2(t) = t£(t), where & = £(t) is the solution of equation

4e(d)
r2t

%521n§+ & = oL (2.12)

Moreover, £(r,t) = &(t)(1 + 0(1)), t — oo, where &.(t) is the solution of equation
i§2 In¢g = 97! (2.13)
=3 . .

Proof. The maximum point of S(z,t) is defined by the equation

2
%S(z,t) - lnt—lnz+&—ij) = 0. (2.14)
Making the change of variables z = t&, we rewrite ([2.14]) as (2.12]). Denote a solution of this equation
by & (r,t). In what follows if it does not lead to ambiguity we drop the arguments of the function ¢ (r,t).
Observe that é > 1 for sufficiently large t. Indeed, for ¢ € (0, 1] we have ¢2In¢ < 0, and % = o(t‘s*l) as
t — oco. This yields the required inequality.
Notice that the function on the left-hand side of ([2I2)) is increasing as € (1,400) and therefore,
equation (ZI2]) has a unique solution for large ¢. It is easy to see that

4c(d)
r2t

§:o<£2ln£> if{ +oo0and t>1,

and

4e(d)
r2t

E=ot"1) as t —ooand £is bounded.

Consequently, the solution é (r,t) of (2I2) can be approximated for large ¢ by the solution &, (t) of

equation (ZI3]). O

We consider separately the following cases: 0 < d < 1 and 6§ = 1.

In the case 0 < § < 1 we have t°~1 — 0 as t — oo and, therefore, the solution of ([ZI3]) converges to 1.
The Taylor expansion of 7%52 In ¢ about 1 reads

SEmE= G- 1)+ -1’ +O(E- 1)), £-1-0.

r2



Combining this expansion with (ZI2]) we obtain

4 6 _ de(d
SE-D+5€E-1)7 =" 7«5 L oe -1+ (- 1)
The straightforward computations yield
A 2 3r? d
E(rt) = 1+ %t‘s_l - <%t2(5_1) + Q) + o(max{tz(‘s_l),t_l})
and
5 ¢ s 312 51 26—1
Z =1t = t+ Zt - (?t +c(d)) + o(max{t**~",1}).
Substituting this expression for 2 in (ZII]) and considering the relation x? = r2t1t9 we get
2 !
S(2,t) = t——t° + —t¥"1 —¢(d)Int + o(max{tz‘s_l, Int}). (2.15)

4 16

Now from (LII) and (ZJ), taking into account the fact that a**(z) > 0 for all k& and x, we obtain the
following estimate of v(x,t) from below:

Ootk *k

— —tz

To get an upper bound on v(x,t) we divide the sum in (II1]) into two parts, in the first sum the
summation index varies from 1 to ng where ng is chosen in such a way that

2 'r2 7‘4 — —
e tHSED) e—Tt‘SJrﬁt?‘s 1 —¢(d) In t4o(max {2 1,lnt})’ as t — o0o. (2.16)

2
el =
c r = = en(n+l) =~ forall n > ny. (2.17)
(n+1)! = n+1

—_

[\)

Using the relation 22 = 72t1*9 and the fact that f(u) = ue’ is an increasing function for any ¢ > 0,
we have

2 1 251 1 72 =
T < 25 <L forall m>ng=[3] and t>(7)
ntl’ 3¢° y forall n>mno=[3t] and t = (g
This implies that
3 t" G*T(x) < SEH _ SR () Into(max(t~ 1 nt}) 4y oo (2.18)
n>3t v
Due to (29) and (ZI1]) the upper bound for the sum Zfﬁl tna%(x) reads
[3t} tn *n 2 4
a '(95) < 305G — =Tt HGtP T —(c(d) 1) Intto(max{t? =1, Int}) 4y o (2.19)
n! - '
n=1

From (ZI8)) and (ZI9]) we derive the estimate of v(z,t) from above as t — oo:

v(x,t) = e_tz e’ Z

k=1 k>3t ' (2.20)
< e—ét‘s—l—%t%*l—(c(d)—l)lnt—l—o(max{t%*lﬂnt})

tk *k

Finally from (2I6]) and (220) we get (2.3]).



Remark 2.5. Since ﬁ—j = %, 0 < 0 < 1, the logarithmic asymptotics of v(x,t) coincides with that

for the classic heat kernel:
Inwv(z,t)
1.2
4t

Moreover, for § < 3 estimates ([ZI0) and ([Z20) take the form

-1 as t— oo. (2.21)

2
Tt6

g g2 -
Cit2e T <w(a,t) < Cot'Te T (2.22)
with Cy, Co > 0. For § € (3,1) estimates (2I6) and (Z20) imply that

v(x,t) = e*§t6+%t2671+a(t2671). (2.23)

We proceed with the case 6 = 1. In this case equation (213 reads

€In¢ = %2. (2.24)

It is easy to check that equation (Z24)) has a unique solution & € (1,00). Then for solution &(r,t) of
(ZI2) by the implicit function theorem it follows that &(r,t) = &, + O(t~1). Therefore,

S(2,t) = t&Int —t&(Int +In&) + & — t& & + O(Int) = (& — 26, n&) + O(Int), 2 = &,
and using the same arguments as above we have
v(z,t) = e tIHKI&E—E)+0MnY) =y, (2.25)
where &, > 1 is the solution of ([2.24]). Thus the logarithmic asymptotics of v(z,t) is given by

1 t
ol t) — —Pg(r), as t— oo, (2.26)

where ®¢(r) = ®¢(§,) =1+ 26 Ing, — &,

Lemma 2.6. For any r >0

7,2

0 < @g(r) < T (2.27)
Moreover,
1
Pa(r) = =r?(140(1)), as r—0,
o(r) = 71 +o() 028)
Pa(r) =rvinr(l+o(1)) asr — oco.

Proof. Let v(§) = 1+ 2{In¢ — & To prove the lower bound in ([227]) we notice that (1) = 0 and
a%fy({) = 14+2In¢ >1 (for £ > 1). To prove that

7,2

1+2§rln§r_§r < Z = 53111&,

we denote by s(¢) = £2In€. Then v(1) = (1) = 0, and v/ (£) < 5/(€), € > 1. This yields the desired
upper bound in (Z27]).

The asymptotics (2.28]) is a particular case of Theorem describing the asymptotic behaviour of
®(r) under the general assumptions on the kernel a(z). In our case ®¢(r) = ®(£,1), and if we take
p=2,b=1 then I(s) = 1% and we immediately obtain (Z28) from B22).

U



2.3 The case |z| > £ 0>1

In this subsection we consider a region in (z,t)-space of super-large ||, where |z| > t1+9)/2 with § > 1.
In this case we again begin with the description of max S(z,t, ), where
z

2

x
S(z,t,z) = (zlnt—zlnz—i—z—z—c(d)lnz) , 2>0.

Since t — o0, we can omit the last term in (2ZI1]), and write as above the following equation on

zZ = 2(t,x) = argmax S(z,t,x) :

9 S t0) = nt—1 PR (2.29)
—S(,t,r) = Int—Inz+4+ — = .
0z 7 432 ’
or equivalently,

22 = 42%(In —Int) = 4221n§. (2.30)

Taking the logarithm on both sides of equation ([Z30) we obtain
Inz = Inljz| (1+0(1)),

consequently equality (Z30) can be rewritten as

2]

x2:4221n7(1+0(1)), t — oo.
Substituting —— for 2 in [2110), we get
g2\/ln@ &
2 |z|
1 x%4/In =+
sGita) = —H o B g e - L 2y L L 1 O(nlz]) =
24/In 2 24/In 2 2 t 24/In 2 2l
t VI t
_ Iz
|| lnt (I1+0(1)), t— oo.

Since |z| > t(*9)/2 with § > 1, we can take ng = |z| in ZIZ)for large enough t. Then as above we get
the following two-sided estimate on v(z,t):

_ JEd] _ JEd]
eft e [z[y/In 55 (1+40(1)) gv(x,t) < |x|€7t6 [z]y/In 5 (1+0(1))‘

Since ¢t = o(|z|), this yields
Inov(z,t)

|4/ In 22

— =1, as t—oo, |z|>tIFD2 551 (2.31)

Conclusions.

1. If |#| < 7t!/2, then the main term of the asymptotics of v(x,t) coincides with the classical heat
kernel p;(x,0) defined by (L.

2. If |z < Tt%Jr%, 0 < < 1, then the main term of the logarithmic asymptotics of v(z,t) coincides
with that of the classical heat kernel.

10



3. If |z| = rt, then the leading term of the logarithmic asymptotics of v(x,t) is a linear function
O (r)t. , The leading term of the logarithmic asymptotics of the classical heat kernel is also a
linear function (r2/4)t. However, the corresponding coefficient ®¢(r) is strictly less than r2/4 for
all » > 0. This reflects the fact that in this range of x the non-local heat kernel has more heavy
tail than the classical one. It should also be noted that the coefficient ®(r) is close to r2/4 for
small 7 while ®¢(r) < 72 for large r.

4. If |z| > rt'+9, § > 1, then the main term of the logarithmic asymptotics of v(x,t) given by (Z31)
differs essentially from the logarithmic asymptotics of the classical heat kernel, in particular v(x, t)
has more heavy tail, than the classical heat kernel.

3 Kernels with generic light tails

3.1 Main results

In this section we consider generic non-local operators with convolution kernels that have light tails at
infinity. More precisely, we assume that, in addition to (LJ])—(L9), the convolution kernel a(z) satisfies
for some p > 1 the following condition

0 < a(z) < Cre " (3.1)
or even a more strong condition
a(z) € Co(RY), supp a(z) C K, ={z € RY: |z| < pu} for some p > 0. (3.2)

In what follows we assume that p is chosen in the optimal way, that is = min{i > 0: suppa C K;}.

Since, in contrast with the Gaussian case, here a** do not admit an explicit formula for k > 1, we
have to obtain sharp enough estimates for these higher order convolutions. To this end we first make use
of the results on the asymptotic behaviour of distributions of the sums of i.i.d. random variables, such
as the local central limit theorem and the large deviations principle, and then combine these results
with analytic techniques in order to obtain the asymptotics for v(z,t).

As in the previous section, for large ¢ four different regions of x are considered:

=t (1 +0(1)), 0 < d <1 (moderate deviations region)
rt(l + o(1)) (0 =1) (large deviations region)

x| < rt1/2(1 +0(1)) (standard deviations region)
x| =
x| =
x| = rt's (1 +0(1)), § > 1 ("extra-large” deviations region)

The next two theorems describe the asymptotic behaviour of v(x,t) in the regions 1,2, and 4.

Theorem 3.1 (The regions of standard and moderate deviations). Assume that a(zx) satisfies (L8])-
([C3) and @BI). Then for the function v(x,t) the following asymptotic relations hold as t — oco:
1) if x| < rtz for some r > 0, then

(o'_lz,z)

A0 e (1 +0(1)), (3.3)

S

v(x,t) =

e

t

where c(o) = (2m)~ %|det(0)|7%, o is the covariance matrixz of the distribution a(x);
146

2)ifz=rt2 (1+0(1)) with0<d <1 and r € RI\{0}, then

o(,t) = o= TP (140(1)) _ o= Ho~ ) ¥ (140(1)) (3.4)

11



Theorem 3.2 (The regions of extra-large deviations). Assume that a(x) satisfies (L)) -(T3) and BI)).
Then for |xz| = rtlTH(l +0(1)) with 6 > 1 and r > 0 the following asymptotic upper bound holds:

—1
v(z,t) < efcpt%(lnt)pT(Ha(l)), as t — oo, (3.5)

where the constant ¢, = cp(b,r) depends on b, r and p.
If in addition a(x) satisfies B2), then for |x| = rt%(l +o(1)) with 6 > 1

e
v(z,t) < e W= Int(ito(1)) as t — oo, (3.6)

(6—1)r

where ¢(p) =

In the region x ~ t, usually called large deviations region, our approach relies essentially on the
properties of the rate function I(r) of the sum of ii.d. random variables. From now on Sj stands
for the sum of ii.d. random variables (vectors) Xi,..., X} with common distribution a(x). From
B0 it follows that the random variables X; have exponential moment A(y) = Ee?*! for all 7 from a
neighborhood of 0 (the so-called Cramer condition). Under this condition the large deviation principle
holds for S; with a rate function

I(r)= sgp (y-r—L(y), r~y€RY (3.7)

where I(r) is the Legendre transform of the cumulant generating function L(vy) = InA(y), and 7 - r
stands for the scalar product in R?.
In order to formulate the main result of this section we denote by &, a positive solution of the
equation
Ing=1(r)—&r-VI(Er), (€R, (3.8)
and introduce the function

B(r)=1— g—i(l L g — I(Er). (3.9)

Equation (38) has a unique solution &, > 0 for any r € R%\ {0}, moreover 0 < &, < 1, see Lemma B.11]
below.

We introduce now additional technical conditions on the kernel.
(A1) in the case p = 1 for any by > b and any § € S9!

Eel1X0 = oo, (3.10)

where b is the same constant as in ([B.1).
(A$) in the case p = 1 for any § € S9!

E| X [e?X? = .
(Ap) in the case p > 1
L(7) = mE"™X = C(b, )PP V(1 +0(1)), as 4| - oo, (3.11)

where C'(b,p) = p%l(bp)*l/ (=1 ig a constant appearing in the logarithmic asymptotics of the Laplace

transform of et

Remark 3.3. Condition A, p > 1, can be treated as a sort of soft lower bound for a(z). In particular,
it holds if a(x) satisfies the following two-sided estimate

Coe bl < a(x) < C’le_bmp, p>1.

Observe also that under condition A,,p > 1, the function a(z) can not satisfy ([B2).

It should be emphasized that in the case p = 1 conditions Aj, Aj are required for proving the main
result on the asymptotics of the heat kernel, while in the case p > 1 condition A, is only used for
determining the asymptotic behaviour of the function ®(r) for large r.

12



Theorem 3.4 (Asymptotic upper bounds). Let conditions (L8)—(3) and BI) be fulfilled , and
assume additionally that in the case p = 1 condition Ay holds. Then for any r € RN{0} and for
x =rt(1+0(1)) the following asymptotic estimate holds as t — oco:

v(z,t) < e~ ®HiFe()) (3.12)

where the function ®(r) is defined by ([B.9).
Moreover, ®(0) = 0, ®(r) > 0, if r # 0, ® is a convex function, and the following limit relations
hold:

®(r)=20"1r-r(1+40(1)), as r — 0; (3.13)
O(r) — oo, as r— oo. (3.14)

If p=1, then
O(r) =0blr|(L+0(1)), as |r| — occ. (3.15)

If p> 1 and condition A,, holds, then
p 1/p el
O(r) = E(b(p — 1)) Ir|(Infr]) » (1 +0(1)), as |r] — oc. (3.16)
If condition [B2) holds, then
1
O(r) > —|r|In|r] as |r| = co. (3.17)
L
Remark 3.5. Notice that under the assumptions of Theorem Bl the function ®(r) need not be

isotropic. This is illustrated by formula (B.I3]). However, the additional condition A, ensures that
for large |r| the principal term of the asymptotics of ®(r) is radially symmetric, see (B15)—(B16).

Corollary 3.6 (Spherically symmetric kernels). Let a(z) = a(|z|),z € RY, be a spherically symmetric
kernel satisfying all the conditions of Theorem [3]. Then for any s > 0 and for |z| = st(1 + o(1)) the
following asymptotic estimate holds as t — oo

v(z,t) < e~ ®E)HIF) (3.18)

where the function ®(s) is defined in B9, and formulae BI3) - BIT) from Theorem [37) take an

easier form, namely

2

O(s) = —0(1 +0(1)), as s —0; (3.19)
d(s) — oo, as s — 00 (3.20)

If p=1, then
O(s) =bs(1+0(1)), s— 0. (3.21)

If p > 1 and in addition conditions A, hold, then

p—1

D(s) = L(b(p - 1))1/ps(ln s) 7 (I14+o0(1), s— 0. (3.22)

If B2) holds, then
1
®(s) > —slns  as s — oo. (3.23)
,u

Remark 3.7. Observe that relation (BI8) and the asymptotics in (319) and ([B:23)) of ® coincide with
the estimates of the heat kernel on graphs [§] (see (LI)—(LS6])).
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Using another approach that relies on some exponential transformation of the random variable
with density a(z) under slightly more strong condition (for p = 1) we can show that the upper bound
obtained in Theorem B.4] gives in fact the large time asymptotics of the fundamental solution. The
following statement holds.

Theorem 3.8 (Large time asymptotics). Let conditions (L8)—(L9) and BI) be fulfilled , and assume
additionally that in the case p =1 condition A§ holds. Then for any r € RN\{0} and x = rt(1 + o(1))

v(z,t) = e PO g5 ¢ 5 o0, (3.24)

where the function ®(r) is defined by (B.9) and possesses all the properties enumerated in Theorem [3.7)

3.2 Properties of I(r) and ®(r)

We preface the proof of the theorems by a number of technical statements. We discuss in this section
the asymptotic properties of the function I(r) defined by (B.7) that will be used further in the analysis
of the function v(z,t) in the regions of moderate and large deviations. Due to the symmetry of a(x)
stated in (L8] the functions I(r) and L(7) are symmetric with respect to zero, that is I(—r) = I(r) and
L(—~) = L(). We denote by A the convex hull of the support of a(-). From our conditions (L8])—(L3)
it follows that A contains a neighbourhood of zero. Notice that the set A is symmetric with respect to
the origin.
First we consider the 1-D case. In this case, A = [inf supp a, supsupp a] = [—u, p].

Proposition 3.9 (1-D case). 1. For any distribution a(zx) satisfying (L) —-(L9) andBI) we have

I(s) = %(1 +o(1)) as s—0. (3.25)

2. If the distribution a(x) in addition satisfies condition A,, p > 1, then I(s) has the following
asymptotics as s — oQ:

I(s) =bs(1+0(1)), if p=1; I(s) =bs’(1+o0(1)), if p>1, (3.26)

where b is the same constant as in BI). If p > 1 then
lim 1s) = 400. (3.27)

3. If the distribution a(x) in addition satisfies B2), then I(s) is a smooth function on (—pu, p),
I(s) v00 as s—>pu—0 or s— —pu+0,
and I(s) = oo if |s| > p.

Proof. 1. By the definition of I(s) considering the smoothness of L(7) in the vicinity of zero we
have I(s) = sv* — L(v*), where v* = 7*(s) is the solution of equation s = L/(y). Using the Taylor
decomposition for L'(y) about zero by the implicit function theorem we obtain v* = L%(O)(l +o(1)) =

2(1+o(1)) for small enough s. Consequently,

52 o 52
1) = o7 = D) = =LA L) = S 140,

2. In the case p = 1 conditions (B.1]) and (3I0]) on the distribution a(x) imply that A(b;) = oo for
any by > b, and A(V') is finite for all 0 < b’ < b. Therefore, for s > 0

I(s) <bs, I'(s)<b, and lim I'(s) <b. (3.28)

S§—00
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The last limit exists since I’(s) is monotone and bounded. If we assume that lim I'(s) = a < b, then
5—00

taking g = “T*'b we get

I(s) =sup(ys — L(7)) > Bs — L(B) = Bs(1 + o(1)) as s— oc. (3.29)
y<b
On the other hand, if ILm I'(s) = a < f3, then I(s) < as(1+o0(1)) as s — oo, which contradicts ([3.29).
Thus ILm I'(s) = b, and the first formula in ([326]) follows.

In the case p > 1 due to BII) the solution y* of equation L'(7y) = s has the asymptotics v* =
bp sP~1(1 4 o(1)) as s — oo, and thus

I(s) = Sgp(sv — L(v)) = s7" = L(v") = bsP(1 + o(1)).

Limit relation (327 follows from the fact that for p > 1 the function L(7) is finite for all ¥ € R. Then
for any N > 0
I(x) = sup(sy — L(y)) = sN — L(N),
v

and thus lim inf @ > N, which yields [327]).

S§—00
3. Since supp a C [—u, g, then, for v > 0, A(y) = [ea(x)dz < 7. Consequently, L(y) < yu,
and for s > p we have

I(s) = Sgp(ws - L(v)) = Sgp(s — )y = oo.

On the other hand, since u = supsuppa, for v > 0 and for any § > 0
A(y) = /ewa(x)dx > ¢5e? 19

for some c5 > 0. Thus,

L(y) >Incs +y(p—9) and I(s) <sup(s— (u—09))y—1Inecs < oo,
g

if s < pp— 0. Since we take an arbitrary > 0, then I(s) is finite for all s € (—p, ). The smoothness
of I(s) follows from the standard convexity arguments.
It remains to prove that I(s) — oo as s — u — 0. Since a(x) < C}, we have

n
C C
A(y) <y /ewdaﬂ = LM — ey < ZLem,
Y Y
—n
Then
L(y) < —Iny+yp+InCy,

and
I(s) > sup ((s — )y + Iny) = In Cy > (s — )7 (s) + Iny"(s) = In €,
¥

where v*(s) = “is is the argmax of the function (s — )y + In~. Since v*(s) — oo, as s — p — 0, then

I(s) >1Iny*(s) = C — +o0, ass— pu—0.

The statement for negative s follows from the symmetry of a. O

Next we describe the properties of the rate function I(r) in the multidimensional case.
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Proposition 3.10 (Multi-dimensional case). 1. For any distribution a(x) satisfying (LS)—C3) and
BI) we have
1
I(r) = 5 o lror(1+o0(1)) as r—0. (3.30)

2. If p =1, and in addition to the above conditions Ay is fulfilled, then I(r) has the following asymp-

totics:
r

I(r) =blr|(1+0(1)), VI(r)=b—(14o0(1)), as|rl— oo, (3.31)

|
where b is the same constant as in [B1). Moreover, [VI(r)| < b for all r € RY.
If p> 1, and in addition to (L)L) andBI)) the function a(x) satisfies condition Ay, then
I(r) =0b|rP(1+ 0(1)), as |r| — oc. (3.32)
3. If B2) holds, then I(r) is a smooth function in the interior of the convexr hull A. Moreover,
I(r) — oo as dist(r,0.A) — 0, and I(r) = oo for all r € R\ A.

Proof. The proof of this proposition is mostly based on the same arguments as the proof of Proposition
0.9

1. Using the Taylor decomposition for L(vy) about zero we obtain as above v* = (VVL(0))~'r(1 +
0(1)) for small enough r. Consequently,

I(r) = (VVL0)'r-r— %VVL(O)V* A+ o(r?) = % (VVLO) Y-+ o0(r?) = = o -7+ o(r?),

since 0 = VVL(0), and the asymptotics (3.30) follows.
2. In the case p = 1 conditions ) and (BI0) on the distribution a(x) imply that for any 6 € S9!

A(b10) =EePX =00, ifby >b  and  A(b1f) <oo if by < b.

Therefore,

I(r) = sup (r-v—L(v)) = sup(r -y — L(v)) <|rfb. (3.33)
YER [v1<b

The function I(sf) is a convex function of s € R! for any # € S9!, Consequently, (3:33) implies
inequality

|VI(r)|<b  VreR (3.34)

In the same way as in Proposition 3.9 using the convexity of I(sf) we obtain

blr|(1+0(1)) < I(r) <b|r|, and (VI(?“) . %) —b as |r| = oco.

Combining the last relation with (8:34]) we obtain the second equality in (3.31).
In the case p > 1 considering the convexity of L(vy) with the help of the implicit function theorem
we get that the solution v* € R? of equation VL(vy) = 7 has the asymptotics

v =bplr[P?r(1+0(1)) as r— oco.

This implies ([3.32]).
3. Denote by G(r) the following auxiliary function:

Gr) :{0, re A,

+oo, réeA

Then the Legendre transform of G is equal to G*(y) = ,u(ﬁ) |7], where

(@) =supr-0= sup r-0, 60eSit
rc A resupp a

16



In the same way as in the proof of Proposition one can show that

L(7) =mEeX = u(%) (1 +0(1)), || = oo, (3.35)
and moreover,
L(7) < M<|§—|> | —In|y| +C (3.36)

for some constant C'.

Since G**(r) = G(r), comparing [335) with G*(y) we conclude that I(r) = +oo in R\ A and
I(r) < oo for r in the interior of A. The fact that I(r) — oo as dist (r,0.A) — 0 can be justified in the
same way as in the proof of Proposition using inequality (B.30)). O

Lemma 3.11. Let a(z) satisfy (L8)-(L3) and @I). Then for any r € RN\{0} equation BJ) has a
unique solution &. and 0 < &, < 1.

Proof. 1f the convex hull A of supp a coincides with R, then differentiating the right-hand side of (3.8)
in £ we obtain

r-VI(E&r)—r-VI(&r)—E&r-VVI(Er)r=—&r-VVI(Er)r <0

because of convexity of I; here VV denotes the Hessian. Moreover, for sufficiently small & we have
—r - VVI(&r)r < 0. Thus the function on the right-hand side of ([B.8]) is decreasing in &, and, since
I(0) = 0, we immediately conclude that (8] has a unique solution and 0 < &, < 1.

If A # RY but the ray {sr}s>o lies inside A, then we can use the same arguments as above. If
the ray {sr}s>0 intersects A at a point s, then it follows from Proposition BI0 that I(sr) — oo as
s — sk — 0. In addition, the convexity of I(r) and the Newton-Leibniz formula imply

Consequently,

d
I(sr) —sr-VI(sr)=I(sr)— Sd—I(S’I“) — —o00 as s — s —0,
s

and again we obtain the unique solution 0 < &, < 1 of equation (B.g]). O

Proposition 3.12. The function ®(r) is a convex function, ®(0) = 0, and ®(r) > 0 for anyr € R\ {0}.
Moreover, if a(x) satisfies (B1) with p > 1 and, in the case p =1, also condition A5, then ® is strictly
conver: VVO(r)r-r > 0.

Proof. 1f r = 0, then (B8] implies that £ = 1, and ®(0) = 0. Let us show that V&(r)-r > 0 for any
r € RN\{0}. Indeed, ®(r) = ®(£(r)) with £(r) = &, then using (B.8) and considering the properties of
I(r) we have
Vo) = v I I I = VI
r) = 20 [In&(r) = 1(g(r)r) +&(r)r - VIE(r)r)] + VI(E(r)r) = VI(E(r)r).
Consequently, V®(r) -7 = VI(£(r)r) -7 > 0 and ®(r) > 0 for any » € R4\ {0}.
To prove the convexity of ® we differentiate equation (B.8]) in 7 and obtain

VE(r) = = (r)VVI(E(r)r) r[E(r) + - VE(r)].

The assumption VE(r) -r > 0 leads to a contradiction. Therefore, V&(r)-r < 0 and {(r)+7-VE(r) >0
for all » € R? This yields the inequality VV®(r)r - r > 0. Additionally, VVI(r)r -7 > 0 and
E(r) 4+ r-VE(r) > 0in the case p > 1 or p = 1 under condition A§. This yields a strict convexity of
. ]
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Proposition 3.13 (Skewed distribution). 1. Let distribution a(zx) satisfy (LI)—L9) and BI). As-
sume also that in the case p = 1 condition A3 is fulfilled and in the case p > 1 the following condition

holds:
a(z)dz >0 for any N >0 and any 0 € S47L. (3.37)
z-0>N

Then for any x* € R® equation

VL(y) =z* (3.38)
has a unique solution v* € R% and, furthermore, the following relations hold
I(@*) = 2" 7" — L(y") (3.39)
1 / *
za(x)e’ Tdr = x*. 3.40
i [ o) (3.40)
. a(x)e?’”
Moreover, denoting a~(x) = (A)(’Y) we get

a*F(ka*) = a?’i(kx*)e_l(””*)k. (3.41)

2. If distribution a(z) satisfies @) (or B2)), then for any small enough x* € R equation (B.33)
has a unique solution v*, and relations (3.39)—~B.41) hold.

Proof. 1. Assume first that p > 1. From the properties of the function L it follows that VL : R — R?
is a semicontinuous strictly monotone operator, i.e. (VL(y1) — VL(y2)) (71 — 72) > 0. Condition
B37) implies that A(y) > eNlVl¢(N) with ¢(IV) > 0 for any N, and consequently

1
L(v) > §N||7H for all large enough ||| (3.42)
Since L is a convex function, then vﬁ%) T is monotonically increasing. This together with (3.22]) and
L(0) = 0 imply that
VL(v) -
lim M = +00.
Ili=oo 1Vl

Then the unique solution of (3.3]]) exists by the solvability theorem for monotone operators, see e.g. [13].
VL)~ _

If with p = 1, then under condition Aj using the Lebesgue theorem we obtain that lim, ;o B =

+00. Then we can repeat the similar arguments to prove the existence of the unique solution of .
Equallity ([B.39)) follows from the definition [3.7) of the function I(r). Equality ([3.40]) follows from

B38). Equality ([341) is a direct consequence of relation (3.39]).
2. If 2* € R? is small enough, then for any distribution a(z) satisfying B1), 32)) equation (Z38)
O

can be solved using the implicit function theorem.

3.3 The regions of standard and moderate deviations. Proof of Theorem [3.1]

Under our standing assumptions the local central limit theorem applies to the sum of independent
random variables with a common distribution a(x), see for instance [4, Theorem 19.1]. This implies
the desired asymptotics (33) of v(z,t) in the region |z| < rt'/? with an arbitrary r > 0.

In this subsection we show that, in the region z = rt' s (14+0(1)) with 0 < 6 < 1 and r € R%\ {0}, the
asymptotics (B4 for v(x,t) holds, as t — co. First we obtain the asymptotics for the k-th convolution
power a**(z) for large enough k. Our approach essentially relies on probabilistic arguments.

Lemma 3.14. Let conditions (L8)—(L9) be satisfied, and assume that BI]) holds. Then

Lo (1o(1)) [2I* 2

a*k(x) =e" ,  as k— oo, % — 00, and = — 0, (3.43)

2
where o is the covariance matriz of the distribution a(x), and o(1) — 0 as % — 00.
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Proof. Let x* =
the equation VL(
implies

Then z* — 0 as |z| — oo, k — oo, and using Proposition B.I3 we conclude that
) = «* has a unique solution v* = v*(z, k), where v* — 0 as z* — 0. Relation (3.41))

\Q?T‘

a**(z) = a* (ka*) = a2k (ka*)e @R = a2k (ka*)e TR, (3.44)

It follows from (B40) and the local limit theorem for the sum of i.i.d. random variables with the
common distribution a.~ that

det 0;1 det o1 % *
(k:ac ) = W(l +o(1)) = W(l +o0(1)), as ¥ —=0 (and v* — 0), (3.45)

where ¢ is the covariance matrix for a(z).

Finally using the asymptotic relation ([B.30) for I(¥) we obtain (3.43) from (B.44)) - (B.45). O

Corollary 3.15. If z = rt e (1 +o0(1)) with0 <6 <1 and k ~ t, then "_}f'x ~ (oY -r)t° and

t1+6

a**(z) = em2(@TIr (1) g ko oo, (3.46)

k  xk
Let us study now the asymptotic behaviour of the function t ak!(gﬁ) ast — oo and © = 1t (1 +
0(1)), 0 < < 1. By Lemma [B.14] and estimate (3.46]) for any constants a; and ag such that 0 < a1 <

1 < as < 00, and for all k£ from the interval a1t < k < ast the following asymptotics holds:

tha*k (x)
k!

1+46
= exp {klnt—klnk—i—k—ET(l —i—o(l))} =expS(k,t), t— oo,

where ¢ = 207 1r-r and S(z,t) = zInt —zlnz+2—¢ t1+6 (14 0(1)). If a; is sufficiently small and aq

is sufficiently large then the nax tS(z t) is attamed in an interior point of the interval (ast, ast),
art<z<ag

and the corresponding necessary condition reads
t t1+5
11'1 - —|— c —2 = 0
z

Setting z = £t we arrive at the following equation for &:
EIn¢ =cto L.

Since 0 < § < 1, the right-hand side in this equation vanishes as t — oo. Therefore, the solution é of
this equation admits the representation £ = 1 + é°~1(1 + o(1)). Consequently,

d =t =t+ét’ + o), max  S(z,t) = S(2,t) =t — &’ + o(t?),
ajt<z<ast

and for any a1 and as such that 0 < a3 <1 < as < co we have

k xk
s t"a" (z) < SED - et*%(o_l”"’)t(;*o(té), as t — oo. (3.47)
art<k<ast k!

To estimate v(z,t) in the region x = rt s (1 + o(1)) we split the sum in (L.IT]) into three parts:

[t/2] tk ok ) [2] thak (2 tk (7
= _tz -t Z _tz (3.48)
k=[t/2]+1 ' k>2t

Considering the inequalities k! > k¥e™" and a**(2) < O, one can estimate the first sun in (348) as
follows

[t/2] tk *k‘

ShHEhs

ta” (z) < 01% eH2e)? < Coe™Pt, t = 0 (3.49)



with an arbitrary g € (0, 1_Th12) For the third sum using the relation % < % we get

- tha**(z) ot
ety —g < Cret=2tn2, (3.50)
k>2t

To estimate the second sum in ([348) we use (.47). This yields

(24 tka*k(x) (3 1/ .—1 5 5
ety —— < oteteS(Et) < emaloT TP Hot) gy (3.51)
k=[t/2]+1 ’

Finally, from B48]) — (B.51]) we get the asymptotical upper bound in the region z = rt%é(l + o(1)).
Taking in the sum (348]) just one term that corresponds to max S(z,t) we obtain the lower bound

’U(Cl?,t) > efteS(?:’,t) > e*%(o_lr-r) t5(1+0(1)).

This completes the proof of ([B.4)).

3.4 The regions of extra-large deviations: Proof of Theorem

This section deals with the large time behaviour of v(x,t) in the region = > ¢ which is associated with
the ”extra-large” deviations of the corresponding process. In this region we use the Markov inequality
for estimating Pr(|Sk| > |z|).

Lemma 3.16. Let X; be i.i.d. 1-D random wvariables with a common distribution a(x), satisfying
CR)(@T9) and @BI). Then there exist constants oy = ap(b,p) and s, = »,(b,p), such that for all
1 <k < apx the following estimate holds

o (&)pk
P{Sy > x} <e7\k) ", (3.52)
Proof. The cases p =1 and p > 1 are considered in a slightly different way. If p = 1, the inequality
Eele < ehm2

being valid for all m € (0, %) with some constant h > 0. Then the Markov inequality implies that

E mXi\k min  (hm?*k—maz) 2 - 2 - - -

P{S>a} < min ( - S _ goemsy —"T Y T < (353

0<m<3 €
for k < ;%. Thus in the case p = 1 inequality (8.52)) holds with s = % and aq = ﬁ.
If p > 1 then applying the Markov inequality we get
E mXi\k E mX1 k
P{Sy > 2} < min EC)0 <min - ) . (3.54)
m>0 emz m>0 ek

mX1

Let us estimate Ee™*1. Setting ¢(x) = mx — bxP, z > 0, we obtain

max p(z) = ¢ ((%) ﬁ) = ca(b.p) m# T, ca(bip) = ]%(bp)Plh (3.55)

1
and ¢(z) < 0asz >z = ()7 7. Since mz — ba? < ¢'(z1)(x — z1) = m(1 — p)(z — 1) for z > a4,
from (355 it follows that

p
Eem¥1 < / e da + / e a(x)dr < c;;(b,p)mp_ilecQ(b’p)mpTI +Ci((p—1m)~L.

|z|<z1 |z|>x1
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Then there exists a constant ¢4 = c4(p, b) such that for all m > 1

EemX1 < ca(bp) mreT (3.56)
Inserting (B.56) into (B54) yields
=B 2 k k min
P{Sk > .%'} < (min 604(b,p)mp ! mk> =e lefp’k(m)7 (3.57)
m>1
where , .
fp,k(m) :C4(b,p) mr=1 _mE, m > 1.
If we take k < apz with oy < gp—;}l, then f, (1) <0and f,(1) <0. Determining the minimum of f, x
we obtain p
min fpx(m) = = (;)
with some constant s, > 0. Inequality (3.52) then follows from (B.57)). O

Corollary 3.17. In the multidimensional case estimate [B.52) takes the form

o (Y k1o
P{|Sk| > |z|]} <e p( k ) KL+ (1)), as |x| — oo. (3.58)

Proof. Given a sequence of i.i.d. random vectors X;, j = 1,2,..., with a common distribution density
a(-), for any @ € S9! we consider 1-D random variables - X j- Denote the distribution density of 8- X;
by ag(s). Then
ag(s) < C(1 4 s)4 e tlsl”,
Therefore, by ([3.52)
e (121
P{S; 0> |z|} <e () k(1o(1)) (3.59)

For a d-dimensional random vector X and arbitrary € > 0 one can find a finite collection of unit vectors
01,...,0n, N = N(e,d) such that

N
{1X] > [a} € [ J{6: - X > (1 —2)[2[}
1=1

Then
P{X|> [z} < N(e,d) P{6- X > (1 —¢)|a[},

and together with ([359) it gives the desired asymptotic estimate (358 for P(|Sg| > |z|) in the multi-
dimensional case. O

We proceed with obtaining point-wise estimates for a**(z). Denote by Fj(s) the distribution func-
tion of |Sk|, then in the case p = 1 we have

o0

a1 () < Cl/e—b(x—s) dFy(s) =
0
l|$| 0
[ biele —b(Ja|—s) —Lbja| 1
Cy | eV dE(s)+C | e VT dER(s) < Cre 2" +C1P{|Sk|2§|x|}.
0 l|$|
2

Together with estimates (3.58) and (B53)), where s = 2, this yields for all k < ay|:

a**(z) < 204 e~slal, (3.60)
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The case p > 1 can be treated similarly, and for any k < a,|z| we obtain

&9]
2P by 2P
a0 (2) < &y / e == 4By (s) < Cre™ 3 + Cre 7Pt < Che PR (3.61)
0

In order to obtain upper bounds for the terms of the sum in ([LII]) we make use of estimates

B60)—@B61). We denote

S(z,t) =zlnt —zlnz+ z+Ina*(z), So(z,t)=zlnt—zlnz+2z= zlnz—}—z. (3.62)
z

Notice that
max So(z,t) = So(t,t) =t,
z

and Sp(z,t) is decreasing in z as z > t. Consequently, for any ¢ > 0 and for sufficiently large ¢t we have

max So(z,t) = So <ct%, t) < —&"  Int. (3.63)

z>ct 2
In the case p = 1, considering the upper bound a**(x) < Oy, we get

max S(z,t) < max So(z,t) +InCy < —01t > Int. (3.64)
z>ct -5 z>ct 2

If b < onlz| = ayrt s (1 + o(1)), then estimate (3.60) implies the following uniform in k& upper
bound

+

(1) < Oy emslol = 0y st * (o), (3.65)
Consequently,
b
max S(k,t) < So(t,t) + max Ina**(z) <t— Zrt’E (3.66)
k<0417"t% k<a17"t% 8

Finally, using (3:64) and (B.66)), we conclude that in the case p = 1 the asymptotic estimate (33
holds with ¢; = %’I“. Indeed,

5+1
00 Lk *k a1rt 2 g sk k xk
_ t"a _ tfa*t(x) t"a* (x)
t t t
Z P T D D v
k=1 5+1

k>airt 2

o+1
t=2 P 541 p=1
— P —c)
krggfl)'(m'S(k ) = kgﬁj{ﬂ{So(k ) +Ina™(x)} < kiﬁfﬂ{SO(k’t) ! o } < —¢, 't 2 (Int) » .

In order to justify the last inequality we notice that

“ - t% p R t% 541
k(t) := argmax < So(k,t) — 3¢r T (¢ =o(t 2)
with a constant é = &(p,d,r). Then k(t) < ap|z| and, therefore,

k %k p—1
t ak'(x) < efcl(Jl)t 2 (Int) P ’ k<i€(t)
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Estimating S(k,t) for k > k(t) relies on the inequalities for the function So(k,?) similar to those in
[B863) and the upper bound a**(x) < C;. We have for k > k(t)

tka*’j(x) < CyeSok®8) — o hOmit-Ink@+1) < —e T T (1+0(1))
k!

~ 1
Finally, taking into account the fact that £ < 1 for all k > k(t) = ¢ =R (Int) ?, we conclude that in

the case p > 1

tk *k tk *k

DD D Dl v
k<k(t) k> k(t)
p—1

—1 p—1
< Cltﬂ e () L et D5 )P (140(1)) < oot ENCORa (140(1)

Now let us consider the case of a(z) with a compact support. If ([32]) holds then

tha*k (x)
v(x,t) =e " Z i < Cre texp max. So(k: t) ¢, (3.67)
541 ' k> t
k>1t2

where Sp has been defined in ([8:62)). The function Sy(k,t) is decreasing in variable k as k > ¢, hence

max So(k, ) = So (M £ t) S %tﬂ Int(1 + o(1)). (3.68)

1
k>ﬁt J2r H

Finally, (3.67) and (8.68) imply estimate (B.6]). This completes the proof of Theorem

3.5 The region of large deviations: Proof of Theorem [3.4]

The main step of the proof is obtaining point-wise estimates for a**.

Lemma 3.18. Let a(z) satisfy (L8)-(L9) and BI), and assume that, in the case p = 1, condition
Ay holds. Then for x = rt(14 o(1)), r € RA\{0}, and for any positive constants a1 < ag we have

aF(z) < e TERAFM) if o1t <k < ast. (3.69)

Furthermore, there exists a positive constant cy > 0 such that
aF(z) < e 1MHAFM)if 1 < | < oyt (3.70)
If condition B2) is fulfilled, then for any s
a**(z) =0, if k< m, and o™ (z) < e TR+ i J| <k < ast. (3.71)
M M

Proof. We start with the case p =1, ayt < k < aot. The kernel a*(k“)(aﬂ) can be written as follows:

a T) = a " (z)alx — z)dz + a (z)a(x — z)dz. 3.72
@ = [ @t [ atEaeoad 37)
{z: I($)<I({)} {=: I(£)>1({)}

Denote by Ay = {z: I(3) < I($)}, A2 ={z: I(%) > I(¥)}. Using the large deviations principle for
the sum of i.i.d. random vectors, see [9], we obtain the upper estimate for the second integral in (8.72]),
when a1t < k < ast:

/a*k(z)a(m —2)dz < C1P(Sk € A2) < Ciexp {— klnf I(p)k+ O(k:)} = ¢ [(Z)ktolk), (3.73)
pEA2
Az
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To estimate the first integral in ([B.72]) we introduce

Fy(s) = / a**(2)dz, where s € (O,I(%)k) ,
{2 I(7)k=s}
then we have
Fr(0) =1, Fu(oo) =0, Fy(s)=e 0 (k- o0). (3.74)

If we denote Ly = {z: I(%)k = s}, then dist(z, L) is a decreasing continuous function on [0, I(%)E],
it is smooth on (0, I(%)k]. For each s € [0, I(F)k] there exists a unique z; € Ly such that dist(x, Ls) =
|x — z¢|. All these assertions are elementary consequences of convexity of the function I. Clearly,
20 = O, Z[(%)k = .

It follows from Proposition B0 and estimate (BI) that for any z,z € R, such that I(£) < I(%),
the following inequality holds true:

([(f)_ I(= )) k< m%xz IVI(r)||z— 2| <blr— 2| < —lna(z — 2),
k k rel(%,2)

where by I(z,y) we denote the segment connecting points x and y. Consequently,
e Tk gz — 2) < e TGR, (3.75)

Then using ([B.74) and inequality ([B.75]) we rewrite the first integral in (3.72]) as follows:

I(%)k
/a*k(z)a(az —2)dz < C} /a*k(z)e_bx_zldz <C; / e~ b dist@.Ls) g(— iy (s))
Ay A 0

I(2)k

0 . d
. F —bdist(z,Ls) : )
" Cib / k(s)e —dsdlst(x, s)ds
0

= efbdist(:v,Ls)Fk(s)‘

I

< e~ TERA+O() _ o po—T(HIE(+o(1)) / didist(m,Ls)ds
S
0

< e 1EkA+e(M) 1 0 pe~I(FIE(+o( |x| < e 1(E)EA+o(1))
This inequality together with (B73]) imply ([B.69) in the case p = 1.
To prove the upper bound B.69) for p > 1 and ant < k < ast we rewrite a*(k“)(aﬂ) as a sum
a* ) (z) = / a**(2)a(x — 2)dz + / a**(2)a(x — 2)dz. (3.76)
|2—a|<hkl/P |z—a|>hk1/P
The second integral in ([B.76]) has an upper bound

—bhP
max_ a(u) < Cre Ph"F,
jul>hk?
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If the constant h > 0 is taken in such a way that bh? > I(>), then bAP > I(-) > I(f) for any
k € [ait, ast]. Thus, the second term in (B70) is bounded by (3.69).
For k ~ t and for arbitrary s > 0 the first term in ([B.76]) can be estimated from above as
/ a**(2)a(x — 2)dz < Oy / a**(2)dz < C, Pr{|Sy — x| < »k}

|z—z|<hkl/P |2—a|<hk1/P
< Crexp{— inf I(p)k +o(k)} < e~ L (Rk+olk)
pEAL

where A,, = {z: [z — 7| < »}. Here we used the large deviations principle for estimating Pr{|S; — | <
»xk} and continuity of I(r).

In the case p =1 and k < oyt we apply the upper bound
a(z) < A a(|z|), with some constant A > 1, (3.77)

where a(|z|) = aje~"?! is a spherically symmetric kernel satisfying ([B1]) with the same b. Next we need
the following statement for 1-D random variables.

Proposition 3.19. Let a(z),z € R, satisfy B.1) with p =1 and condition Ay holds. Then there exists
positive constant C1 such that

aF(x) < Cre WRAFMW) for all k> 1. (3.78)

Proof. We represent a**+1)(z), 2 € R as follows:

0
a*F ) () = / a**(2)a(x — 2)dz + / a**(2)a(x — 2)dz + / a**(2)a(x — 2)dz. (3.79)
0 T
Since I(%)k < bz, the first integral in (3.79) admits the estimate
0
/ a*F(2)alz — 2)dz < Cre ™ < e 1HF,
For the last integral in ([3.79]) we apply the Markov inequality:
T Eer1)" . .
/a*k(z)dz = P(Sk > z) <inf (ekix) = inf FFO7RVE = =1k, (3.80)
Y ek v

xT

Then we get for any k and any = > 0
/a*k(z)a(m — 2)dz < C1P(S), > x) < Cre 1)k,

x
- [e.e]
To estimate the second integral in (B79) denote Fy(z) = [ a**(z)dz = P(Sy > ). Then
x

x T x

/a*k(z)a(az —2)dz < C /eb(mz)d(—ﬁ’k(z)) = C1e A B ()0 + Clb/eb(xz)ﬁ’k(z)dz <
0 0 0

Cre=t 1 Oy / e~ IBh—ba=2) g, < 1% + OybaeTEF < Cyze— TR,
0
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we have used here the inequalities

x z r—z x
151 for all (" .
(k) (k) b k orall z€ (0,z), and (k)k<bx
Considering x = rt(1 4 o(1)) we obtain estimate (.18 for all k£ > 1. O

Then using [B.78]) we have

a*k(m) S Ak&*k(|x|) S Akeila(%‘)k(l“i'o(l)).

| o Ir]

Since k < ot with a small oy, then ‘7 > & > 1, and using asymptotic representation B20) for I;(s)
as s — oo and inequality ([3.33]), we conclude that for any § > 0 there exists a3 > 0 such that

a*k(x) < Ak&*k(\x]) < Ake—b|m|(1—6) _ Ake—b\r\t(l—é) < e—b\r\t(l—S)-‘,—oqtlnA < e—I(r)t. (381)

In order to obtain the last inequality we chose § = %Iil(r)) . Thus BX0Q) is proved for p = 1.

If p> 1 and k < aqt, then for sufficiently small a; recalling that = = rt(1 4 o(1)), from the Markov
inequality ([B.80) we have

1 Frlz _ | a _
P{ISi| > 5lef} < e TGk < o Gapat o =210 (3.82)

where T (s) is the rate function for the 1-D random variable | X|. Here we used the fact that the function
J(a) = al (%) is decreasing in o € (0, 1], that is a consequence of convexity of I(s). Moreover, by (3.27)
we have J(a) — oo as a — 0+. Then using ([3.82]) we conclude that for a small enough constant oy > 0
we get

et = [ ke dr [ atE) a2 ds
|2]<1|a| |2|>3 ||

|| |7

p - . i
< Cl€_b<7> + Cle_l(%)alt < Cle_b<7> L + Cle_l(%)alt < C2efl(r)t‘

This completes the proof of estimates (3.69) - (B70).
The first relation in ([B.71]) is evident. The proof of the second one is based on the same arguments
as those used in the case p > 1. O

Combining Stirling’s formula with the estimates of Lemma B.I8] we obtain the following statement.

Corollary 3.20. Let the assumptions of Lemma [318 be fulfilled. If x = rt(1 + o(1)), then for all k
such that ait < k < ot with arbitrary positive numbers ag and oy, estimate [B.69) implies that

tha** ()
k!
where S(k,t) = kInt — klnk 4+ k — I(%)k.

< exp {klnt —klnk+Fk— I(%)k + o(t)} =exp{S(k,t) +o(t)}, t— oo, (3.83)

Recalling the definition of &, in (8.8)) and the function ® in (3:9]) we have

5 1
e tSED — exp {t (—1 T @+ing — I(é‘ﬂ"))) } = exp{—®(r)t}, (3.84)
where 2 = argmaxS(z,t). If x = rt(1+o(1)) as t — oo, then the following upper bound
k xk
ot (@) a1t (3.85)

k! -

is valid for all £ from the interval k € (ayt, ast).
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To estimate v(x,t) from above we decompose the sum in (III]) into three parts:

tk k(g ot tk “k (g tk k(g
SR L R i B o
k<ait k=aqt k>ast
For the first sum in (3.86]) we apply upper bound B70). This together with (B.84]) yield
0 () < e Tt — —t+5(B+o(t) < —t+S(EDFo(t) — (—R(H(1+o(1)) (3.87)

because —I(r)t = S(t,t) — t, and max, S(z,t) = S(2,t) with 2 > ¢. Consequently,

at tk k(g

S

For the third sum, if £ > ast with ay > 2 then we have

~(r)i(1+o(1)) as £ — oo, (3.88)

tk tagt
v (az—azInas)t
< — < .
kS (ant)! S €
Choosing ay > 2 such that 1 — ag + agInay > @(r), we obtain
ety
k>2t

It remains to estimate the second sum on the right-hand side of ([B.86]). To this end we use ([B.85),
then

k *k:
tta < Cle(—l-i-ozg—ozg Inao)t < e—@(?")t. (389)

oot th gk (x)

et — < aQtefé(r)t(lJro(l)) _ 67<I>(r)t(1+o(1)), £ =3 00. (3.90)
k=a1t k
Finally, in the region x = rt(1 4 o(1)), r # 0, from B388)) - (3.90) we deduce:
v(z,t) < e~ ®HiFel)) t — oo. (3.91)

For a(z) with a finite support we take ay = r/p in (B80). Then the first sum on the right-hand
side of (3.86]) does not contribute. Estimating the two other sums relies on ([B.83]), (8:89) and (3.90)
like in the case p > 1. This completes the proof of ([B.12]).

It remains to show that the function ®(r) satisfies the asymptotic relations in BI3)-(BI7). Con-
sidering the properties of the function I(r), in particular 330, it is easy to see that & = 1— % +o(r?),
as r — 0. Recalling now the definition of ®(r) in ([3.9]), we finally obtain asymptotic formula ([BI3]).

The asymptotics of ®(r) for large r depends crucially on the rate of decay of a(z) at infinity. We
start with the case, when a(z) satisfies (8.2)). Then from Proposition BI0lit follows that I({r) = oo for
all {|r| > p. Then the solution &, of equation (B8] satisfies the inequality &, < “ . By the definition of
®(r) we have

1 1
(r) =1~ _+_1n_ &) > — In——1
) & & & fr I(rér) &, < & >
Therefore, for large enough r,
®(r) > min z(lnz-1)= Il (mm _ 1)’
ze(lrl 00) I 1

and we obtain (B.I7]).

Since the principal term on the right-hand side of (8.32]) only depends on |r| as r — oo, then in the
case p > 1 for the solution &, of equation ([3.8]) we have &, = &,|(1+0(1)), as r — co. Therefore, we can
reduce the general case to the spherically symmetric case (or the 1-D case). Notice that for any p > 1
condition Ay implies (B37). The next statement describes the asymptotic behaviour of &, for large r
under the assumption that (81]) and B37) hold true.
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Proposition 3.21. Let B1)) and B37) hold. Then
u(s) :=s& — 00, as §— 0. (3.92)
If p > 1 and condition Ay is fulfilled, then
(Ins)/P
s

gs:hp

where hy is a constant depending on p and b.

(I1+o0(1)), as s— oo, (3.93)

Proof. We first prove (3.92]). If we assume that u(s) is bounded: u = u(s) < a, then for all s > 0 the
function In &, is bounded from below:

Iné& = I(u) —ul'(u) > I(a) — al’(a) > —cc. (3.94)

We have used here the facts that J(u) = I(u) — ul’(u) is a decreasing function on [0, +00), and due to
condition (33T the functions I(u), I’(u) are finite for all u > 0. On the other hand,

u(s)

Inés =In—= <Ina—1Ins.
s

For large s this inequality contradicts ([8.94]). This proves (8.92)).
The function J(u) = I(u) — ul’(u) < 0 is negative for all u > 0, because J(0) = 0, J'(u) < 0 for
u >0, and J'(u) < 0 for 0 < u < ko with some kg > 0. In the case p > 1 combining this inequality

with (3.8), (8:26]) and ([3.92]) we conclude that
1
In— = b(p—1)(r&)? (1+0(1)), s— occ.

£s
: . g (ms)l/r ~ _ ~1/p
Consequently, we get [33) in the case p > 1: & = hp~—2— (1 + o(1)) with h, = (b(p — 1)) O

s

Inserting (3.93)) into (B3], we finally obtain asymptotic formulas (3.I6]) and (3.22]).
In the case p = 1 using [B.8) and [B3T]) for large r we get

1 1
2r)=1-¢ (1+me — 1(gm) =1~ ¢+ bIrI(L+ o(1).

1
Ir|ér

According to ([B.92) we have u(r) = [r[§, — oo as |r| — oo, consequently,
Thus,

— 0, and éir = o(|r|).

O(r)=0b|r|(L+0(1)) as |r| — oo,
and asymptotic formula (BI5]) is proved. Theorem [B.4] is completely proved.

3.6 The region of large deviations. Proof of Theorem [3.§

In order to justify the asymptotics in ([B:24]) it suffices to prove that for x = rt(1 4 o(1)) we have
e—<I>(r)t(1+l/1(t)) < U(.%',t) < e—@(r)t(l-l—ug(t))’ (395)

where vj(t) — 0 as t — oo, j = 1,2. Since the upper bound has already been proved, see ([B12), we
proceed with the lower bound. Denote 7 = z/t. Then 7 = r(1+ o(1)) as t — oo.

From the definition of &, in (B.8]) by the implicit function theorem we obtain that &, is a smooth
function of r. So is r&,. Letting r§ = & and r* = &7, we then have r* = r§(1 + o(1)).

We define v*(r*) € R? as a solution to the equation VL(vy) = r*. By Proposition this equation
has a unique solution. Moreover, v*(r*) is a smooth function of r*. In particular, 7§ = v*(r}) =
Y (r*)(1+o0(1)), as t — oco. We recall, see Proposition again, that for a random variable X,- with

the density a,(z) = a([f)(f;)'x its expectation is equal to 7.

Consider a family of densities a«(x) = ay+(x +r*) and the corresponding random variables )Z'y* =
X« — 1™,
gl
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Lemma 3.22. There exists a neighbourhood O of g in R? such that for all v* € O the density [
possesses the following properties:

a. ay(z) < Ce Ml for some p > 0 and C > 0.
b. The matriz
oii(7") = /R | izl (z) do
is positive definite, o(v*)C - ¢ > u1|¢|? for some uy > 0 and for all ¢ € R
The constants p, p1 and C' do not depend on the choice of v* € O.

Proof. If p =1 then under condition Aj we have |y;| < b. We can choose sufficiently small neighbour-
hood O of 7§ in such a way that the inequality b — |v*| > (b — |73)| holds for all v* € O. It is clear
that A(y*) > C > 0 for all v* € R% This implies, in view of (3) and the definition of @+, the first
statement of Lemma with p1 = $(b— [vg]). If p > 1, then this statement is obvious.

The second statement of Lemma is a straightforward consequence of the first one. Indeed, it follows
from a. that there exists Ry > 0 such that

/ e (2)da >

QRO

N |

for all v* € O, here Qg, stands for the ball of radius Ry centered at the origin. Then for any § € %!
we have

0ij(v")0; - 05 = /(x - 0)2@y () dz > / (z - 0)%@,(z) dr,
R4 QR \Ils
where IIs = {x € QR, : |z - 0] < d}. Due to a. there exists dy > 0 such that fH60 Gy () dz < 1 for all
v* and for all # € S9!, Therefore,

1
/ (z - 0)%@y (x) do > 153.
Qry\Ils,

This yields b. O

It follows from Lemma[3.22]that the local limit theorem applies to a family of i.i.d. random variables
with the density a«, see Theorems 19.1 and 19.2 in [4]. Therefore,

@k (0) = (2mk) "2 |o(v*)| 1 (1 + o(1)),
as k — oo, and )
azf(kr*) = (27k) " 2o (v*)| 7" (1 + o(1)). (3.96)

Moreover, by Theorem 19.2 in [4], the convergence is uniform in v* € O.

According to (341]),

aF(kr*) = af/’f (kr*)e 10k,

Take k = [%T], where [-] stands for the integer part. Then kr* = rt(1 4+ 0(1)) = z(1 + o(1)), as t — oo.
Considering (39), (3:84) and (390) and the fact that the convergence in ([B.96)) is uniform in v* € O,
we conclude that, under this choice of k,

tk * * —P(7 —
Ha k(kﬂ“*) _ avlf(kr*)e O(7)t(14o0(1)) _ N <I>(r)t(1+o(1)).
This yields the desired lower bound in (B95).
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