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Abstract

Prolongating our previous paper on the Einstein relation, we study the motion of a
particle diffusing in a random reversible environment when subject to a small external
forcing. In order to describe the long time behavior of the particle, we introduce the
notions of steady state and weak steady state. We establish the continuity of weak steady
states for an ergodic and uniformly elliptic environment. When the environment has finite
range of dependence, we prove the existence of the steady state and weak steady state
and compute its derivative at a vanishing force. Thus we obtain a complete "Fluctuation-
Dissipation Theorem’ in this context as well as the continuity of the effective variance.

1 Introduction

Prolongating the work started in [7], we study the motion of a particle diffusing in a random
reversible environment when subject to a small external forcing. The external force we consider
is a constant in time vector field in some direction e; and strength A. We think of A as being
small.

Long time properties of the motion of our particle depend on the process of the environment
seen from the particle: in the absence of the external force, the process of the environment seen
from the particle is at equilibrium and the motion of the diffusing particle is diffusive (obeys the
central limit theorem). When a constant external force is added, the process of the environment
seen from the particle is off equilibrium and the motion of the particle becomes ballistic. In
order to get a law of large numbers, one has to study appropriate invariant measures for
the environment seen from the particle; we call such measures ’steady states’. Although the
existence of a steady state was proved for environments with a finite range of correlation in
[17], nothing was known until recently about the way it depends on A. A first partial answer
was given in [7] where we computed the derivative of the effective velocity and thus obtained

**Aix-Marseille Université, CNRS, Centrale Marseille, 12M UMR 7373, 13453 Marseille, FRANCE.
pierre.mathieu@univ-amu.fr

§The Arctic University of Norway, campus Narvik, P.O.Box 385, 8505, NORWAY, and the Institute for In-

formation Transmission Problems of RAS, Moscow, 127051, Bolshoy Karetny per., 19, RUSSTA. apiatni@iitp.ru


http://arxiv.org/abs/1601.02944v3

the so-called Einstein relation. In the present paper, we shall investigate regularity properties
of the steady state itself.

This question is of general interest in physics where studying the response of a system
to a small perturbation is often a fruitful experimental procedure. A first example of such a
situation is the work of Perrin on the Brownian motion of minute particles suspended in liquids,
see [27], that confirmed the theoretical predictions of Einstein about Brownian motion and the
existence of atoms, see [5]. Another well-known example is the Green-Kubo relation expressing
transport coefficients in terms of correlations, see [22]. Such results are usually referred to as
Fluctuation-Dissipation theorems or Linear Response theory in the physics literature. We refer
to [12] and their references for applications to climate change among others.

Reversible diffusions in a random environment are also an example of models obeying ho-
mogenization ([4], [13], [14], [20], [21], [25], [26] among others). Studying the effect of imposing
a small drift in the equation is then a way to test the robustness of homogenization properties.
Indeed our result on the continuity of the steady state rely on our ability to obtain bounds
on the effect of the external forcing that are uniform in time, see in particular Lemma 3.1.
Let us also mention that similar issues are currently addressed in the context of deterministic
dynamical systems, see [2] and references therein.

Let © be the space of smooth d x d symmetric non-negative matrix functions defined on R.
We equip this space with the topology of uniform convergence on compact subsets of R%. We
let R? act on by additive translations. We denote this action by z.w.

Let Q be a Borel probability measure on (2.

Assumption 1. The action (z,w) — x.w. preserves the measure QQ and is ergodic.

We first introduce the diffusion process without external forcing. Let (X{'(¢); t > 0) be the
solution of the stochastic differential equation in R

dXg (1) = 0 (Xg (0)dt + o* (X5 (t)dWe;  X§(0) =0, (1.1)
where 0% (z) = o(x.w) is a stationary d x d matrix, b*(z) = 1div(0*(z)(0*)*(2)), and (W;; t >
0) is a d-dimensional Brownian motion defined on some probability space (W, F, P). In the
sequel, we use the notation a*(z) = 0¥ (x)(0¥)*(z) and a(w) = o(w)(0)*(w). The vector field
b“ is stationary therefore of the form b (z) = b(z.w) for some vector valued function b defined
on .

Our goal is to study the behaviour of the diffusion process X' (t) perturbed by a fixed small
force. The corresponding equation for the perturbed process reads

dX (1) = b (X0 (8))dt + Na® (X0 (1))ey dt + o (X4 (4)dW,;  X“(0) =0, (1.2)

where e; is a fixed vector in R%, and )\ € R.

In the paper we assume that the diffusion coefficient in (1.1), (1.2) satisfies the following
uniform ellipticity condition:
Assumption 2. There is s > 0 such that the following estimates hold:

#|C)? < |o(W)C* < 57 M ¢ forallw € Q and ¢ € R

We also assume that the diffusion coefficient in (1.1), (1.2) has smooth realizations:



Assumption 3: for any environment w, the function z — ¢“(x) is smooth.

The asymptotic behaviour of the non-perturbed symmetric diffusion (1.1) was widely studied
in the 70’s and 80’s. It was proved, see [14], [20], [21], [25], [26], that, under general ergodicity
assumptions, the process X shows a diffusive behaviour and satisfies the invariance principle.
We endow the path space with the topology of locally uniform convergence. Then the law
of the family of rescaled processes (e X (t/e?); t > 0) weakly converges towards the law of a
Brownian motion with some covariance matrix .

If A > 0 then the process X(j\ *“ is ballistic. It was shown in [7] that it satisfies the quenched
estimates

G < B(X)“(t) - e1) < colt

with deterministic constants ¢, co, 0 < ¢; < ¢y that only depend on the ellipticity constants
and the dimension and do not depend on A; here the symbol F stands for the expectation
related to the measure P on (W, F). We generalize this estimate in Lemma 3.1.

However, these estimates do not automatically imply the law of large numbers (LLN). The
LLN was proved in [29] under the condition that the diffusion matrix a*(x) has a finite range of
dependence, see Assumption 4 below. The proof is based on the construction of regeneration
times. This technique also yields the central limit theorem for XOA “ we call X, the asymptotic
variance.

These results can be better understood using the point of view of the particle introduced
in [26]. Define the process w®(t) = X&.w, respectively w*(t) = X .w. One checks that w°(.)
and w*(.) are Markov processes, and that Q is a reversible invariant measure of w%(.). Using
the Dirichlet form of w’(.), we define the Sobolev space H'(2) and its adjoint H'(Q). It
was shown in [14], [4] that the invariance principle holds for additive functionals of elements
of H7'(2). The invariance principle stated above for the process X¥ is a consequence of these
more general results.

For positive A the measure Q is not invariant any more. Following [16] we use the notion
of steady state:

Definition 1.1. Let A\ > 0. A Borel probability measure vy on € is called steady state if for
any bounded local function f, for Q almost all w and P almost surely we have

t—soo ¢

lim L / F(@(5)) ds = 1 (f),

where w(s) = X(s).w.

Note that, if it exists, the steady state is an invariant measure for the Markov process w*(.)
and it is unique.

The existence of the steady state is proved in [17] for a model of a diffusion in a random
environment that differs a bit from ours and satisfies Assumption 4 below on a finite range
of dependence. In Section 4 we shall also obtain the existence of v, assuming finite range of
dependence by a method that is more explicit than in [17]. The existence of the steady state
is not known for a general stationary ergodic environment. Furthermore, even if we happened
to know that it exists for all A, it would not directly follow from the definition whether v,
converges to Q as A — 0.



This motivates us to modify the definition of a steady state and to introduce the notion of
weak steady state in the definition below.

The weak steady state is defined on a special subset of the space H~(€2) that we call
FIO_OI(Q). The precise definition will be given in Section 3. Loosely speaking, one may think of
elements in H () as function f on Q that can be written as the divergence of some stationary,

square integrable vector field, say f = divF. We call H'(2) the set of f in H~(Q) for which
we can choose a bounded F. Note that H '(€) is naturally endowed with a Banach space
structure. We further let HZ!(2) denote the closure in HZ'(Q) of the linear set of f in H ()
for which we can choose a bounded and local F'. Precise definitions are given at the beginning
of Section 3.

A typical example of an element of H_'(€2) is obtained choosing F(w) = a(w). Then
f(w) = 2b(w) is the drift term in equation (1.1).

We shall see that, although an element of f € H_'(£2) need not be a function, it still makes
sense to consider the additive functional

t
A0 = [ ) as
0
We thus define the notion of
Definition 1.2. Let A > 0. A continuous linear functional vy on ffo_ol(Q) 15 called weak steady

state if for any f in HZ'(Q), then

lim %Aa’}"(t) — 0 (f), (1.3)

t—o00

in LY(W, P) for Q almost all w.

As we shall see in Section 3, if the convergence in (1.3) holds for any f in HZ'(Q), then the
limit is automatically a linear continuous functional on HZ'(£2).

Observe that due to Lemma 3.1 below, we could replace in Definition 1.2 the convergence
in L'(W, P) with the convergence in LP(W, P) for any p > 1. Also, due to the same Lemma,
if %Aa’?(t) converges P almost surely, then the convergence holds in L' (W, P) as well.

We prove the Lipschitz continuity of weak steady states:

Theorem 1.3. There exists a constant Cy satisfying the following: if for A with 0 < X\ < 1 and
fin HZHQ) the limit

. 1 Aw .
tllglo ;Aoﬁf (t) = w(f),
exists in L*(W, P) for Q almost all w, then

A (D] < CAllf - (1.4)

In particular, if the weak steady state exists for all A € [0,1], then vx(f) converges to 0, as
A — 0 forall f e H'(Q).

Remark 1.4. In the next section we introduce the space HY(Q) in such a way that these
functions have zero mean value. With this definition the duality between functions from H~1(£2)
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and constants does not make sense. However, under our assumptions, the generators Dj,
j = 1,...,d of the action x.w are such that /—1D; are self-adjoint in L*(Q?). Therefore,
for any F = (Fy,...,F;) such that F; belongs to the domain of D; we have [, divF(w)dQ =
— Jo F-V(1)dQ = 0.

Thus all elements of H='(Q2) are centered in a certain sense. In particular, [, dQ(w)E[AG4(t)] =
0 for all t.

Therefore Equation (1.4) does indeed express the Lipschitz continuity of the weak steady
state vy, considered as a linear functional on f[ogl(ﬂ).

In Section 4, we prove that weak steady states exist for all A if Q has finite range of
dependence, see Assumption 4 below.

From now on, we shall discuss properties of diffusions in a media satisfying the following
finite range of dependence property: for a Borel subset F' C R? let Hp denote the o-field
generated by {o(z.w) : x € F'}. We assume that:

Assumption 4: there exists R such that for any Borel subsets F' and G such that d(F,G) > R
(where d(F,G) = inf{|z —y| : = € F,y € G} is the distance between F' and G) then

Hp and H¢ are independent . (1.5)

As already mentioned, under Assumption 4, then steady states and weak steady states
exist for all A\ and Theorem 1.3 applies. We can go one step further and show that v,(f) has a
derivative at A = 0. This is the content of the next Theorem.

Theorem 1.5. Let f belong to HZ'(Q). Then, the derivative of va(f) at X =0 eists.

Our main tool for proving the existence of the steady state and Theorem 1.5 are regeneration
times. As a matter of fact, regeneration times were already the main tools in [29] (for the proof
of the law of large numbers and c.L.t. for X)) and in [17] to establish the existence of steady
states; see also [15] [30] for random walks.

In order to prove Theorem 1.5, one needs regeneration times that do not explode faster than
A7% as A tends to 0. We already faced this issue in [7] and there we introduced appropriate
modifications to the definitions in [29] to achieve the right order of magnitude. The construction
we shall use here differs a bit from [7] but it also provides regeneration times of order A™2. The
other key ingredient in the proof of Theorem 1.5 is an explicit expression of v,(f) in terms of
regeneration times. Our definition makes the regeneration time depend on the function f.

The proof of Theorem 1.5 also gives the value of the derivative. Let us denote by I'(f) the
derivative of vy(f) at A = 0 as in Theorem 1.5. We now give various interpretations of I'(f).

One proof of the invariance principle is based on the existence of a corrector: let £ be the
generator of the process X¢'. The corrector is a (random) function y defined on R?, with values
in R? and satisfying the equation

Loy = —b¥ . (1.6)

One shows that equation (1.6) has a solution with a stationary gradient, see Section 2.4.1.
If o(+) has finite range of dependence and d > 3, then as was proved in [10] and [11], equation
(1.6) has a stationary solution. We show that

F(f) = 2 / (@) f(w) dQ. (L.7)
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Notice that in general equation (1.6) need not have a stationary solution. However, the in-
terpretation of the derivative of the steady state at A = 0 as the corrector remains valid in a
weaker form, see Proposition 2.8.

In Lemma 2.9 we give another interpretation of I'(f) as a covariance. Finally we can also
obtain I'(f) as a drift term for the scaling limit of a perturbed diffusion with vanishing strength
in the so-called Lebowitz-Rost scaling discussed in Section 2.3.

These last interpretations of I'(f) are in good agreement with Fluctuation-Dissipation-
Theorems that predict that the linear response of a system in equilibrium can be expressed as
a correlation.

In the Appendix A, we briefly discuss the case of a periodic environment where the construc-
tion of steady states is immediate and the expression of the derivative of the steady state in
terms of the corrector (1.7) follows by directly comparing the periodic boundary value problems
for PDE’s satisfied by these quantities.

The proof of Theorem 1.5 relies of the Cont1nu1ty Lemma 5.8 which gives the scaling limit
on the regeneration scale of the joint law of X and AA for a local function f in H L

Another important consequence of Lemma 5.8 is the cont1nu1ty of the asymptotic variance
by A at A = 0.

The organization of the paper is as follows.

In Section 2 we consider rather general stationary environments and discuss scaling limits
of additive functionals of the environment seen from the particle either in the case A\ = 0 or,
more generally, in the Lebowitz-Rost scaling. The material from this part cannot be called
‘new’: it is mainly a rephrasing of arguments borrowed from references [14], [4] and [23]. For
the background materials we refer to the books [13] and [18]. However we found it necessary to
include some details in this part as the precise statements needed in the sequel are not always
easy to find in the references. We believe it makes the paper more self-contained and easier to
read.

In Section 3 we investigate continuity properties of steady states and prove Theorem 1.3.

Section 4 is devoted to the construction of regeneration times and of the steady state and
weak steady state assuming the environment has finite range of dependence. Our regeneration
times are not exactly as in [16, 17]. Indeed, in our construction, the definition of the regeneration
times depends on the function f. This point of view allows for an explicit expression of vy (f).

In Section 5 we let A tend to 0. The crucial role here is played by the estimates obtained
in [7] and by uniform estimates for the scaled regeneration times in the case f € ]:IO_ol. We
obtain the general Continuity Lemma 5.8. As a first consequence we prove the existence of and
identify the derivative of v, at A = 0. Finally, in Section 6 we also obtain a continuity property
of the asymptotic variance ¥, and we derive from the general continuity lemma the validity of
the Einstein relation in a way that differs from [7].

Remark 1.6. The questions addressed in this paper can also be raised for discrete models of
random walks among random conductances. This is the object of the recent paper [8]. (Our two
papers are simultaneous. They cannot be called “independent’ as the two teams kept contacts
during all the elaboration of the two preprints.)

In [8], the authors consider random walks with uniformly elliptic conductances, only the
i.i.d. case being studied. Their main result is the Finstein relation, which they obtain following



a strateqy similar to that in [7]. In particular they construct regeneration times of the correct
order. On top of it [8] discusses reqularity properties of the steady state vy.

The approach used in [8] is more quantitative than ours: the authors assume that d > 3, so
that there exists a stationary corrector and local bounded functions are in H=1(Q). Furthermore,
they crucially rely on results from [24] that quantify the ergodicity of the environment seen from
the particle. As a result, they obtain the continuity of the steady state acting on local bounded
continuous functions - that we do not get here - and they show, for d > 3, fluctuation-dissipation
relations similar to our Theorem 5.1 and Corollary 5.2.

Here we preferred to take the "H~! point of view’ as a starting point: we view the steady
state as a linear functional on ffo_ol rather than as a measure, see Definitions 1.1 and 1.2. This
allows us to include the two-dimensional case and to get continuity results for general ergodic
environments, see Theorem 1.3. As for the FDT, we do not use quantitative bounds on the
ergodicity of environment seen from the particle but rather make an extensive use of scaling
limits, see Lemma 5.8. Our approach also yields the results on the continuity of the variance.

2 Homogenization of additive functionals
Let € be a separable topological space, equipped with a measurable action of R? that we denote
(z,w) — x. w.

Let Q be a Borel probability on 2. We denote by D = (Dy, ..., D,) the generator of this action.
We refer to the books [13] and [18] for further details of the dynamical system z.w and its
generator.

Assumption 1. The action (z,w) + x.w. preserves the measure Q and is ergodic.

Let 0 be a measurable symmetric d x d matrix valued function defined on €.

Assumption 2. There is s > 0 such that the following estimates hold:

#¢)? < |o(W)C? < s H¢, for allw € Q and ¢ € R%

Let D = {g € L*(Q); Dg € (L*(2))?} be the L? domain of the following bilinear form:

(1.9)— 5 [ oDf -oDydQ = €(f.9)

The bilinear form €(f,g) with domain D is a Dirichlet form. We postulate the existence of
a Hunt process with continuous paths whose Dirichlet form is (&, D). We denote by w(s) the
coordinate process on path space C(R™, Q). We denote by Py the law of the Hunt process with
initial law Q.

We also introduce the subspaces of centered functions

LS(Q):{UGLQ(Q):/Quszo}, Doz{ueD:/Quszo}.



Due to the ergodicity, the quadratic form

&(f) =5 [ oDf-aDfaQ
defines a norm on Dy. We introduce H'(Q2) as the completion of Dy with respect to €. By
construction, H'(2) is a Hilbert space.

We then define H~1(Q) as the dual space to H'(Q). Let A be the linear subset of L2(Q)
consisting of functions f € L3(Q) such that for some constant ¢ and for any u € Dy the following
inequality holds

(/qud(@>2 < AP€(u). (2.8)

The map u — [, fudQ defines an element in H~'(Q) whose norm is the smallest constant ¢ for
which inequality (2.8) holds true, so that we can interpret A as a subset of H~*(€2). Then A
is dense in H (). With this construction we may identify A with L(Q) N H~'(Q2). In what
follows we use the latter notation.
Let L2, () be the closure of {v = Du : u € Dy} in the space (Lz(Q))d equipped with the
norm (3 [, |ov|*dQ)'2. By construction L2.,(€2) is a Hilbert space.

Let f € L3(Q)N HY(Q). Setting

(.00) = | fuag

2

we can interpret f as a linear continuous functional on L

(©). Using the Riesz theorem we

identify f with an element f € L2.,.(Q). In other words, f is the unique element of L2 ()
such that

1 -
/ fudQ = —/ of -cDudQ for all u € Dy.
Q 2 Jo
Observe that the map f — f preserves the norms in H~(2) and L2.,(). Therefore, it extends
to an isometry between H~'(Q) and L2, (Q).
Let us introduce the notation
(1) = 21y = [ lo R dQ
and
S(f.9) = Af.g)nva = [ af 072 (2.9

2.1 Invariance principle

Given a square integrable and centered function f : @ — R satisfying (2.8), and given a
continuous trajectory (w(s); s > 0) in €, we set

At = [ s s

Observe that the process (Af(t); ¢t > 0) is an additive functional of the process (w(t); ¢t > 0).
As was proved in [14], the following invariance principle holds:
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Theorem 2.1. Let f : Q +— R be a square integrable and centered function satisfying (2.8).
Then under Py the family of processes (A5(t) = eAg(t/€%); t > 0) converges in law, as € — 0,
in C([0,00),R) towards a Brownian motion with variance 3(f). Moreover,

1B [430)] — ()

In fact, the approach of [14] provides a martingale approximation for A;. It then follows that
for any finite collection (f1,. .., f,) of functions satisfying the assumptions of the above theorem
the joint invariance principle holds for the n-dimensional additive functional (Ayg, ..., Ay,)
with limit covariance matrix {3(f;, f;)}7;=;. Moreover, if (M, ..., M) are continuous square
integrable martingale additive functionals, then the (n + k)-dimensional additive functional
(Af,, ..., Ay, My, ..., M) satisfies the joint invariance principle.

2.2 Extension to H !

In this section we extend the previous result to all elements of H~1(2). This extension relies
on the following lemma.

Lemma 2.2. For any g : Q — R being a square integrable and centered function satisfying
(2.8) and any t > 0 we have

2
Bo | (sup 4,091’ < StlalFy 10, (2.10)

Proof. The proof relies on the forward-backward martingale representation of A,; see [6, chapter
5.7]. Denote by r; the time reversal operator at time ¢: wor(s) = w(t — s) for all s € [0,1].

Then,

Agls) = 5 (M(s) + (M(1) = M(t — 5)) o), (211)

where, under Py, M is a continuous square integrable martingale with bracket

(M)(t) = / 0P (w(s)) ds.

The first martingale on the right hand side of (2.11) can be estimated using Doob’s inequality
as follows:
Ba[sup [M1(5) "] < 4Ba[(M)(0)] = t¢ [ |05 dQ = 8t
s< Q
The second term can be treated in a similar way taking advantage of the fact that Py is invariant
with respect to r;. [ ]

The first consequence of the lemma is that we can make sense of A, for f € H Q).
Observe that f € L3(Q2) N H~1(Q) vanishes as an element of H~'(Q) iff f = 0 Q-a.s. Due to
the lemma, the map f + (A(t); t > 0) is linear continuous from LZ(Q) N H1(£2) equipped
with H~1(2) topology to L*(€2, C[0,00)). Since L3(2) N H~1(Q) is dense in H~!(Q), this map



extends to a linear continuous map on H~1(Q). We will sometimes abuse notation and keep
the notation

Ag(t) = / f(w(s)) ds

for f € H1(Q).
The following extension of Theorem 2.1 follows from Lemma 2.2.

Theorem 2.3. Let f € H (). Then under Py the family of processes
(A5(t) = eAs(t/e%); t > 0) converges in law, as € — 0, in C[0,00) towards a Brownian motion

with variance X(f). Moreover,
1 2
SE [A50)] — S,

Notice that as in Theorem 2.1, for any finite collection (fi,. .., f,) of elements of H~'(Q),
the joint invariance principle holds for the vector (Ay,, ..., Ay, ) with limit covariance matrix
{5(fis fi)}ij=1- If (My, ..., M}) are continuous square integrable martingale additive function-
als, then the (n + k)-dimensional additive functional (A, ..., Ay, My, ..., M) satisfies the
joint invariance principle.

For f, g € H™1(Q) we have

t—o0

SE (4404, ()] — 2(f.9) (2.12)

2.3 Lebowitz-Rost type results

Let (M(t);t > 0 be a continuous martingale additive functional of the Markov process w(-).
Then M (t) is a continuous martingale with stationary increments under Py. We assume that
its bracket is of the form

t
()(6) = [ me(s) ds
with m € L*>(Q).
For A € R, let P} be the measure on path space that satisfies
dP)
dPy

‘ft _ 6AM(t)_§<M>(t)

m

for all £ > 0.
It follows from our assumptions that M (-) satisfies the invariance principle. Let f € H~1(Q).
Observe that the pair (A, M) satisfies the joint invariance principle under Py. We denote by

['y; the off-diagonal term of the limit covariance matrix. It follows from the assumptions on

M(-) and (2.10) that
1
Lu(f) = tllglo gEo [Ay(£) M (@)] -
Theorem 2.4. Let f € HY(Q), and let « be a positive real number. Then under P} the family
of processes (A5(t) = eAs(t/e?); t > 0) converges in law in C[0,00), as € — 0, A\ — 0 and
\?/e? — «, towards a Brownian motion with variance %(f) and constant drift /aTy(f).
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The statement of this theorem remains valid in the multi dimensional case. Namely, let
fis---s fn belong to H7Y(Q), and let M, ..., M;, be continuous square integrable martingale
additive functionals. Let M (t) = eM;(t/<?), j =1,... k. Then,ase — 0, A — 0 and A\*/e* —
a, under Py the rescaled family (A5 ..., A5, Mf, ..., M) converges in law in C([0, co), R"*)
to a Brownian motion with constant drift. The limit covariance of Ay, and Ay, is X(f;, f;); the
limit covariance of Ay, and M; is I'ay(f;).

Proof. The arguments below are essentially borrowed from [23]. Let F' be a continuous bounded
functional on path space on time interval [0,7], T" > 0. Then we have

Ey [F(A5(t); t € [0,T))] = Eo[F(A5(t); t € [0, T))eM T/2-0H2AMDT/E] (2.13)

By Theorem 2.3 and since A\*/e® tends to a, under Py the law of (A7, AM(-/¢%)) converges
to the law of a two-dimensional Brownian motion Z = (Zl, Zg) defined on a probability space
(W, F,P). Let £ denote integration with respect to P.

Let ¥, = {(¥2)i;}7,2, be the covariance matrix of Z. Tt follows from the definitions
that (32)11 = B(f) , and (Z2)12 = (82)o1 = al'u(f). Notice also that £[(Z5(T))?] =
aEg[(M)(T)] = aEo[(M)(1)]T. By the ergodic theorem, the process A?(M)(-/£?) converges in
probability under Py to the deterministic process (o?E[{M)(1)]t; t > 0).

Therefore, the triple (A7, AM(-/£?), (M)(-/€?)) converges in law under Py towards the process

((Z(1), L) (L}): ¢ > 0).
Besides, under the assumption that m € L>®(2), we can estimate

E, [ €2>\M(T/52)] _E, [62)\M(T/52)—2)\2(M>(T/52) 2N (M) (T/22)

< e2almliLoo(a)

Therefore, we can pass to the limit in (2.13), and the right-hand side converges to
E[F(Z:(t), t € [0,T))e?M=ElZ(T)*]] The Gaussian integration by parts formula yields

E[F(Zy(t), t € [0,T))eZ2D=EED) — e[F(Z,(t) + Valy(f)t, t € [0,T7)].

The extension to the multidimensional case described in the comment that follows the
Theorem is an immediate consequence of the joint invariance principle stated just after Theorem
2.3. [

2.4 Diffusions in a random environment

In this section we apply the above results to the case of a diffusion in random environment. We
choose for  the space of smooth d x d symmetric matrix functions defined on R¢. We equip
this space with the topology of uniform convergence on compact subsets of R?. Besides, R?
acts on €2 by additive translations.

Let Q be a stationary ergodic measure on {2 so Assumption 1 holds. Choose o satisfying
Assumption 2. We define 0¥(x) = o(z.w) for z € RY. We further assume

Assumption 3: for any environment w, the function x — ¢“(x) is smooth.

11



We introduce the notation

1
a® = (0“)? and ¥ = —diva® .

Observe that both a¥ and b are then stationary fields i.e. a*(z) = a(z.w) and b*(z) = b(z.w)
for some functions a = 0% and b. It is immediate to check that b belongs to (H~1(£2))%.

Let (W, : t > 0) be a Brownian motion defined on some probability space (W, F, P). We
denote expectation with respect to P by E. We define the process XY as the solution of the
following stochastic differential equation

dX®(t) = B (X (1)) dt + 0 (X2 (£)) AW ; X¥(0) = x. (2.14)

Then X* is a Markov process generated by the operator
1
LYf(x) = idiv(aw Vi)z). (2.15)

Define the process w(t) = X§(t).w.

Proposition 2.5. Under P, the process w(-) is a symmetric Hunt process with reversible mea-
sure Q and Dirichlet form (€,D) in L*(Q, Q).

Proof. 1t is clear that w(-) is a Hunt process with continuous paths. Since the generator £
is symmetric, the Lebesgue measure is reversible for the process XY for all w. This combined
with the fact that Q is stationary implies that the measure Q is reversible for the process w(+).
Now we identify the Dirichlet form of w(-). For a given w the domain of the Dirichlet form
of the process X¥ is HY(R?). Let F € D. For w € Q we define F¥(z) = F(z.w). Then for
almost all w the function F*(-) belongs to H. (RY) (see [13, page 232]). From these two facts

loc
the desired statement follows. ]

According to Proposition 2.5 we are in the framework of this Section. Therefore, we set
Py(A) = [, dQ(w)P(X§(-).w € A) for all measurable sets A in the path space.

Remark 2.6. One can retrieve the trajectory of X¢ from the trajectory w(-) looking for z € R4
that solves the equation
r.w=w(t). (2.16)

If this equation has a unique solution x, then X¢(t) = x, and it follows from the structure of
equation (2.16) that X is an additive functional of the process w(-). Furthermore, enlarging
the space ) if necessary, we may always assume that equation (2.16) has a unique solution.
For instance, let (V1, ..., Vy) be independent nonconstant random fields with finite range of
correlation indexed by R and defined on some probability space ' = Q; x ... x ;. We assume
that each €2; is equipped with a measure preserving ergodic action of R. For w' = (w1, ..., wq)
and z € R? we define z.0' = (z1.w1,...,24wq), and let V¥ (z) = V(2.w'). We enlarge Q by
taking the product space Q2 x €. Observe that if the equation (2.16) has two different solutions
then one of the components of V' is periodic, and this happens with probability 0.
A similar argument is used in [4, Remark 4.2].

12



The martingale part of X§, that can be expressed as [, o(w(s))dW,, is a martingale ad-
ditive functional of the process w(-). The drift part is also an additive functional of the form
Job(w(s))ds with b € (H~'(Q))?. Therefore, Theorem 2.3 and the comment following this
theorem imply the joint invariance principle for these processes. As a consequence, the family
of processes (5X5"(t/52) it > 0) converges in law under P x @Q, as ¢ — 0, towards a Brownian
motion with the effective covariance that we denote by X, and

t—o00

e-Ye = lim 1/ E[(X5(t) - e)?] dQ(w), for any e € R%.
Q

In the sequel we often use the notion of symmetric and antisymmetric additive functionals
of w(-). For T' > 0 the time reversal operator Ry maps a trajectory (w(t); 0 <t < T) to the
trajectory (w(T'—1t); 0 <t < T). An additive functional is called symmetric with respect to
time reversal if its restriction to the time interval [0,77] is invariant under Ry for all T'. It is
called antisymmetric if it changes sign upon the action of Ry. For instance, A is a symmetric
additive functional whereas X{ is antisymmetric.

Let e; be a non-zero vector and A > 0. We define ) to be the vector \ = Aer. We consider
the perturbed stochastic differential equation:

AXN() = B (XD9 ) dt + a® (XPCU)AdE+ o“(X D9 1) dWy; X090) =z, (2.17)
Then X™ is a Markov process with generator
LY f(x) = Lf (x) + a (@)X - V f(2).

Applying the Girsanov formula (see [28] ) to the processes X and X»“, we get that, for any
w?

BIF(X*((0.1))] = BIF(X; ([0, 1])) PO~ B0, (2.18)
where B is the martingale
t
B(t) = / o (Xg(s)) er - dWs (2.19)
0
and (B) is its bracket

(B)(t) = / (X2 (5)) a2 ds

Observe that the process B is an additive functional of w(-) which can be written as

B(t) — B(s) = 1 - (X5(t) — X5(s)) — / 1 1¥(X8(u)) du

t (2.20)
— e (XE(t) — XE(s)) - / 1 bw(u)) du.

We let w(t) = X*“(t).w. Then the law of the process w(-) with the initial measure Q coincides
with the measure P} defined in Section 2.3, where we set M = B. Let I' be the covariance
operator defined in Section 2.3 with M = B.
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Proposition 2.7. Let f € H7*(2), Then, under P x Q, the processes

(AX0“ (2, A / v f(w(s)) ds)

converge in law in C([0,00), R4 as X tends to 0, towards a Brownian motion with constant
drift. The limit covariance matrix and the drift are given, respectively, by

(o sn) (o)
0 X(f) ) NGYA

Proof. Theorem 2.4 and the comment following this theorem apply and yield the convergence
in law of (AX*(A72), )\Aa\:;f()\_z)), under the annealed measure P x Q.

According to Theorem 2.4 the limit covariance matrix is also the limit covariance matrix
under the annealed measure of

(\%Xﬁ(t), % /Ot Fle(s) ds). (2.21)

as t — 0o. By definition of X, the covariance of the X§ component converges to >, while the

limit variance of the last component is ¥(f). The covariance of X§(¢) and fo ds vanishes
because X§(+) is an antisymmetric with respect to time reversal addltlve functlonal of w(+), and
fo s) ds is symmetric.

As for the limit drift part, Theorem 2.4 implies that it is given by the limit of the covariances
of the vector in (2.21) and ¢+~*/?B(t). The contribution of the last component is T'(f) by
definition. To identify the contrlbutlon of the X component we rely on formula (2.20) observing
once again that the covariance of X§(¢) and fo e1 - b(w(s)) ds vanishes for symmetry reasons. m

2.4.1 The corrector

We recall that b € (H=(22))% Let b be the matrix whose columns are elements of L2 () such
that be = b - e for any e € R%. Let b*(z) = b(z.w) be the space realization of b. For any e € R?
for almost all w € Q then b - e is a curl-free function in L} _(R?). Therefore, there exists a

smooth vector valued function x(-,w) defined on R? and such that V(x(-,w) - €) = b* - e. The
function x is called a corrector. Observe that it is uniquely defined up to an additive constant.
By the definition of b,

/(b-e)ud(@:%/a(l}e)wIVudQ, for any u € D.
Q

Q

Going to the space of realizations yields

1

/Rd (o) culr) dr = /R o4 (2)V (x(2, ) - €) - 0°(2) V() dz

for any u € Cg°(R?). Integrating by parts we obtain

/Rd b (@) u(z) dz = — /R £y (2, w) e ulz) d.
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Thus, L4y -e = —b* - e. This implies that for almost all w € Q the process x (X (t),w) + X¥(t)
is a martingale under P for all starting points x.

The following Proposition illustrates the role of the corrector. However, it will not be used
in the sequel.

Proposition 2.8. Let f € H™'(Q) N L*(Q). Then

/wa ) x(X(s), w) - exrds —>—%f(f), a5t — oo,

Proof. The proposition relies on the following statement. Recall that X(f, g) is defined in (2.9),
see also (2.12).

Lemma 2.9. We have
L(f)=-=%(f,b-e1)  forall f e H Q).
Proof of Lemma 2.9. By definition,

F(f) = lim 11@0 A4, (0B(0)]

t—oo
with B defined in (2.19). Notice that
B(t) = (Xg'(t) = X5(0) - e1 — Ape, (1)

As we already observed, Ay is a symmetric additive functional and (X§'(t) — X§'(0)) is anti-
symmetric. Therefore, the covariance of X§(t) — X§(0) and Ay vanishes. Thus,

[(f) = = Jim B0 [A(0) sy (0] = (1,1 -1).

u
Define
my = X (X (t),w) - e1 = x(0,w) - e1 + Ay(t) - €1
Then the process {m; : t > 0} is a martingale under P. We have
Eo |- /f X5 (s),w) - elds =Ey|- /f msds
(2.22)

—Eo |~ /f ) Ap(s elds —i—Eg /f )x (0 w)-elds].

Using the martingale property of m., we get

E, [% /Otf(w( msds IEO / f(w ds mt]

= B3 A7) (X(X5(6), ) — x(0,0) + A1) -] = By [%Afamb(t) el
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here we have also used the fact that Ay is a symmetric with respect to time reversal additive
functional and x(X§(+),w) — x(0,w) is antisymmetric. Therefore, their covariance vanishes.
By stationarity and reversibility we have for all s < v

Eo [ £(w(s)b(w(v)] = Eo| £ (w(©))b(w(s))].

Therefore,

/ F(w(5)) Ap(s elds — B> / flw /Osb(w(v))~eldvds]

- E /Otf(w(s))/: bw(v)) - 1 dvds| = %Eo [%Af(t)Ab(t) o,

and we conclude that

t t
B[ /0 F(DXXE(),0) - exds] = TEo[ LA () A1) -] +Eo 5 /0 F()X(0.) -y ds]
(2.23)
As t — oo, according to Theorem 2.3, the term E, [%Af(t)Ab(t) ~el] converges to X(f,b-eq).
By the Ergodic theorem the last term on the right-hand side of (2.23) converges to zero. Thus,

/wa ) (X2(s), )-elds}H%E(f,b-el):—%f(f), as = oo,

Remark 2.10. For a function g € L*(Q) by stationarity we have

/fgd@——Eo /f (wls)) ds]-

In general, x(x,w) is not of the form g(x.w). This suggests that the expression

o[} [ FXS )00 x(X5 0)) - ens]

need not have a limit for all f € Lz(_Q). Howewver, the Proposition says that the limit exists for
all f € HY(Q). In this respect, —%F(f) can be interpreted as a substitute for the integral of a
function f against the corrector x.

In the case of finite range of dependence and d > 3, then the corrector exists and

5T / fxdQ,

see [11] and [10].
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3 Continuity of steady states

In this section, we study continuity properties of the steady state v, as A tends to 0. In
particular we shall prove Theorem 1.3. Our main tool is Lemma 3.1. It will also be useful
in the other sections of the paper. An alternative version of Lemma 3.1, which also implies
Theorem 1.3, is given in Appendix B.

3.1 The spaces H '(Q) and H ().

Let F be a vector-valued function in (L“(Q))d.
The formula

(F,u) = —/QF-DudQ

defines a linear continuous functional on H'(Q). Therefore there exists an element f € H~'(Q)
such that (F, u) is the duality product (f,u)g-1 1. We denote f by divF as it coincides with the
standard divergence if F' is regular enough. Indeed, if F' = (F}, ..., Fy) is such that F; belongs
to the domain of Dj, then (f,u)y—1 g = —(F, Du)2) = (3. DjFj,u)r2) = (divE, u) 2
for any u € H'(Q). The second relation here follows from the fact that v/—1D; is a self-adjoint
operator in L*(Q). We define H_'(Q)) to be the set of elements f in H () of the form

f = divF for some F' in (LOO(Q))d, Let
£ 1l =1 ) = min{|| Flloo ; divE = f}.

Then H_'(2) is a Banach space. Indeed, it is clear that || f|| ;1 () is a norm. We have to check
that H_'(Q) is complete with respect to this norm. To this end consider a Cauchy sequence
{fm}ro=y in HZ'(€). Taking a subsequence {m;} we can assume that || fu, , — fm, |l ;1 <
2-0+1)_ Then there exist F; € (LOO(Q))d such that Hﬁ}”w <277 and fu,, — fm, = divE}.
Denote I = F,, + 77, F; with divE,, = fn, and F,, € (LOO(Q))d. By construction
F e L>*(Q) and thus f := divF € H(Q). One can easily check that f,, converges to f in
HZY(Q) as j — oo, and, by the triangle inequality, f,, converges to f as m tends to oo.

Observe that, for a given f in H_'(Q2) there may be several F’s in (Lz(Q))d such that
divF = f. They are characterized by the fact that a ' F + % f is orthogonal to L2,,(9).

pot

We call a function f - or more generally an element f in H () - local if there exists Ry
such that f is measurable with respect to the o-field H B, where By is the ball of radius R.

We denote by HZ'(Q) the closure of the set of elements f in H_'(€) for which there exists
a bounded and local F' such that divF = f.

3.2 Proof of Theorem 1.3.

In Section 2.2, we defined the continuous additive functional A; for f € H'(Q). Since, for
all t > 0, for all w, the laws of the processes (X¢(s);0 < s < t) and (X)“(s);0 < s < t) are
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equivalent, the same approximation procedure as in Section 2.2 can be used to give a meaning
to the continuous additive functional

t
A0 = [ 1)
for Q almost all w.

We then have the following

Lemma 3.1. For all p > 1 there exists a constant C, such that for all 0 < X\ < 1, for all
f e HH(Q), for Q almost all w, for each t > 1/A\? the following estimate holds

E( max |A§;}J(s)|”> < N1 s (3.24)

0<s<t
the constant C,, depends only on the ellipticity constant » in Assumption 2 and the dimension.

Proof. Let us first observe that after multiplying f by an appropriate constant, we may assume
that [|f||-1q) < 1. We then choose F in (L“(Q))d such that f = divF and sup, |F(w)| < 1.

We then consider processes taking on values in R4, We use the notation z = (z,y), z € R?
and y € R. Let us introduce the process

Z29(t) = (X2(1), y + AY4(t) + W},

where W1 is an independent one-dimensional Brownian motion (which is assumed to be defined
on the same probability space (W, F, P) as W), and

t
250 = [ 500 ds.
Notice that Z** is a Markov process with generator
w w 1
MM = (L), + 505 + f(x.w)0y,

where, for a function ¢(z), the operator (L), acts on ¢ as a function of variable x.
Let us check that the operator M™* can be written in the form

1 1
Mg = §divx(awva) + Aa“e1Veq + dive (F¥0,q) — 9,(F“Vaq) + 555% (3.25)

where as above we use the notation F“(z) = F(z.w). Indeed, since F* does not depend on y,
we have

div, (F“0,q) — 0,(F“V,q) = (div,F*)0,q = f“0,q.
This implies the desired representation. In the variables 7 = Az and ¢ = A\%*¢, the generator
reads
1

§divi,(a“()\_li)ng)jLa“((A_li)elvgcq%—divi(F“(A_li')agq) —037(F“()\_1:f)vg~cq)+%0§q. (3.26)
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Note that all the coefficients of the operator in (3.26) are bounded. The parabolic Aronson
estimates (see [1, Theorems 8 and 9]) therefore hold uniformly in A and in w on any finite time
interval and in any fixed ball.

Denote T, = inf{s > 0 : |AZ"(s/A2)| = r}. Applying Aronson’s lower bound to the
parabolic equation with generator given by (3.26), we obtain that there exists 0y > 0 such that
for all A € (0,1) and all w such that sup |F*| < 2, then

P(Ty > 1) > &.

Therefore, -
E(e™) <1-¢
for some 5 > 0. Applying the Markov property we deduce that

E(e™) < (1—g)

and
P(T, <t) <el(1—¢go) .
Let T < 1. Since the events (T, < T') and (\ [ max, |23 (s)| > r) coincide, we get that
p AW\ |P
B(v max |Z(s)]")
% . o0 (3.27)
:p/ rPtdr P(T, < T) < peT/ P dr (1 —g9)"t < o,
0 0
where 1y = pe fo rP~Ydr (1 — g¢)""! is a constant.
Let now 7" > 1 with mteger part [T]. Note that
< Aw AW —2-'
Jmax, 1257(s)| ZJA max 120 (s) = 2yt ()
Therefore
r Z p) < (T + 1)y,
B(w max, |Z34(s)P) < (T+1pm
If we change variable to t = A\~2T", we obtain
—P ()2 P
E(&%% ()|P ) < AP(A2+ 1) (3.28)

On the other hand
E( max |W1|p> < Ot

0<s<t

Combining (3.27), (3.28) and the last estimate and considering the lower bound ¢ > A2, we
obtain the desired inequality.
u

Proof of Theorem 1.3. Apply Lemma 3.1. [ |
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4 Construction of steady states

The goal of this section is to prove the existence of the steady state and weak steady state
under the assumption of finite range of dependence and get an explicit formula in terms of
regeneration times, see formula (4.44).

In this section we assume Assumptions 1—4 to hold.

We recall that a function f or an element f in H~'(Q) is local if there exists R; such that
f is measurable with respect to the o-field H B, where Bp is the ball of radius R.

Theorem 4.1. For all A > 0 there exists a unique Borel probability measure vy on ) such that
for any bounded local function f, for Q almost all w and P almost surely we have

t—o00 t

lim - / F(@N5)) ds = ma(f),

where w(s) = X(s).w.

Theorem 4.2. For all A > 0, for any local f in HZ'(SY), then

lim 1/O f(w(s)) ds := va(f)

t—oo
exists for Q almost all w and P almost surely.
Corollary 4.3. For all 0 < A <1, the steady state and weak steady state exist.

Proof of Corollary 4.3. The existence of the steady state is an immediate consequence of The-
orem 4.1.

Let now f belong to lffo_ol. Then there is a bounded F' such that f = divF and F can be
approximated by bounded and local functions F,,. Apply Theorem 4.2 to each f,, = divF,. By
Lemma 3.1, |vx(fn) — va(fin)| < CLA||F — Fiulloo- Therefore the sequence vy (f,) has a limit,
say a.

From Lemma 3.1 (with p > 1) and Theorem 4.2, we deduce that %Aa\:]‘til (t) converges to
va(fn) in LY(W, P) for Q almost all w. Applying Lemma 3.1 again, we see that %Aa\:;ﬁ(t)
converges to a in L'(W, P) for Q almost all w. In particular, the limit a does not depend on
the choice of ' and the approximating sequence (F,,). We call it v,(f). That v, is a linear
continuous functional on H'(Q) follows at once from Lemma 3.1. u

The remainder of this section including subsections 4.1 and 4.2 is devoted to the proof of
Theorems 4.1 and 4.2

Recall from the proof of Lemma 3.1 the notation z = (z,y), z € R? and y € R and the
definition the R%! valued process

Z29() = (X2°(t), y+ AXS (1) + W),

where W1 is an independent one-dimensional Brownian motion (which is assumed to be defined
on the same probability space (W, F, P) as W).
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Recall that the generator can be written as
w w 1
M = (L), + 505 + f(x.w)0,

We shall use this formula when f is bounded, as in Theorem 4.1. When f belongs to H_'(€),
we rather use the divergence form (see (3.25):

1
Mg = Sdive(a*Vag) + Aa¥es Vg + dive(F0yq) — 0,(F*Vaq) + 82

where F is bounded and satisfies divF = f. (Observe that although f is local, F' need not be
local itself.)

4.1 Regeneration times

We assume that f is local and either f is bounded or f belongs to H_'(Q).

Before embarking in the proofs of Theorems 4.1 and 4.2, let us sketch the main steps of the
construction of steady states and explain how this section of the paper is organized.

In both Theorems 4.1 and 4.2, we have to study the convergence of the additive functional
A’\“’ fo ))ds for Q@ almost all w. As in the preceeding paragraph, we shall work

w1th the process Z;‘“’ and deduce the convergence of Ao, f( ) from the regeneration properties
of Z2. More precisely, the main idea is to construct an increasing sequence of random times,
T < 73 < ..., that we call regeneration times and are such that the increments of the process
Z3* betweeen successive regeneration times are ii.d. under the annealed law P}. Then the
convergence of %AS”}J(t) follows at once from the convergence of %ZOA “(t) which in turn follows
from the law of large numbers for i.i.d. sequences.

Note that, in order to carry out this programm, we also need some bounds on the moments
of the regeneration times. Also observe that, as a useful by-product of this proof, we shall be
able to express the limit v, (f) in terms of the increments of the additive functional between
two successive regeneration times, see formula 4.44.

Of course, the decoupling properties along regeneration times is tightly related to Assump-
tion 4. Very roughly speaking, we proved in [7] that the process XO’\ “and therefore also the
process Zé\ “is transient in direction e;. So there are non-backtracking times ¢ such that:
before ¢, the diffusion only visited the half-space {z : e, -z < e1 - Z)*“(t)} and after time t,
it will only visit the half-space {z : e, -z > e; - Z;(t)}. And since, due to Assumption 4,
the restrictions of the environment in these two half-spaces are independent, we are done. This
is obviously wrong for at least two reasons. First a diffusion process never does such a thing
as non-backtracking. Secondly, in order to use Assumption 4, we need a little bit of space
between the two hyperplanes. Let us discuss how these issues are addressed in [29].

We carry the whole construction on path space, equipped with the annealed law. As a
first step towards the desired decoupling property we enlarge the path space with the addition
of a sequence of independent Bernoulli random variables Y, and provide a coupling of this
sequence and the diffusion Z(;\ “see Proposition 4.5. The coupling is constructed such that, at
times where a Bernoulli variable Y}, takes the value 1, the canonical process temporarily forgets
about the environment and makes a ‘deterministic’ jump in direction e; of size 9R(A). (Here
‘deterministic’ means ‘independently of what the environment may look like’ and R()\) is a

21



parameter that will be chosen later.) If Y}, takes the value 0, we just do what should be done to
retrieve the law of Zé\ “. Of course, we should tune the parameter 0 of the Bernoulli variables Y
so that this ‘deterministic’ jump we impose has a positive probability to occur. How to choose
0 then depends on a lower bound of the transition kernel of the process ZS “ see Lemma 4.4
and note that we need a lower bound that is uniform with respect to w and that, since the
process ZO)‘ “ involves f, the best value we can use for  depends on f. It also depends on .

Regeneration times will then be times ¢ such that (1) at time ¢, the process reaches a local
maximum (with a variation of R())) and the corresponding Bernoulli variable in the sequence
Y}, takes the value 1 and (2) after time ¢, the process does not backtrack more than R(\). This
construction allows one to explicitly express how the process depends on the restrictions of the
environment in the two half-spaces already discussed (and now separated by a distance R(\)).
R(\) is chosen larger than the range of dependence R from Assumption 4 and the size of the
support of the local function f: Ry.

The organization of the rest of this section is as follows. After introducing some notation
on path space, we state the bounds we shall need to choose the parameter 6. Proposition 4.5 is
borrowed from [29]; it describes the properties of the coupling construction of the diffusion and
the Bernoulli random variables. Then we give a detailed definition of the regeneration times
starting with formula (4.31). Theorem 4.7, also borrowed from [29], says that the increments of
the process between successive regeneration times are indeed i.i.d. We do not prove Theorem
4.7 but we do include the proof of Lemma 4.8, that we shall need later and which is actually
very close to the proof of Theorem 4.7. In Proposition 4.9, we establish some bounds on the
regeneration times. Finally, in sub-section 4.2, we finish the proofs of Theorems 4.1 and 4.2.

The construction of regeneration times will also be used in the proof of fluctuation-dissipation
relations and then we shall need bounds on the regeneration times that depend on A, see sub-
section 5.1 .

The regeneration times will be constructed on canonical space C([0, 00), R**!). We use the
notation Z(t)s>o for the coordinate map on C([0, 00), R%™). The first d components of Z(-) will
be denoted by X (-). Let PM be the law of Z%, and E2 be the corresponding expectation.
Let P} be the annealed law

PAA) = [ dQw) [ P, 0)

for any measurable subset A C Q x C([0, 00), R*1).

Next we set 1
R(\) = max {R, Ry, X}’

where R is the constant from Assumption 4 and R; is chosen so that f is measurable with
respect to the o-field H By, - Denoting B,(2) the ball in R4 centered at z of radius r, we let

U? = Beroy (2 + 5R(N)é1), B* = Bry(z + 9R(MN)é;) with é; = (e;,0). Then we set
Ty- =inf{s >0 : Z(s) € U*} (4.29)

so that Ty is the exit time from U?. We also define the corresponding transition densities
Pawu=(s, 2, 2") which satisfy the relation

P;;’w{Z(S) €G, Ty > st = / Pawu=(s, 2, 2") d2"
G
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for any Borel set G C U?'.
Lemma 4.4. Let 0 < X\ < 1. There exists 5}‘ > 0 such that

A
26

Prw,U> (>\_27 Zlv Z//) Z
| Bry|

(4.30)

for all 2 € R™Y, 2" € B*. Moreover for any Ry there exists 0 > 0 such that we may choose
5]’} > 0* for any f such that Ry < Ry and either |f| <1 or ||f||Hgol(Q) < 1.

Proof. The required bound is a consequence of the fundamental solution estimates obtained in
[1], see Lemma 5.2 in [7]. Remember that due to Assumption 2 the matrix a is uniformly
elliptic and either f is bounded or f = divF where F' is bounded. [ ]

We proceed with introducing a coupling construction. We mostly follow the construction
of [29] (see also [7]). First, we enlarge the probability space by adding a sequence {Y;}%2,
of i.i.d. Bernoulli random variables. Let (F;);>0 be the filtration generated by (Z(t));>0 and
TIm = 0{Ys,...,Ym}. Let 6} be the rescaled shift operator defined by

On(Z())(s) = Z(\P*m+5), s>0.
We extend these operators by setting

O ((Z(5))s20, (Yi)rzo) = (Z(A*m+ 8))sz0, Yiem)iz0), m € N.

Part (i) of the Proposition below states that we indeed couple i.i.d. Bernoulli random
variables and PM“. Part (i) expresses the Markov property of the coupling PM“. Part (iii)
says that, when a variable Y} takes the value 1, then the diffusion makes this ‘deterministic’
jump we discussed in the introduction of this section.

Proposition 4.5. There exists, for every A\, w and z, a probability measure 133“ on the enlarged
probability space such that, with 6 = 5}\ from Lemma 4.4,

(i) The law of (Z(t))i>0 under IBZ’\“’ is P, and the sequence (Yy)r>o s a sequence of i.i.d.
Bernoulli variables with success probability & under PM.

(ii) Under PM (Yo)n>m is independent of Fy-2p X Tm—1, and conditioned on Fy-2, X T,
Z 00} has the same law as Z under Pye where Pz’\yw denotes the conditioned law

~ Z(A72m), Yy’
PMLYy = yl, (fory € {0,1}).

(iii) ﬁ;&“—almost surely, Z(t) € U* for t € [0, \72] and the distribution of Z(\?) under 1321“
is the uniform distribution on B?.

We refer to [29] for the proof.

Remark 4.6. As a consequence of Proposition 4.5, under ﬁz’\’“’, conditioned on Fy-2p, X J(m—1),

Z o0\ has the same law as Z under ]32&‘:\’,21%).
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We will now provide the construction of the sequence of regeneration times. This construc-
tion is algorithmic i.e., in the next paragraph, we describe an algorithm than eventually stops
after a certain number of steps, here denoted with K, and delivers the value of the first regen-
eration time 7. The algorithm depends on the choice of the parameter a that we set equal to
3AR(A). Its input is a trajectory.

First we introduce a sequence of random times V;(a) when the process e; - X (s) reaches a
local maximum within a variation of R(\). If we sampled the trajectory at the times V) (a),
we would see increments of order A~! in the direction e;.

Because the coupling in Proposition 4.5 uses discrete times, we modify the times V)(a)
by taking their integer part and thus define the sequence N];\(a). From the sequence N];\(a),
we extract Nj'(a) for which the corresponding random variables Y}, takes the value 1 for the
first time. Remember that, when a Bernoulli variable Y} takes the value 1, then the diffusion
performs a ‘deterministic’ jump of size A™! in direction e; and in time A\~2. We look at the
process right after the jump.

At time S} = N;Ma) + A2, we ask wether the diffusion is going to backtrack in direction e,
by a distance larger than R(\). If the answer is ‘yes’, we then wait until the diffusion backtracks
- this defines the backtracking time D - and start the algorithm again: we then get a second
random time S3; ask if the diffusion will backtrack again ... The algorithm stops the first time
we reach a time S after which the diffusion does not backtrack more than R()). The following
definitions provide a rigourous description of the algorithm, including some further technical
restrictions.

Observe that the times S; are stopping times. However, because it includes a non-backtracking
condition, the regeneration time 77" itself is not a stopping time.

Let

M(t) :=sup{e; - (X(s) — X(0)): 0 < s <t} (4.31)

For a > 0, define the stopping times V*(a),k > 1, as follows. We define T, = inf{t :
e; - (X(t) — X(0)) = L}, and define

Vit(@) == Tatas Vidi(@) = Tavpan+reys k=15 (4.32)

here and later on [r], stands for the min{n € A™2Z : r < n}. Then define

N)Ma) := inf { [Vk’\(a)h tk >0, sup
s€[VX a),[Vi} (a)11]

e (X(s) - X(V]j(a)))’ < @} . (4.33)

N, (@) == N}BAR(N)) o O ir e N)Ma), k>1, (4.34)

NMa) := inf {N,j(a) N 1} , (4.35)

(we will see later that N ’\(a) < o0, for all k). The random times A2N}(a) are integer-valued
and sup e - (X(s) — X(N)a))) < R(\). We next define random times S, .J» and R} as

s<NX(a)
follows.

Sy = NMBARN) + A2, T = Sp 4+ TR emh Ry :=[JMx=S54+Do 9A2SA, (4.36)
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where

D = (T—R()\)—‘A . (437)

Now we proceed recursively:

Ny = Ry + Ny(ay) o 6} with a, = A(M(Rp) — e - (X(Rp) — X(0)) + R(\))  (4.38)

AR}
and

A A - A A A
Sk+l = Nk+1 + A 2, Jk+1 Sk-i—l + TR © 9)\25)\ 1 Rk+1 (Jk-i-l—l = Sk-i-l +Do ‘9>\25’2+1

Note that for all £, the F; X Sy241,- stopping times NENY, A28 and AR} are integer-valued
(the value +oo is possible). By definition, we have A2 < N} < S} < J} < R} < Ny < 57 <
Jo < Ry} < Nj...<oo. The first regeneration time 77" is defined as

=inf{S}: S} < 00, R} = o0} < 0. (4.39)
Let
=inf{k>1: S} <ocoand R} = co}. (4.40)
Then 1 = Sx. By deﬁmtlon A27) is integer-valued and 7 > 2072 (since N} > A\72). We see
that on the event 73 < oo it holds

e - s)<eq- T = A7)+ <e- ) — or s <71/ — A" A""—a.s.
X(s) X(m = A7) + R(V) X(m') = TR(N), f AP S e ,

see also Proposition 4.5, i.e. (Z(s))s<r,_»-2 remains in the half-space {z € R : ¢ - 2 <
é1 - Z(1) — TR(N\)}. On the other hand, since the process (e; - X (t))i>0 never goes below
e1 - X (1) — R(\) after 73, P’\ “-a.8., (Z(t))y>-» remains in the half-space {z € R )2 >
é1- Z(m) — R(\)}

Let us define the annealed law

P)A] := / dQ(w) / dPM (w)14(w, w) . (4.41)

It has been proved in [29] (see also Proposition 5.5 in [7] that 7' < oo @S—a.s.
For k > 2 we recursively define

A A A A
Ti = T 70 0 0%y

Then 77" is finite B)-a.s. for all k. We set 70 = 0 for convenience.
The next theorem is Theorem 2.5 in [29].

Theorem 4.7. Under the measure @6\, the random variables
((Z(m20) = Z(13), 7oy — i) wk > 0) are independent; furthermore, for k > 1 they are i.i.d.
and have the same law as (Z(17"),7}') under P)[-|D = ).

Furthermore, we have the following
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Lemma 4.8. Let (H(m))m>0 be a random process such that H(m) is measurable with respect
to Fax-2m X Tm_1 for all m and such that Ey[|H(N>7{)|] < oo. Then

Eg[H(N*1)|D = oo] =} Eg[H(N*Sg)1(srcpyl.

k=1

Proof. R
E)‘ ([H()\%‘f‘)] ]-{D:oo})

=3 [ B (HOASD 51y Loy oy Lipmoe)) 40
k=1 k
=3 [ BEHOPSID g, ) 40
k=1 k

=3 [ B (OIS sy By Lip—o) 0
k=1

here, to justify the second equality, we have used the fact that if S} < D and D o ng = 00,
k

then D = co. To justify the last equality we have used the fact that \2S1 (S)<D} is a stopping
time with respect to the filtration (Fy-2,, X Jm-1), m > 0) and Remark 4.6.
For given w and k, let pk“ be the law of Z (S} ) under P(;\w. Then

[ @00 530y By Lip-m) 40

= [ (B { B [HOPSY L1510y | 25D Bty [L10-i] By } ) 0
:/ (/R w(dz)ﬁgw[ (S Lspenp|Z(53) = 2] EX1ipony ) dQ

/R/ By [HOPS) L spy | 2(S0) = 2| EX1ipoey ) dQ,

By the definition of D and S}, the term E;\’WI{DZOO} is measurable with respect to the o-field
generated by {o(z'-w) : 2/-e; > z-e; — R(\)}, and pg’w(dz)ﬁé"w [H(A252)1{52<D}‘Z(S,;\) = z]

is measurable with respect to the o-field generated by {o(2'-w) : 2/-e; < z-e; —8R(A)}. Due
to Assumption 4, these two terms are independent. Therefore,

L, [ (@B (1025150 2(50) = 2] EX110-9) 0
Rd

/R ) / “(d2) By [HOS) Lspamy | 2(5}) = 2 ) dQ /Q (EX1pncy ) dQ

The term EE2*1(p_« does not depend on z and equals @S(D = 00). Thus the last term in
the previous formula is equal to

BA(D = oo // (@) By [HOPS) L pey | 2(5)) = 2] ) d0
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= Pé\(D = OO)Eé\ (H(A2SI?)1{S,?<D})7
which implies the desired relation. ]
The next statement provides us with useful estimates for the regeneration times.

Proposition 4.9. There exists a constant C}\ > 0 such that
IAES [eC?T?] < oo and IAE(’]\ [ec?(el'X(T?))] < 00.

Moreover for any Ry there exists C* > 0 such that we may choose C'J’c\ > C* for any f such
that Ry < Ry and either [f| <1 or || f|lg-1q) < 1.

Proof. The first claim of the Proposition is proved in [29], Theorem 4.9 and Corollary 4.10. As
for the second claim observe from the construction of 77 that, once R(\) is chosen, and given
the Y}’s, the definition of 77 only involves the process e; - X. Therefore, the rate of decay of
the distribution function of 77 depends on f only through R; and 5A Besides, the bigger 67},
the faster this distribution function decays. We conclude the proof Wlth the second claim of
Lemma 4.4. ]

4.2 Proof of Theorems 4.1 and 4.2

The law of (Z(t))iso under P2 is the law of (Z)(t))0 under P. Therefore, under P2, the
last component of Z(-) is a semimartingale of the form W' +A(-) where W! is a Brownian motion

and the law of Af is the law of A 7 under P.
It follows from Theorem 4.7 and Proposition 4.9 that

1 ~ ~
ET,? — E)[1'|D = 00] as k — oo P) — a.s.

and
1 ~ ~
%<Af(7',j) + Wi,g) — E)[Ap(r) + Wi1A|D =o0] as k— o0 P} — a.s.

Since /’{:_1WiA a.s. converges to zero, we derive from the previous relation that
k

ap(rd)  ER[A(r) +WLID = oo

7 R[nID=oo]

as k — oo @3‘ — a.s. (4.42)

Let us show that the term IAE())‘ [W.,|D = oo] on the right-hand side of (4.42) vanishes. Since
1

Z and A; are additive functionals of Z, then W' is also an additive functional of Z. From
the Markov property of PZ(,\ 2> We get that the process (W _,, e

motion independent of Fy-z,, X Jn-1). Since 1y Sh< D})\ S? is a stopping time with respect to
the filtration (F-2,, X Jm-1))m>0, we have EO [stl{S@<D}] = 0 for all k. Combining this with
> A H{S)

Lemma 4.8 yields that I@é [W!,|D = oo] vanishes. Therefore, (4.42) takes the form

W}\ 2,,)1>0 is @ Brownian

a(rt)  E§[Ar(r)ID = o)
T E) [ D = oo]

as k — oo @é — a.s. (4.43)
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We introduce the notation

E)[Ap(r)|D = o0] ES [4s(r7) +WL|D = oo
IES‘[TND:OO} a IE())‘[’TND:OO}

w(f) = (4.44)

Using standard arguments based on Proposition 4.9 we can replace the limit along the sequence
{2} in (4.43) with the limit with respect to ¢. Therefore, we conclude that ¢t 'A(¢) a.s.
converges to v(f). This implies that ¢~ 1A + also converges to v\(f) as t — oo for Q almost
all w and P-a.s. This yields the statement of Theorem 4.2.

To complete the proof of Theorem 4.1, it remains to show that v, is a Borel probability
measure on §2. By construction, v, is a non-negative linear functional on the space of bounded
local functions. For any such function f we have |A35f( I <t fllze). Therefore, |vy(f)| <
|| fllzoo (- It is obvious that vy(1) = 1. The only property to be justified is the sigma-additivity
of vy. Let Ry > 0 and let (f,,)n>1 be a sequence of functions which are measurable with respect
to the o-field generated by {o(y.w) : |y| < Ro} and such that 0 < f,, <1 and f,(w) tends to
zero for all w. For all T > 0 we have

E [y, (1)) < BS[As, (T)] + B3 (7)) Limomy -

Clearly, for any 7" > 0 we have IAE(A][Afn (T)] — 0, as n — oco. Besides, although the law of 77
depends on f,,, due to Proposition 4.9, E()]\[(Tf\)l{TlAZT}] tends to zero, as T" — oo, uniformly in n.

This implies that IAES [A; (7")] converges to zero, and thus vy (f,) converges to zero, as n — oo.
Therefore, vy is a probability Borel measure on the o-field generated by {o(y.w) : |y| < Ro}.
And since it holds true for any Ry, then vy extends to the whole Borel o-field of €. [ ]

5 Fluctuation dissipation theorem

In this Section we compute the derivative of the steady state as A — 0. Our main tool is the
description of the scaling limit of regeneration times for small .
Everywhere in this Section Assumptions 1-4 are fulfilled.

Recall the properties of ['(f) from Lemma 2.9.

Theorem 5.1. Let f be local and belong to H_'() . Then, the derivative of vA(f) at X =0
exists and is equal to I'(f).

An immediate corollary of Theorem 5.1 and Lemma 3.1 is the following version of Theorem
1.5:

Corollary 5.2. Let f belong to HZY(Q) . Then, the derivative of va(f) at A =0 ezists and is
equal to T'(f).

The proof will be divided into several steps which are detailed in the following subsections.
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5.1 Estimates for regeneration times

Proposition 5.3. Under the conditions of Theorem 5.1 there exist constants Ci(f) > 0 and
C(f) > 0 such that, for all A with 0 < A < 1, we have

By [eCUINT) <C(f) and B[N XN < T(f).

Remark 5.4. By the same arguments as in the proof of Proposition 4.9, the constants Ci(f)
and C(f) can be chosen to be the same for all functions f such that Ry < Ry and ||f||Hgol(Q) <1.

Proof. We will need a version of Lemma 4.4 uniform with respect to A € (0,1).

Lemma 5.5. Let f be as in Theorem 5.1. Then there exists a constant 65 > 0 such that
estimate (4.30) holds for all X € (0, 1) with 6} = d;.

Proof. We recall that the process
Z24(t) = (X24(8), y + AT (6) + W)

has a generator in divergence form, see (3.25).
In the variables Z = Az and t = A2, this generator reads, see (3.26):

div; (a®? (AN '3)Vaq) + a®(AN'2)e1 Vg + divs (FC(A18)0;9) — 05(F* (A '3)Vaq) + 0§q.

Since F' is bounded, then for the corresponding parabolic operator, the Aronson estimates (see
[1]) hold uniformly in A and in F on any finite time interval and in any fixed ball and for almost
all w. This implies that in the statement of Lemma 4.4 we can choose 5}‘ independent of A. m

Turning back to the proof of Proposition 5.3, due to Lemma 5.5, in the construction of
7', we can choose the same Bernoulli random variables (Y;)r>o for all A € (0,1]. Given the
sequence (Y : k> 0) and the trajectory e; - X(+), the definition of 77* in Section 4.1 coincides
with the definition of the regeneration time 71 in [7] (Notice that the notation e; - X (-) and Py
are used for the same objects both here and in [7]). We read from Lemma 5.8 and its proof in
[7] that

sup sup EE“{ecﬂﬁA@rXﬁ?D]<:oo’

w 0<AL1
and R =
sup sup Ea\’“’ [ecl(f)’\ Tl} < 0.
w 0<A<I
These estimates clearly imply the estimates stated in the Proposition. [ ]

Lemma 5.6. Under the conditions of Theorem 5.1 there exist constants Cy(f) > 0 and C(f) >
0 such that, for all A <1,

Ej [exp (C1(AA swp |2()[)] < T (5.45)

0<s<7y
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Proof. Denote T, = inf{s > 0 : |AZ(s/A\%)| = r}. Applying Aronson’s lower bound (see [1,
Theorems 8 and 9]) to the parabolic equation with generator given by (3.26), we obtain that
there exists dy > 0 such that for all A € (0,1) and all w

Pg\’w(j\:‘l Z 1) 2 50.
Therefore, -
Ey“(e™) <1—g
for some 5 > 0. Applying the Markov property we deduce that
Epe(e™) < (1—gp)n.

Then N
Eé’“[exp (c sup )\|Z(s/)\2)|)} :/ ds esP(;\vw(e—T(s/a > e

0<s<t 0
< et/ dse*(1 — o) /971 = Ce!
0
provided we have chosen ¢ small enough so that e!(1 — g¢)(/9) < 1. Writing

P( sup NZ(s)| > T) < P (N > T/2) + B sup M| Z(s/\?)| > T),

0<s<T 0<s<T/2

we deduce from Proposition 5.3 and Lemma 5.5 that (5.45) holds true for sufficiently small
C1(f) > 0 and some C(f) > 0. [

5.2 Scaling limit on regeneration scale

Proposition 5.7. Under the product measure P x Q, the process ()\Z(;\’“()\_zt); t > O) con-
verges in law, in C([0,00), R™Y), towards a Brownian motion with constant drift. The limit
covariance matrix and the limit drift are given, respectively, by

~ b 0 ~ 261
5= ., B=| _ . (5.46)
<o 1+2(f)> (F(f)>

Proof. From Proposition 2.7 we get the convergence in law of ()\XS’“’(A_Z), AAS:}“()FQ-)), under
the annealed measure P x Q. Since W' is an independent Brownian motion, then the process
()\Xé\’w()\_Q-), )\AS:}"()\_Q-), AWH(A™2.)) also converges in law. Since ()\Zé\’w()\_z-)) is a linear
function of (AXy*(A~2), )\Aa’?()\_z-), AW(A72.)), then it also converges in law.

We already computed the limit covariance and drift in Proposition 2.7. [ ]

5.3 Continuity lemma

Let P be the law of a Brownian motion with covariance and drift given by (5.46) on the
canonical space C([0, 00); R4™), and let £ be the corresponding expectation. In the same way
as in Section 4.1, we introduce the measure P defined on the extended path space that includes
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the sequence of Bernoulli random variables (Yk)k>0 Choosing A = 1, denote S, = Sp=t)

7, = 70=" and the corresponding random variable D.

Let ¢ = ¢(z,8,)\), 2 € R s € R, A\ € (0,1), be a continuous function such that
[0(z, 8, )| < C(1+ |2 + [s])[™
for some C' > 0 and m > 0.

Lemma 5.8. The following continuity relation holds

L ESOOZE) N ) powy)  E(O(Z(R), 71, 0)1 )
A0 Ey (A1 {p=oc}) (Tl {poocy)

Proof. By Lemma 4.8 with H(n) = ¢(AZ(A"2n),n, \)) we get

E) (6(AZ(m), A2 \)| D = 00) = D B (6(AZ(S7). A2S2, M) Lisr <y )- (5.47)
k=1

For each k, the functions Sy, Z(S;) and 1i5,<py are P-a.s. continuous functions on path
space. By Theorem 5.7 and the continuity of ¢, then the law of ¢p(AZ(S}), \2S7, M) isr<py
under @6\ converges to the law of ¢(Z(S;), Sy, 0))1 (§,<p} under £. Combining the inequality
SH1 (Sh<oo} < 7 with Lemma 5.6 and Proposition 5.3, we deduce uniform in \ exponential

tail estimates for A\2S} and for A\|Z(S?)|. Under our standing growth condition on ¢, then
H(AZ(S}), \2S2, \)) satisfies uniform in \ stretched exponential tail estimates. This implies
that

Ey (6(A\Z(S}), A2S2, M) | D = 00) — E(6(Z(Sk), S, 0)) 15, py)

for each k. It remains to bound the tail of the series on the right-hand side of (5.47). By the
Cauchy-Schwartz inequality we have

~ 2 ~ ~
(B3 (60Z(8), X288 MTispam)] < B [(6OAZ(SD), S0 M1 igpeny)’] B3 (82 < D).

As in the preceding discussion, Proposition 5.3 and Lemma 5.6 imply that the first term on the
right-hand side is bounded uniformly in A and k. On the other hand,

Fy(Sp < D) < By(Si < o0) < By(r' = A7k).

The term on the right-hand side here converges to zero uniformly in A at exponential speed.
Therefore, we can pass to the limit in (5.47). ]

Proof of Theorem 5.1. Denote by Zz.1(t) the (d + 1)-st component of Z(t). We read from
(4.44) that

1 (f) Ey [Af(m7) + W%|D = 00] )\E)‘ [Zgia ()| D = oo]

—v = —

A B[R D = o] NE) [ D = o]
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By Lemma 5.8 we have
)\IE())‘[Zd_,_l(’Tl)‘”D:OO} N g[Zd+1(%1)|D:OO}
A2ED [MD =00] A0 E[A|D = o]

As a special case of (4.44) with a constant ¢ and A\ = 1, we know that

E[Zaa(7)|D =
[ E+I<T})| OO] = lim Zasi(t) P-a.s.
5[711|D = OO:| t—o0 t
Obviously, the last limit is equal to T'(f), see (5.46). n

6 Continuity of variance and Einstein relation

We assume Assumptions 1—4 are fulfilled.

6.1 Einstein relation

In this section we obtain the Einstein relation as a consequence of the results of the previous
Section. This proof differs from that given in [7]. We refer to [5] for the original physical
intuition.

It follows from Theorem 4.7 and Proposition 4.9 taking f = 0, that for any fixed A € (0, 1),
then X satisfies the law of large numbers under @5‘ Equivalently, there exists a vector £(\) € R?
such that

lim SX() = £(\)

t—oo t

for Q almost all w and P-a.s.

Theorem 6.1 (Einstein relation). As A — 0, then

1
XE()\) — 261.
Proof. Using the regeneration structure as in the proof of (4.44), we can represent £(\) as

follows R
B[X(r)ID = o]

(N = —
Ep [ D = o]
Therefore, R
lg()\) _ )\IESA[X(Tf)\D = oo} .
A N2E} [ D = oo]
It follows from the continuity Lemma 5.8 that
E[X(n)|D =
Loy — XD = oo

The expression on the right-hand side is the drift of the X-components of the process Z under
P. By (5.46), it is equal to Xey. |
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6.2 Continuity of variance

This section deals with the continuity of the effective variance of X as A — 0.

It follows from Theorem 4.7 and Proposition 4.9 taking f = 0, that for any fixed A € (0,1),
then X satisfies the central limit theorem under @S: there exists a matrix X, such that the law
of %(Xé\ “(t) — £(A\)t) under the annealed measure P x Q converges to the centered Gaussian
law with covariance matrix >y.

Theorem 6.2 (Continuity of variance). As A — 0, we have
2)\ — 2.

Proof. Using the regeneration structure, as in the proof of (4.44), we can represent ¥, as follows:
for any e € R? then

IAEa\ [(X(Tl’\) ce—T1M(N) - e)?|D = oo] _ IAE())‘ [()\X(Tl’\) ce = NTPATH(N) - e)?|D = oo]
E) [ D = 0] E) [\27)|D = 0]

e-Xye= )
We apply the continuity Lemma 5.8 to the function ¢(z,s,\) = (e-x —sA71(X\)-¢e)? for A # 0,
and ¢(z, s,0) = (e-x—sXe;-€)?. Observe that according to the Theorem 6.1 (Einstein relation),
¢ is continuous. Then we get

A~ ~

g[(X(’fl) E— ’711261 : 6)2|D = OO} '

6'2)\6—>

The expression on the right-hand side is the diffusion matrix of the X-components of the process
Z under P. By (5.46), it is equal to Xe - e. u

It follows from Theorem 4.7 and Proposition 4.9 that for any f, a local element in H_'(£2)
and any fixed A € (0,1), then A, satisfies the central limit theorem under P): there exists
a matrix 3, (f) such that the law of %(Af(t) — vx(f)t) under the annealed measure P x Q

converges to the centered Gaussian law with covariance matrix 3, (f).
Theorem 6.3. As A — 0, we have X,(f) — X(f).

The proof is the same as above. We leave the details to the reader.

7 Appendix A

Although our main interest in this paper are diffusions in a random environment, in order to
better explain our results, we now briefly discuss the easier case of diffusions in a periodic
environment.

In the periodic setting, the role of the dynamics of the environment viewed from the particle
is now played by the projection of the diffusion X on the torus.

In the case A = 0, we will get a stationary corrector xi, see equation (7.51).
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When A # 0, the process of the environment seen from the particle has an absolutely
continuous invariant measure - the steady state - whose density is given by equation (7.49).
The fluctuation-dissipation relation follows from a direct comparison of both equations (7.51)
and (7.49). There is no need to go through the interpretation of the derivative as a correlation
as we did in the random environment case.

Thus let a = (a(x), x € T) be a smooth field of symmetric positive definite matrices defined
on the unit d-dimensional torus T = R?/Z?. Let X be a scalar, e, be a vector in R? and define
A = Xey. Let (X)(t); ¢ > 0) be the solution of the stochastic differential equation:

dX2(t) = b(X2(1))dt + Ma(X2(t))ey + o(X2(t)dW,; X2(0) ==z, (7.48)

where we periodically extended a to R? and defined b = %diva, o=+/aand (W;;t>0)is a
d-dimensional Brownian motion defined on some probability space (W, F, P).

Then (X)(t);t > 0,2 € T) is a Markov process with generator £* = 1div(aV) + A-aV.
Its projection on T is a Markov process with generator £* = %div(aV) + X-aV. It admits a
unique absolutely invariant measure (steady state), say vy, with some density f* with respect
to the Lebesgue measure on T and f* is a solution of the equation

div(a(V > = 2f*A)) = 0. (7.49)

Observe that f9 is constant.

Let us now derive a first order expansion of f* similar to what we did in Section 5.

Given the form of equation (7.49), one observes that f* smoothly depends on ). Besides
the successive derivatives of f* (as a function of \) can be expressed as solutions of the partial
differential equations obtained by differentiating (7.49) with respect to A. Let us write f’ for
the first derivative of f* at A = 0. Using the fact that f° = 1, we thus get that f’ solves the
equation

div(a(Vf" —2e1)) = 0. (7.50)
Define x; = —%f’. Then (7.50) implies that y; is the solution of the equation
L0 = —b-e. (7.51)

Equation (7.51) is the corrector equation for the operator £° in the direction ey, see (1.6).

Thus we have indeed checked that the derivative at A = 0 of the steady state of the operator
L (symmetric diffusion operator perturbed by a constant drift of strength A in the direction
e1) coincides up to multiplication by a factor —% with the corrector of the symmetric drift-less
operator £° in the direction e;.

Remark 7.1. The Einstein relation, in our context, is the equality between the so-called mobility
(the derivative at A\ = 0 of the effective drift) and the diffusion matriz for the drift-less operator
L0, see [7].

One may observe that the Finstein relation in the periodic setting directly follows from the
discussion at the beginning of this introduction. Indeed, one deduces from the ergodic theorem
that the process X} satisfies a law of large numbers: %Xg‘(t) P-almost surely converges to the
effective drift

() = /T (b(#) + Aa(d)er) fA(@)de
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and therefore

L 4) - exlaco = /T (1 (@) (&) + €1 - a(i)er fi)) dit

d\
/61'a€1f0:/€1'a€1.
T T

We recall that Xo(t) - eq satisfies the Central Limit Theorem with asymptotic variance

Recall that f°=1. So

21 = /1‘(61 + Vxl (ZL’)) . a(:i:)(el + Vxl (ZL’)) dx . (752)

On the one hand, integration by parts, equations (7.51) and the definition of b imply that

1 .
5/VXl'CLVX1:—/(£OX1)X1:/b'€1X1
T T T

1 1
:—/diva-elxlz——/el-anl,
2 )T 2T

so that (7.52) also reads
21 = / (61 saep — Vxl . aVXl) . (753)
T

Use the equation satisfied by f', see (7.50) and (7.51), to get that

/el-bf’:—Q/el-bxlz—/el-divaxl
T T T

:/el~aVX1=—/VX1'aVX1-
T T

Thus we obtain that

%f()\) : 61|)\:0 = /(—Vxl : CLVXl +eq - ael) = 21 . (754)
T

Remark 7.2. Let us further comment on the main differences between the periodic and random

cases.

The first difficulty one would face if trying to follow the PDE approach in the random
environment setting is the necessity to solve equation (7.49) (which is now an equation in the
space of environments ). It is because we do not even know how to make sense of equation
(7.49) on Q, that we used the construction of regeneration times from section 4.1. The price
we pay is Assumption 4.

A possible approach to equation (7.49) could be to try to express its solution as a power series
in X. This may not be sufficient to solve (7.49) for all values of A but could be good enough
to get a solution for small \’s and, provided the power series nicely converges, one would even
get the fluctuation-dissipation relation by looking at the first term of the expansion. Indeed the

35



linear term of the expansion should be given by the equation for the corrector. However already
the equation that the quadratic term should satisfy is problematic.

To the best of our knowledge, this ‘expansion approach’to construct steady states only works
for dynamics satisfying a spectral gap assumption. Then all square-integrable functions belong
to H=' and this opens the way to iterate the corrector equation to build the different terms
of the expansion. This approach is detailed in [19] where the authors prove a power series
expansion of the density of vy for small X and obtain some version of the FEinstein relation.
Under the spectral gap assumption for the un-perturbed dynamics, the perturbed dynamics with
a small but positive X\ also satisfy the spectral gap inequality uniformly in \. Therefore the
time it takes for the process to equilibrate stays of order 1 as A tends to 0. This is a major
difference with the situation of diffusions in a random environment as discussed in the paper at
hands where the time it takes for the perturbed process to reach equilibrium - understood as the
regeneration time - is of order \~2. In other words, the approach through regeneration times
shows that the fluctuation-dissipation relations are much much more general than what purely
analytic arguments based on computations of spectral gaps and perturbation methods would a
priori suggest. How general they are is an open problem.

8 Appendix B: alternative proof of Theorem 1.3

In this part of the paper, we give an alternative proof of Theorem 1.3 based on a spectral gap
argument. Recall we are assuming Assumptions 1-3. We use the notation from Section 2.4.
In the sequel, we fix an element f in the space H '(€2). To obtain an explicit bound in the
next lemma, we introduce a new norm on H_ (), that we denote with || f|| izl (o) and define
as
|l = min{ o™ Fll: divE = £},

Clearly, due to Assumption 2, the two norms || f||z-1q) and [|f]| 521, are equivalent.
Theorem 1.3 follows at once from the following Lemma:

Lemma 8.1. Let p > 1. Then, for all A > 0 and t > 0, we have

[ B4 0] a0w) < @ (ol + 2211 (8.55)

2
[e] —1 -5
where 7y, = [ psP~le T ds.

Remark 8.2. Lemma 8.1 should be compared to Lemma 3.1. On the one hand, estimate (3.24)
in Lemma 3.1 gives a uniform upper bound that does not depend on w, unlike (8.55) where we
average with respect to Q. On the other hand, the upper bound (8.55) is more explicit than
(8.24). Observe in particular that the only way the value of o enters in (8.55) is through the
value of ||o||o and, implicitely, in the definition of the norm || f|| g1 (o) -

Proof. Let us derive an upper bound on the Laplace transform [ E [e"Aéff (t)} dQ(w).
Using the Girsanov transform (2.18), we get that

/ E[e370] dQ(w) = / B[00 ABO-3B10] qg(u)
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< 1/Eq [6277Af(t)]\//E[€2AB(1€)—)\2<B>(1€)] dQ(w).

E[62)\B(t)—)\2<B>(t)] _ E[62)\3(1&)—2)\2(B)(t)-i—)\z(B)(t)}

We have
< ol t E[ePBO-2X (B0 = Nlolet,

/E[e"AS»’?(t)} dQ(w) < 4/Ey [6277Af(t)}e§”””g°t. (8.56)

We claim that for all F' € (L>())¢ such that f = div(aF), it holds

Therefore

EO [6277Af(t)] < 68772||F||got_ (857)

Let us prove (8.57). First we assume that there exists a smooth function F' € (L>(Q))4
such that f = div(cF).

We use a spectral gap argument: since we are assuming that F' is smooth, then f is a
bounded function and we have |A¢(t)| < || f]|t, for all t and Q almost surely. In particular
the Laplace transform Eg [eznAf(t)] is finite.

Let

Qiu(w) = E[u(XS’(t)_w)eQWAgj}’(t)]_
Then (Q;; t > 0) defines a strongly continuous symmetric semigroup on L*(2) with Dirichlet

form —27 [ fu*dQ + €(u, u).
Let

A(n) = sup{27]/fu2 dQ — &(u,u) : /u2d(@ =1}

be the largest eigenvalue of the generator of (Q;; t > 0).
Then
By [e14 D] < e, (8.58)

We now estimate A(n). Let u be a bounded function in D. Then u? belongs to D and we
have

/fu2d(@: —/2uaDu~Fd@.

Therefore
y/fm w@|<2HFﬂw\/__E77 w2 dQ. (8.50)

Clearly inequality (8.59) extends by continuity to all functions u in D. In particular the
expression [ fu?dQ appearing in the definition of A(n) defines a quadratic form on D.
It follows from (8.59) that, for a function u in D such that [4?dQ = 1, then

m/ﬂh@—ameMwm¢wmm—awmswwm;

So that
A(n) < 89?||F|1%
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and
E, [6277Af (t)] < SPIIFIZt

This ends the proof of (8.57) if the function f is of the form f = div(¢F') for a smooth F.

Our goal now is to show that (8.57) holds for f in H '(Q2) of the form f = div(cF) with
an arbitrary bounded function F € (L*°(Q2))?. We proceed by approximation: let F™ be a
sequence of smooth functions in (L>(£2))? that converges to F in (L?(2))? and such that
sup,, || F™|so < || Flloo- Let f* = div(cF™). Then the sequence f™ converges to f in H1(Q).

We proved, in the discussion after Lemma 2.2, that, for any ¢t > 0, then A (t) converges
towards A(t) in L?(Q2). We may then extract a subsequence that converges almost surely and
apply Fatou’s Lemma to get (8.57).

We conclude from (8.56) and (8.57) that

/ E[e"70] dQw) < " IFIt+F lol2t
If now optimize on the choice of F', we obtain
2 A2 12
/E[e"AOf 0 dQ) < VTt T IR (8.60)

We now deduce (8.55) from (8.60). To make formula more readable, we use the shorthand
notation |[f|[ = [ fll z2:-
By Markov’s inequality, we have

/ P[AS(t) > AM] dQ(w) < e / E[e"AOf T dQ(w).
By symmetry, the same holds for —AS,’}J(t) and using (8.60), we get that
/ P[lAy ()] > AM] dQ(w) < 26N PSPt 3 o2
We choose n = §AM|| f|| ! and get that
/ P[|Ay% ()] = AM] dQ(w) < 2 Wi ol

Therefore

/ E[|AY(1)"] dQ(w)
)\t/ spl/ PIAYS(1)] > s\t] dQ(w) ds

1 32 2
< (AXE)P —0—262 llol|?, ¢ ()P / psp_le_ﬁﬁ
A
A2 2 4||f||p 0o L
= (AN)" + 2e 7 I (220 )P ()P psP e ds
( AV ) LTANVE| £
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<

(At + 25 i e (AT yr g2 (50 / °° sl ds
Wi W
Choose A? = 16| f|?||o]|%, to get the upper bound
< (AN)P + Q(M)p()\t)p /OO psp_le_% ds
i LAV

< (AN + 2(%')%# /Ow pst e ds
sl

= (Wt flllollo) + 2307 (577
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