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Abstract

Paraconformal or GL(2,R) geometry on an n-dimensional manifold M is defined by a
field of rational normal curves of degree n—1 in the projectivised cotangent bundle P7T* M.
Such geometry is known to arise on solution spaces of ODEs with vanishing Wiinschmann
(Doubrov-Wilezynski) invariants. In this paper we discuss yet another natural source of
GL(2,R) structures, namely dispersionless integrable hierarchies of PDEs such as the
dispersionless Kadomtsev-Petviashvili (dKP) hierarchy. In the latter context, GL(2,R)
structures coincide with the characteristic variety (principal symbol) of the hierarchy.

Dispersionless hierarchies provide explicit examples of particularly interesting classes
of involutive GL(2,R) structures studied in the literature. Thus, we obtain torsion-free
GL(2,R) structures of Bryant [5] that appeared in the context of exotic holonomy in
dimension four, as well as totally geodesic GL(2,R) structures of Krynski [33]. The
latter possess a compatible affine connection (with torsion) and a two-parameter family
of totally geodesic a-manifolds (coming from the dispersionless Lax equations), which
makes them a natural generalisation of the Einstein-Weyl geometry.

Our main result states that involutive GL(2, R) structures are governed by a dispersion-
less integrable system whose general local solution depends on 2n — 4 arbitrary functions
of 3 variables. This establishes integrability of the system of Wiinschmann conditions.
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1. Introduction

1-1. GL(2,R) geometry

On an n-dimensional manifold M, a GL(2,R) geometry (also known as paraconformal
geometry [12], a rational normal structure [7], or a special case of the cone structure [21])
is defined by a field of rational normal curves of degree n—1 in the projectivised cotangent
bundle PT* M. Equivalently, it can be viewed as a field of 1-forms w(A) polynomial of
degree n — 1 in A,

W) =wo +Awp + -+ A", (1-1)

where w; is a basis of 1-forms (a coframe) on M. The parameter A and the 1-form w(\)
are defined up to transformations A\ — gf\‘is, w(A) = r(eA+d)"Lw(N), where a, b, ¢, d,r
are arbitrary smooth functions on M such that ad — be # 0, r # 0. Without any loss of
generality we can assume ad — bc = 1.

Conventionally, a GL(2,R) geometry is defined by a field of rational normal curves
in the projectivised tangent bundle PT'M. Our choice of the cotangent bundle is moti-
vated by the fact that characteristic varieties of PDEs, which will be our main source of
GL(2,R) structures, are subvarieties of PT* M. In any case, both pictures are projectively
dual: the equation w(A) = 0 defines a one-parameter family of hyperplanes that osculate
a dual rational normal curve () C PT'M. Below we discuss some of the most natural
occurrences of GL(2,R) structures.

Poisson geometry: Given a generic pair of compatible Poisson bivectors 77,72 of Kro-
necker type on an odd-dimensional manifold N2#*1  there is a canonical GL(2,R) struc-
ture on the base M**+1 (leaf space) of the corresponding action foliation (see [47]). As
shown by Gelfand and Zakharevich such structures, also known as Veronese webs, arise
in the theory of bi-Hamiltonian integrable systems [20].

Exotic holonomy: It was observed by Bryant in [5] that, in four dimensions, there exist
torsion-free affine connections whose holonomy group is the irreducible representation of
GL(2,R). Such connections give rise to canonically defined parallel GL(2,R) structures.
Historically, this was the first example of an ‘exotic’ holonomy not appearing on the
Berger list [3], we refer to [6, 39] for the development of the holonomy problem.

Submanifolds in Grassmannians: Let M be a submanifold of the Grassmannian
Gr(k,n). The flat Segre structure of Gr(k,n) induces on M a generalised conformal
structure. Particular instances of this construction result in a GL(2,R) geometry on M.

Thus, let M* be a fourfold in the Grassmannian G7(3,5). The flat Segre structure of
Gr(3,5) induces a field of twisted cubics on PT M, that is, a GL(2,R) structure on M*.
These structures were investigated in [11] in the context of integrability in Grassmann
geometries.

Similarly, let A(3) be the Grassmannian of 3-dimensional Lagrangian subspaces of
a 6-dimensional symplectic space. Given a hypersurface M® C A(3), the flat Veronese
structure of A(3) induces a GL(2,R) structure on M?. Such structures were discussed in
[17, 42] in the context of integrability of dispersionless Hirota type equations.
Algebraic geometry: Given a compact complex surface X and a rational curve C' C X
with the normal bundle v ~ O(n), the results of Kodaira [35] show that there is a
complex-analytic (n + 1)-dimensional moduli space M consisting of deformations of C,
which carries a canonical GL(2,R) structure. This was studied in detail by Hitchin [26]
for n = 2 (using E. Cartan’s work on Einstein-Weyl geometry) and by Bryant [5] for
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n = 3. The case of general n was discussed by Dunajski, Tod [12] and Krynski [33]. The
construction generalises to the case when X is a holomorphic contact 3-fold and C' C X
is a contact rational curve with the normal bundle v ~ O(n — 1) & O(n — 1) [5, 12, 7].

Ordinary differential equations: For every scalar (higher order) ODE with vanishing
Wiinschmann (Doubrov-Wilezynski) invariants, the space M of its solutions is canonically
endowed with a GL(2,R) structure. ODEs of this type have been thoroughly investigated
in the literature, see e.g. [12, 10, 40, 22, 14, 33] and references therein.

Dispersionless integrable hierarchies: Given a dispersionless integrable hierarchy of
PDEs, it will be demonstrated in this paper that the corresponding characteristic variety
(zero locus of the principal symbol) determines canonically a GL(2,R) structure on every
solution. In a somewhat different language examples of this type appeared in [13, 33|,
although the observation that these structures coincide with the characteristic variety
is apparently new. We will show that the GL(2,R) structures appearing on solutions
to integrable hierarchies are not arbitrary, and must satisfy an important property of
involutivity.

1-2. Involutive GL(2,R) structures and dispersionless hierarchies

For every x € M, the equation w(A) = 0 defines a 1-parameter family of hyperplanes
in T, M parametrised by A; these are known as a-hyperplanes. A codimension one sub-
manifold of M is said to be an a-manifold if its tangent spaces are a-hyperplanes [33].

Definition. A GL(2,R) structure is said to be involutive [7] or a-integrable [33] if every
a-hyperplane is tangential to some a-manifold.

We will relate different approaches to involutivity in Section 3-4. One can show that
a-manifolds of an involutive GL(2,R) structure depend on 1 arbitrary function of 1
variable (Section 3-3). These manifolds are governed by the so-called ‘eikonal’ system
(see the review [43] for a general discussion). The existence of a-manifolds suggests that
involutive GL(2,R) structures are amenable to twistor-theoretic methods, cf. [21].

In particular, GL(2, R) structures that arise on solution spaces of ODEs with vanishing
Wiinschmann invariants are involutive. It was shown in [33] that conversely, every invo-
lutive (a-integrable) GL(2,R) structure can be obtained from an ODE of this type. Four-
dimensional involutive GL(2,R) structures were extensively studied in [5] in the context
of exotic holonomy. These investigations were developed further in [12, 10, 40, 22, 14].

Our main observation is that involutive GL(2,R) structures are induced, as charac-
teristic varieties, on solutions to dispersionless integrable hierarchies of PDEs. Moreover,
a-manifolds can be obtained as projections of integral manifolds of the associated dis-
persionless Lax equations.

The following example is based on [47, 14, 33]. Equations of the Veronese web hier-
archy have the form

(ei — ¢j)upuij + (¢ — cp)uujr + (cx — ¢i)uju =0, (1-2)

one equation for every triple (4,7, k) of distinct indices. Here u is a function on the n-
dimensional manifold M with local coordinates z,...,z", coefficients ¢; are pairwise
distinct constants, and u; = u,: denote partial derivatives.

The term ‘hierarchy’ refers to the fact that the overdetermined system (1-2) is in invo-

lution for every n so that any two equations can be viewed as Lie-Backlund symmetries
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of each other: if we take two different triples and unite the indices, then the system of
equations of type (1-2) corresponding to all sub-triples of the union is compatible.
The characteristic variety of system (1-2) is defined by a system of quadrics,

(ci — ¢j)ukpip; + (¢j — cx)uipjpr + (ck — ci)ujpipk = 0,

which specify a rational normal curve in PT*M parametrised as p; = y*- (the ideal of

—c;

a rational normal curve is generated by quadrics, see e.g. [25]). Explicitly,

Us

w(\) = pyda’ = Z S dz’; (1-3)

note that expression (1-3) takes form (1-1) on clearing the denominators (since only the
conformal class of w(A) is essential we will not make a distinction in what follows). This
supplies M with a GL(2,R) geometry which depends on the solution u (otherwise said:
GL(2,R) geometry on the solution u considered as a submanifold graph(u) C M x R).

System (1-2) is equivalent to the commutativity conditions of the following vector fields
(A=const),

A— 1 uj
L99,., 1<j<n.
)\*Cjul

O —

Such A-dependent vector fields are said to define a dispersionless Lax representation
for system (1-2). Note that these vector fields are annihilated by w(\). Their integral
manifolds supply M with a two-parameter family of a-manifolds. Thus, GL(2,R) struc-
ture (1-3) is involutive. Equivalently, the commutativity of these vector fields can be
interpreted as the involutivity of the corresponding corank 2 vector distribution on the
(n 4+ 1)-dimensional manifold M with coordinates zb, ..., z™, X\, known as the correspon-
dence space. The (complexified) space of integral manifolds of this distribution plays
important role in the twistor-theoretic approach to the Veronese web hierarchy.

In Section 2 we provide further examples of involutive GL(2,R) structures supported
on solutions to other well-known dispersionless integrable hierarchies. As it was rightly
pointed out by the referee of this paper, the involutivity of GL(2,R) structures defined
by characteristic varieties of integrable hierarchies is a manifestation of a general phe-
nomenon known as the ‘integrability of characteristics’ [19, 23, 43]. This is a feature of
any compatible system, hence the integrability of a dispersionless equation is not char-
acternized by the involutivity (a-integrability) of the corresponding GL(2,R) structures.
The integrability is recovered by the canonical connections that we discuss next.

1-3. Affine connections associated with involutive GL(2,R) structures

There are several types of canonical connections defined on the tangent bundle of a
manifold M that can be naturally associated with a GL(2,R) structure on M. Recall that
an affine connection V is said to be compatible with a GL(2, R) structure (paraconformal
or GL(2,R) connection), if for every ve TM

Ve w(A) € span(w(N),w’(N)), (1-4)

where prime denotes differentiation by A, see [33]. Condition (1-4) means that the par-
allel transport defined by V preserves rational normal cones of the GL(2,R) structure.
Equivalently, identifying quadratic equations from the ideal of the rational normal curve
w(A) with symmetric bivectors g on M and denoting g = span{gs), we can represent
(1-4) as Vo g =g Vv#0.
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Condition (1-4) alone does not specify V uniquely: for this, additional constraints
should be imposed. In what follows we discuss four types of canonical connections associ-
ated with involutive GL(2,R) structures, of which the first two are based on the previous
works and do not exist universally, while the other two are new and exist for all dis-
persionless integrable hierarchies studied so far (let us stress that there exist no general
theory or complete description of such hierarchies). We use the convention V ;0 = I’; 50i-

Torsion-free GL(2,R) connection in 4D

Torsion-free GL(2,R) connections can only exist in four dimensions. Indeed, based on
the Berger criteria, it was shown in [5] that there exist no non-trivial torsion-free GL(2, R)
connections in higher dimensions. On the contrary, in four dimensions, involutivity of a
GL(2,R) structure is equivalent to the existence of a torsion-free GL(2,R) connection.

Since GL(2,R) structures coming from principal symbols of dispersionless integrable
hierarchies are automatically involutive (due to the existence of a Lax representation),
we obtain an abundance of explicit examples of torsion-free GL(2,R) connections in four
dimensions parametrised by solutions to well-known integrable PDEs, see Section 2.

For the Veronese web hierarchy, the Christoffel symbols of the torsion-free GL(2,R)
connection associated with four-dimensional GL(2,R) structure (1-3) are computed to
be equal to

’ " up W

2
rio_ Wi 1 (cikeji + cucir)? wij o_ Lejrci ui (Uik _ Uu)
— 4 E e L L L Vi P L Ly gL
CikCilCjkCjl U 9 CijClk Uj

J#i

poo Lwg L0 awen N L0 cacik\ ko _ Lag ue fue  ua
3w 9 cijcr) w9 cijar ) uk’ F9epuy; \up w )’
here ¢;; = ¢; — ¢4, and 1, j, k, [ are pairwise distinct indices taking values 1,...,4.

Totally geodesic GL(2,R) connections

A particularly interesting subclass of involutive GL(2,R) structures was introduced
by Krynski in [33]: such structures possess a GL(2,R) connection (with torsion) and
a two-parameter family of totally geodesic a-manifolds. We will refer to such struc-
tures/connections as totally geodesic GL(2,R) structures/connections, respectively.

The requirement that V is a totally geodesic GL(2,R) connection specifies it up to
transformation T — T + ¢;0} for a covector ¢. This freedom can be eliminated
by requiring that the torsion Ty is trace-free, T}, = 0. In what follows this will be
included into the totally geodesic condition. For GL(2,R) structures (1-3) coming from
the Veronese web hierarchy, the condition tr (T v, X )) = 0 is equivalent to the constraint
Ty (w(XN), &' (N)) € span(@(N)) used in [33].

Examples of totally geodesic GL(2,R) structures include the following:

o Four-dimensional GL(2,R) structures arising, as characteristic varieties, on solu-
tions to various integrable hierarchies (see Appendix B). We emphasise that, in
general, this is a merely 4-dimensional phenomenon. For instance, 5-dimensional
GL(2,R) structures associated with the dKP hierarchy do not possess totally
geodesic GL(2,R) connections.

o Multi-dimensional GL(2,R) structures arising, as characteristic varieties, on so-
lutions to linearly degenerate integrable hierarchies (those having no dy in the
Lax fields, such as the Veronese web hierarchy and the ‘universal’ hierarchy). The
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two-parameter family of totally geodesic a-manifolds is the projection of integral
manifolds of the Lax distribution.

It was shown in [33] that totally geodesic GL(2, R) connections V satisfy the following
multi-dimensional generalized Einstein-Weyl property. Namely, the symmetrised Ricci
tensor of such V belongs to the span § of symmetric bivectors defining the dual rational
normal curve @(A): Ricy™ € g. Note that in 3D this is precisely the classical Einstein-

Weyl condition.
Normal GL(2,R) connections

We call a GL(2,R) connection V normal if its torsion satisfies the following properties:

(i) Ty is trace-free: tr(Ty (-, X)) =0 VX;
(ii) Ty preserves a-hyperplanes as a (2,1)-map: X,Y € w(\)1 = Ty (X,Y) € w(N) .

Every totally geodesic GL(2,R) connection is necessarily normal, although the converse
is not true in general. It turns out that for all hierarchies we investigated, the normal
GL(2,R) connection exists, and is unique (we point out that there are no totally geodesic
connections associated with higher-dimensional GL(2,R) structures coming from the
dKP and the Adler-Shabat hierarchies, starting from dimension 5). The importance of
normal GL(2,R) connections lies in the fact that every such V satisfies the generalized
Einstein-Weyl property.

The totally geodesic (and thus normal) GL(2,R) connection associated with GL(2,R)
structure (1-3) of the Veronese web hierarchy is given by the formula

VO = (l;j: + ¢j> O, or Iy = (1;]: + ¢j) O3
here the covector ¢; is still arbitrary [33]. It can be fixed uniquely by requiring the

torsion to be trace-free:
b; = 1 Ujk
i = .
n—1 Up
k#j
A canonical projective connection

There exists yet another class of affine connections associated with involutive GL(2,R)
structures, namely, torsion-free connections possessing a two-parameter family of totally
geodesic a-manifolds; note that they do not preserve the GL(2,R) structure in general.

For GL(2,R) structures defined by the characteristic varieties of dispersionless hierar-
chies, the two-parameter family of totally geodesic a-manifolds come from projections of
integral manifolds of the corresponding dispersionless Lax equations.

The requirement that V is a torsion-free connection with a two-parameter family of
totally geodesic a-manifolds specifies it uniquely up to projective equivalence, I‘;k —
I + 050 + ¢rd;, for a 1-form ¢. Thus, we obtain a canonically defined totally geodesic
projective connection.

For the involutive GL(2,R) structure (1-3) of the Veronese web hierarchy, an affine
representative of this projective connection is computed to be equal to

2 u; o Ug

On every solution, geodesics of this projective connection (considered as unparametrized
curves) can be obtained by intersecting n — 2 generic totally geodesic a-manifolds.
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1-4. Summary of the main results

In Section 2 we provide further explicit examples of involutive GL(2,R) structures
given by characteristic varieties of various dispersionless integrable hierarchies, namely
the dKP hierarchy, the ‘universal’ hierarchy of Martinez-Alonso and Shabat, and the
consistent Adler-Shabat triples. In each case we calculate Christoffel’s symbols of the
canonical connections discussed in Section 1-3 (these results are relegated to Appendix
B).

Section 3 contains the main results of the paper. In Theorem 1 we demonstrate that
the general involutive GL(2,R) structure can be brought to the normal form

n u; ]

A) = dz’, 15

N = 3 e (15)
i=1 Vi

which can be reduced to (1-1) by clearing denominators. Here the functions u and v

satisfy a system of second-order PDEs, 2 equations for each quadruple of indices 1 < i <

I<k<l<n:

2ui; — (a; + a;)vij | 2up —
S (a; — a;)(ar — a) ( uij — (a; + a;)vi L (ar + az)”kz) —0, (1-6)
(gk1) UiUj Ug U

S (bi —b;) (b, — bu)
(Jkl)

<2Uij — (bz + bj)uij n 20p — (bk + bl)ukl> -0 (17)

V; Uy ViU

Vi
Usg
In Theorem 2 we prove that overdetermined system (1-6), (1-7) is in involution, and its

where a; = “;—i", b; = ¥ and & denotes cyclic summation over the indicated indices.
characteristic variety is the tangential variety of the rational normal curve w(\) given by
(1-5). Since the degree of the tangential variety equals 2n — 4, we conclude that general
involutive GL(2,R) structures depend (modulo diffeomorphisms) on 2n — 4 arbitrary
functions of 3 variables. For n = 4 this reproduces the count in [5]; we also refer to
[34] for an alternative PDE system governing involutive GL(2,R) structures for n = 4.
For general n, the functional freedom of 2n — 4 arbitrary functions of 3 variables was
announced by Robert Bryant in a series of talks in the early 2000s [7] (we thank him for
sending us the slides), but no proofs have appeared. Our proof is based on the formal
theory of PDEs developed in recent years.

Finally, in Theorem 3 we show that equations (1-6), (1-7) governing general involutive
GL(2,R) structures constitute a dispersionless integrable hierarchy with Lax representa-
tion in parameter-dependent vector fields.

It was shown in [33] that involutive GL(2,R) structures are in one-to-one correspon-
dence with ODEs having vanishing Wiinschmann invariants. Thus, integrability of system
(1-6), (1-7) implies integrability of the Wiinschmann conditions.

Our considerations are local. All results on the functional freedom in the general solu-
tion referring to the Cartan-K&hler theorem hold in the analytic or formal categories.

2. Ezamples of involutive GL(2,R) structures

In this section we give further examples of involutive GL(2,R) structures arising on
solutions of various dispersionless integrable hierarchies. Our main observation is that
GL(2,R) structures discussed in a similar context by Dunajski and Krynski in [13, 33]
are nothing but characteristic varieties of the corresponding PDEs. This makes the con-
struction entirely explicit and intrinsic.



8 E.V. FERAPONTOV AND B. KRUGLIKOV

We mainly focus on GL(2,R) geometry in four dimensions, defined by the first three
equations of the corresponding hierarchies. Higher-dimensional generalisations are then
obtained by adding higher flows (with higher time variables). Christoffel’s symbols of the
canonical connections associated with these examples are presented in Appendix B.

2-1. GL(2,R) structures via dKP hierarchy
The first three equations of the dKP hierarchy have the form

Ugt — Uyy — UgUgy = 0,
Ugs — Uyt — Ugllgy — UylUgy = 0, (2-1)
Uy — Ugg + uﬁum — UyUgy = 0.
Here u is a function on the 4-dimensional manifold M with local coordinates x,y,t, 2.
The characteristic variety of this system is the intersection of three quadrics,

PaDt — Pi — Ugp2 =0,
PxPz — PyPt — UgPxPy — uyp;% =0, (22)
PyP: — Pi + uZp2 — uypapy = 0,

which specify a rational normal curve (twisted cubic) in PT*M parametrised as
Pe=1,py =X pr =N+, po= N 4 2up A+ uy,

so that
w(A) = dz + Ay + (A + ug)dt + (N + 2up\ + uy,)dz.

This supplies M with a GL(2,R) geometry which depends on the solution w. The oc-
currence of a rational normal curve in the theory of dKP hierarchy was also noted in
[28] in the context of coisotropic deformations of algebraic curves. Equations (2-1) are
equivalent to the commutativity conditions of the following vector fields,

ay - )\893 + uww8)\7
O — (N + uy) 0y + (Augy + Usy )0, (2-3)
0y — (N3 4 2ua A + uy) 0y + (N2 ugs + Mgy + Ugt + Ugliyy ) Oy,

which constitute a dispersionless Lax representation. These vector fields live in the ex-
tended 5-dimensional space M with coordinates z,y,t, 2, \; note the explicit presence
of 9. Projecting integral manifolds of these vector fields from M to M we obtain a
two-parameter family of a-manifolds of the corresponding GL(2,R) structure, thus es-
tablishing its involutivity.

Higher-dimensional generalisation of this construction can be obtained by taking higher
flows of the dKP hierarchy,

[ J
U j+1 — Uj i1 + Zuifkujk - Zujfkuik =0, 1<i<y,
k=1 k=1
see e.g. [27]. For (4,7) = (1,2),(1,3) and (2, 3) this reproduces equations (2-1). Here we
use the notation u = u(x!, 22,23, 2%, ...) where z! 4 = 2, etc,

and subscripts of u denote partial derivatives. The corresponding characteristic variety

=z, 1:2:y, 2=t

is the intersection of quadrics,

% J
PiPj+1 — PjPit1 + Z Ui—kPjPk — Z uj—kpipk = 0.
k=1 k=1
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It defines a rational normal curve; setting p; = 1 we can parametrise it recurrently as
i—1

Piyr =Api+ Y uikpr, > 1.
k=1

Explicitly, this gives
pr=1, pa=2X p3s=N+u, ps=XN+2uAtus, ps=A+3uN+2uA+uz+ui,
etc. The dispersionless Lax representation of the dKP hierarchy is given by a family of
involutive parameter-dependent vector fields
i—1
X; = Opiv1 — AOypi — Zui,kazk +u;0x, 12> 1.
k=1
2-2. GL(2,R) structures via the universal hierarchy
The first three equations of the universal hierarchy of Martinez-Alonso and Shabat
[38] have the form
Uzt — Uyy + UylUzgr — UgUgy = 0,
Uz — Uyt + Utz — UgUgt = 0, (24)
Uyz — Uy + UgUgy — UyUgy = 0.
Here u is a function on the 4-dimensional manifold M with local coordinates z,y,t, z.
The characteristic variety of this system is the intersection of three quadrics,

PaPt — P2 + Uy — UsPepy = 0,

Pups — PyPt + wp? — ugpepr = 0,
PyP> — P} + WPupy — Uypapr = 0,

which specify a rational normal curve in PT* M parametrised as
Pz =1, py =\~ Ug, Pt :)\Q_Uw/\_uy; Pz :/\3_uz)\2_uy)\_ut7
so that
wA) = dz + (A — ug)dy + (A — ugh —wy)dt + (N> — upA? — uy A — uy)dz.
Equations (2-4) are equivalent to the commutativity conditions of the following vector
fields,
Oy — (A — ug)0y,
O — (A2 — ug\ — uy) 0y,
0y — (N3 — up\? — uy A — uy) 0y,
which constitute a dispersionless Lax representation. Note the absence of 9y, which in-
dicates a close similarity with the Veronese web hierarchy. Integral manifolds of these

vector fields provide a two-parameter family of a-manifolds of the corresponding GL(2,R)
structure.

This has a straightforward higher-dimensional generalisation: the equations are
U j+1 — Uj1,5 T UjUL; — UUL 5 = 0, 0<i1<yg<m

the GL(2,R) structure is given by

n

w(A) = Z()\i_l — AT — ) dat

i=1
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the Lax representation is
X; = 0, —()\i_1 —ul)\i‘Q—-~-—ui_1)6m1, 1<2<n.

Considered altogether, these equations form an integrable hierarchy.

2-3. GL(2,R) structures via Adler-Shabat triples

Further examples of GL(2,RR) structures arise as characteristic varieties on solutions
to triples of consistent 3D second-order PDEs discussed by Adler and Shabat in [1],

ugg = f(u1,u2, us, u12,13),
U24 = g(ula U2, Uq,U12, u14)7 (25)
ugg = h(ui,us, ug, 13, U14),

where v is a function on the 4-dimensional manifold M with local coordinates z!, ..., z%.

Note that system (1-2) belongs to class (2-5). As yet another example of this type let us
consider the system

Uiz — U3 Uiz —Uig U1z — U4
Ugg = —————, U= ———, U= ———. (26)
Uz — U3 U — Ug U3 — Ug

Its characteristic variety is defined by a system of quadrics,

_ Dbip2 — Pp1ps3 _ DP1p2 — P1P4 _ D1p3 — P1P4
p2p3 = —————, pP2Ppa=— ————, P3Pp4g=——————
U2 — U3 U2 — Ug U3z — Ug
which specify a rational normal curve in PT*M parametrised as p1 = 1, p; = ﬁ, SO
that
w(\) = dat + LI + LI + da*
A — U A — us A—uy

System (2:6) is equivalent to the conditions of commutativity of the following vector
fields,

1 U12 1 U13 1 U14
19) 9) Ox, O — ———0\, O 0 0
I2+u27>\ x1+u27>\ Ay IS+’U,3*)\ 21+U3*>\ Ay x4+u47>\ :1:1+u47/\ Ay

note the explicit presence of 9). Projecting their integral manifolds from the extended

space M to M we obtain a two-parameter family of a-manifolds of the corresponding
GL(2,R) structure.

This has a straightforward higher-dimensional generalization: the equations are
(uifuj)uij:uufulj, 1<i<j<m
the GL(2,R) structure is given by

— Al i.
w(A) =dz" + ;:2 " dz*;

the Lax representation is

1 U4
Xi = Op = 5 0n =
1 1

oy, l<i<n.

Considered altogether, these equations form an integrable hierarchy.
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3. General involutive GL(2,R) structures

In this section we demonstrate that general involutive GL(2,R) structures are gov-
erned by a dispersionless integrable hierarchy and derive the corresponding Lax system
describing a-manifolds.

3-1. Parametrisation of involutive GL(2,R) structures

We begin by encoding all involutive structures in a simple ansatz.

THEOREM 1. Fuvery involutive GL(2,R) structure can be locally represented by formula
(1-5), which upon clearing the denominators takes the form

w(\) = zn: [H ( - ?) }uidxi. (3-1)

i=1  j#i J

Here u and v are functions of (x',...,2™) and subscripts denote partial derivatives:
Ui = Ugi, V; = Ugi. The functions u and v must satisfy a system of PDFEs (1-6), (1-7)
coming from the integrability condition dw(\) A w(A\) = 0.

Proof. Let (1-1) be an involutive GL(2,R) structure on n-dimensional manifold M.
It is easy to see that the space of a-manifolds is at least 2-dimensional (in fact, it
is parametrised by 1 arbitrary function of 1 variable, see Section 3-3). Choosing a 1-
parameter family of a-manifolds we obtain a (local) foliation of M. This foliation consists
of integral manifolds of an integrable distribution w(a) = 0 obtained by substituting A
with some function a on M. We can thus set w(a) = fdx for some functions f and x.
Let us now choose n different 1-parameter families of a-manifolds that correspond to the
choice of n functions a; such that w(a;) = fidz® (no summation). We will use z* as a
local coordinate system on M™. Note that although one can always set, say, f1 = 1 by
using conformal freedom in w, it is not always possible to eliminate all f; simultaneously.
Taking into account that w is polynomial (of degree n — 1) in A, the above conditions fix
w uniquely:

w(\) = zn: “‘[ Af 4 }fidzi.

a; — aj

Let us choose two extra 1-parameter families of a-manifolds such that w(a,y1) = frr1du
and w(an42) = fnrodv (here u,v are precisely the functions that will appear later in
formula (1-5)). Explicitly, this gives

a — Ay a — Q.
sz M = fn+1ti, fiH e Jn420i. (3-2)

e YT
The first of these relations allows one to rewrite w as
- A—ay i
W) = far1 H‘[ 7}%@ . (3-3)
i=1  j#i

Taking the ratio of relations (3-2) we obtain

H an41 — Q5 frt1 Ui

- b)
G On+2 Jnt2 vi
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which is equivalent to

n
An42 — Q5 Sui 6 — fat1 An42 — A

Ung1— Qi U a2 o an —ak
Solving the last relation for a; and substituting the result into (3-3) yields
A —any2 — S(A—any1)d

W(A) = fot1 z": {H ! }uidxi.

a —a
i=1 i n+1 n+2

Using the linear-fractional freedom in A (sending a,,+1 and a,12 to co and 0, respectively),
as well as the conformal freedom in w, we can reduce the last expression to form (3-1).

Calculating the integrability condition dw(A) A w(\) = 0 (it is more convenient to use
(1-5) for this purpose) and collecting coefficients at dz’ A dz? A dz* we obtain

A—a; A—a; A—a _
u; ()\jak - /\jaj) )\" + uj] ()\jai - /\jak) )\J + ukk ()\jaj - Ajai) )\k + Sijk? = 0.
(3-4)

Here A\; = Az (A is viewed as a function of x), and

_ o ai—ai A A i A A ar—a; (A A
Sijk - uij ;iuj (Afai + Afaj) + Uik auiuakk (Afai + Afak) + U’jk ;ijkJ (Afaj + Afak)
aj—a; Aa; Aa; ai—a da; Aag o ak—aj Aa;j Aa
— Vij ;,uJ ()\—ai + A—(?Lj) — Vik uiukk ()\—ai + )\—gk) Ujk ujuk] (A—éj + )\—;k) .
System (1-6), (1-7) governing general involutive GL(2, R) structures results on elimination
of the derivatives of A\ from equations (3-4). This can be done as follows. Let us denote

Tk the left-hand side of (3-4). Taking 4 distinct indices ¢ # j # k # [ one can verify
that there are only two non-trivial linear combinations, namely

Tikj + Tiji + Tk + Tjw

and
1 1 1 1
— Tk + Tiji + Tar + —— T,
)\_al ikj /\_ak ijl /\—Clj ilk /\—ai Jkl
that do not contain derivatives of A. The first linear combination is equal to zero iden-
tically, while the second combination vanishes (identically in A) if and only if relations

(1-6) and (1-7) are satisfied, namely the following expression must vanish:

2Uij - (ai + aj)'Uij i U — (ak + al)vkl
U U UpU] ’

Eijti = & (a; —aj)(ar — ay) (
(GkD)

as well as similar expressions obtained by interchanging u and v,
2v;5 — (bi + bj)uij " 2up — (bk + bl)ukl
;U4 Xy ’

Fijri = & (bi —bj)(bx —by) (
(gk0)

recall that a; = %, b, = %, O
Vi

U4 :

Although system (1-6), (1-7) formally consists of Q(Z) equations, only 2("52) of them
are linearly independent. Indeed, we can restrict to equations Fis,; = 0 and Fiog; = 0
for 3 < k < [ < n since all other equations are their linear combinations: denoting
o = a; — a; we have

19 Bij = an By + ajiFog + B2 + agFrojr + o B + o Eiog (3:5)

for all indices distinct (note that «;; # 0 for ¢ # j), and similarly for Fjjx.
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For n = 4 system (1-6), (1-7) is determined: it consists of 2 second-order PDEs for 2
functions u and v of 4 independent variables, so its general solution is parametrised by 4
arbitrary functions of 3 variables. This gives an explicit confirmation of the result of [5]
that modulo diffeomorphisms general involutive GL(2,R) structures in four dimensions
depend on 4 functions of 3 variables. The case of general n is more complicated because
system (1-6), (1-7) becomes overdetermined.

THEOREM 2. For every value of n, the following holds:
(a) The characteristic variety of system (1-6), (1-7) is the tangential variety of rational
normal curve (1-5); it has degree 2n — 4. Rational normal curve (1-5) can be recovered
as the singular locus of the characteristic variety.
(b) System (1-6), (1-7) is in involution.
(c) The general solution of system (1-6), (1-7) depends on 2n—4 functions of 3 variables
(in the analytic or formal categories).

Proof. (a) Let us parametrize rational normal curve (1-5) as

Usg Ug

A frrt i Pn IP)T*M? i = ) T T 3-6
= [p1 Pnl € Pi= T G (3-6)
so that its tangential variety is given by
* U; Uj
(M) s [pre--:pa] €PT"M, p; = ot (3-7)

A — a; ()\ — ai)Q

Let £ = Efu,v] and F = F[u,v] be non-linear differential operators on the left-hand
sides of (1-6) and (1-7). The symbol of the system &€ = {FE = 0, F = 0} is given by the

matrix
_ [tx() pp) .
0= [0 ) %)

where (% (p) = ;b a‘i—}ipapb is the symbol of u-linearization of E, etc. As noted after
a

Theorem 1, E = (E;jx;) has (";2) independent components, and similarly for F' = (Fj ),
so that the matrix (¢ is of the size 2(",7) x 2. The characteristic variety is defined by
the formula

Char(€) = {[p] € PT*M : rank(ls(p)) < 2}.

From (1-6) we have

g%ijkl (p) =2 & (a; —aj)(ar — ar)

(B y 2eey
(Jk)

UiUj Uk U
This expression vanishes if we substitute p from (3:6). Similarly, all other components
Uk, (P)s U, (P); U, () O the symbolic matrix vanish, and we conclude that £ (p) = 0
modulo (3-6).

For the tangential variety (3-7), the entries of £¢(p) do not vanish identically, however,
a straightforward computation shows that independently of (ijkl) we get

A (0) + 05, (D) =0 and ALk (0) + £, () = 0,

(
and these identities characterise (3:7).
ever p satisfies (3:7), and rank(¢¢(p)) = 1 unless p belongs to the rational normal curve
(in which case we have rank(ﬁg )) = 0). Finally, for a rational normal curve of degree

Thus, all columus of ¢¢(p) are proportional when-
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n — 1, the degree of its tangential variety equals 2n — 4. This variety is known to be
generated by quartics [25].

(b) System £ = {Fyor = 0, Fiax; = 0} given by (1-6), (1-7) is involutive iff its com-
patibility conditions are identically satisfied modulo £. A long computation, which we
present in Appendix A, shows that these conditions are numerated by 5-tuples of dis-
tinct indices (12i5k) where 2 < ¢ < j < k < n. More precisely, the compatibility condi-
tions corresponding to any such 5-tuple are first-order differential operators applied to
E12ija E12jka E12ki and F12ij7 F12jk7 F12kia and involving only differentiations by variables
x' 22, 2%, 27, 2%, There are four compatibility conditions for each 5-tuple (12ijk).

Thus it suffices to check compatibility for n = 5 to conclude it for general n. Forn =5
the resolution from Appendix A becomes a short exact sequence R? Le, RO Cey R4,
where R = R|p1,...,pns] is the algebra of homogeneous polynomials on 7*M and Cg is
the compatibility operator. From this we read off the 4 compatibility conditions. A direct
verification (using symbolic computations in Maple) shows that they are satisfied. This
implies the involutivity.

(¢) By a classical result going back to Cartan the general local solution of an involutive
PDE system & depends on d arbitrary functions of m variables where the numbers d (for-
mal rank) and m (formal dimension) can be read off the Cartan characters characterising
involutivity. The result is formal, but it also holds in the analytic category due to the
Cartan-Kéhler theorem. Serre reformulated this criterion in homological terms, relating
the numbers d, m to the Hilbert function of the symbolic module. Since the characteristic
variety is the support of this module, these numbers can be read off the geometry of this
variety and the sheaf ker({g) over Char(E).

We refer to [8], Chapter 5 and [29] for a modern exposition of these results. In the case
when Char(€) is irreducible the number m is the affine dimension of this variety, while d
is its degree multiplied by the rank of the sheaf ker (Eg (p)) at generic point p € Char(£).
Since system (1-6), (1-7) is in involution and its characteristic variety has affine dimension
m = 3, degree d = 2n — 4 and the kernel sheaf of dimension 2 — rank(ﬁg (p)) =1 at any
point p € Char(€) that belongs to (3-7) with u # 0, the general solution depends on
2n — 4 arbitrary functions of 3 variables. [

Remark 1. The system £ can be represented in a simple parametric form (1 < i < j < n)

2uij—(aita;)vij -1, af—aj 2055 —(bi+bj)uij -1 by —b¥

W =ri+rj+> pslk ai_a; 2y (ij' Wi _ Si+ 8+ p_s mkﬁb;’
This system has n(n—1) equations and 4n — 6 parameters 71, ..., 7y, 81, -+, Sn, 3, - - ln—1,
ms, ..., My_1. Elimination of these parameters yields (n—2)(n—3) equations (1-6), (1-7).

3-2. Integrability of involutive GL(2,R) structures

THEOREM 3. For every mn, system (1-6), (1-7) is integrable via a dispersionless Lax
representation in parameter-dependent vector fields. Letting n — oo we obtain the corre-
sponding dispersionless integrable hierarchy.

Proof. Let us associate with equations (3-4) the following family of A-dependent vector
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fields,
A —a; 1 1 A—a; 1 1
Viik = ! — Opi J — Oyi
ik Uu; <)\ak. )\CLj) wt t u; ()\ai )\ak> v
A —ag 1 1
— Oz — SiikOh,
+ U, ()\—aj )\—ai> ot TREA
which live in the extended space M with coordinates b, ..., 2™ X These vector fields

generate a distribution V' = span(V;x) in T M of dimension n — 2. Indeed, the identities
noted in the proof of Theorem 1 for Tj; hold for Vjji, so these latter vector fields are
expressed as linear combinations of Vg for 3 < [ < n. This, in particular, implies that
modulo (1-6), (1-7) there are only n — 2 linearly independent relations (3-4).

The geometry behind system (3-4) and the distribution V is as follows. Consider a
hypersurface H in M defined explicitly as A = A(z!,...,z"). Then the distribution V is
tangential to H if and only if the function A(x!,... 2™) solves system (3-4). Thus system
(3-4) is compatible if and only if the associated distribution V' is involutive. In this
case the general solution of system (3-4) depends on 1 arbitrary function of 2 variables:
there exists a 3-parametric family of integral manifolds of V', and a generic hypersurface
H c M with Vg € TH is formed by a 2-parametric subfamily of integral manifolds of
V', whence the functional freedom.

Direct calculation based on the Frobenius theorem shows that by virtue of equations
(1-6), (1-7) the distribution V is involutive. Thus, A-dependent vector fields V;; constitute
a dispersionless Lax representation for system (1-6), (1-7). Projecting integral manifolds
of V from M to M we obtain a 3-parameter family of codimension 2 submanifolds of M.
Tangent spaces to these submanifolds are (n — 2)-dimensional osculating spaces of the
dual curve @(A). Indeed, the distribution V' is annihilated by the (pulled-back) 1-forms
w(A) and w’'(N).

Equations (1-6),(1-7) for v and v are organised in pairs, each pair involving 4 inde-
pendent variables indexed from 1 to n. As n grows, the collection of PDEs is nested
and compatible. Ultimately when n — oo we obtain the corresponding dispersionless
hierarchy. [J]

In the context of the general heavenly hierarchy, similar Lax equations appeared re-
cently in [4]. A modification of the inverse scattering transform for Lax equations in
parameter-dependent vector fields was developed in [37].

Remark 2. System (1:6),(1-7) governing general involutive GL(2,R) structures can
be viewed as a generalisation of the Veronese web hierarchy. Indeed, the Veronese web
hierarchy results upon setting v; = c%qui, where ¢; are constants and ¢ is some function.
Then the reparametrisation A — A/q identifies GL(2,R) structure (1-5) with (1-3) (up
to unessential conformal factor ¢), so that system (1-6), (1-7) reduces to equations (1-2)
of the Veronese web hierarchy. Note that reductions of the general system (1-6), (1-7) to
other examples of Sect. 2 (say, the dKP hierarchy) are far more complicated, requiring
highly transcendental nonlocal changes of the independent variables z¢ and the dependent
variables u, v. Indeed, although the coordinate planes x* = const constitute a-manifolds
for GL(2,R) structure (1-5), this is not the case for the dKP hierarchy.

Another class of (translationally non-invariant) integrable deformations of the Veronese
web hierarchy was considered recently in [32]: the corresponding Lax equations do not
however contain Jdy, and are specifically 3-dimensional.
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Remark 3. For n = 4 there exists a unique torsion-free GL(2,R) connection associated
with GL(2,R) structure (1-5). It can be parametrised as

2 2 2
i U U Uk ) i MYy , i MY g i .
I : Vi, Fjj = (ai—a,)? ¥i, Fij = Fji = Gi—a; ¢i,  T% = pis

ik = (ai—aj)(ai—ay) a;

where 4,5,k € {1,...,4} are pairwise distinct indices, and the quantities v, ¢;, p; are
yet to be determined from the following linear system with extra parameters s;,5; to be
eliminated.

Ujj k Vij k Yk 3 3 3
——— I'Y'—— = sqa,a;+s1(a;+a;)+so, —» TI'j.—— = 52b;b;+51(bi+b;)+50.
uiu; _ ”Uiuj 28445 1( i J) 0 viv; zk: ”Ui’Uj 2YiY5 1( i J) 0
This system contains 20 linear equations for the 18 unknowns v;, ¢4, ps, 55, 5;. These
equations are consistent modulo (1-6), (1-7), and lead to a unique torsion-free GL(2,R)

connection.

3-3. Counting a-manifolds

The disperionless Lax representation provides a two-parametric family of a-manifolds.
The totality of all a-manifolds is bigger.

PROPOSITION 1. For an involutive GL(2,R) structure, its local a-manifolds are para-
metrised by 1 function of 1 variable.

Proof. Let us invoke a relation with ordinary differential equations having all Wiinschmann
invariants zero, see [33] for details (recall that all involutive structures arise on solu-
tion spaces of such ODEs). An ODE & of order n is given by a submanifold z, =
F(t,20,71,...,Tn_1) in the jet-space J" = R"*2(¢,z,...,2,), and & is diffeomorphic
(via the jet-projection) to the jet-space J"~!. The solution space M™ is identified with
the space of integral curves of the field Xgp = 0y + 2100+ -+ 10,2+ FOp_1, where
0; = 0y, and F = F(t,x0,21,...,Tp_1).

Denote by 7 : J*~! — M = J"~! /X the projection (since the construction is local,
this quotient exists, and is non-singular), and let D,,_; = (01, ...,0,—1) be the vertical
distribution in J"~! with respect to the projection of J"~1 to J° = R?(¢,x¢). The family
of hyperplanes 7, D,,_1 C TM parametrised by the coordinate A = ¢ along integral
curves of Xp coincides with a-hyperplanes of a GL(2,R) structure on M provided the
Wiinschmann invariants vanish.

Thus e-manifolds are projections of integral manifolds of (maximal possible) dimension
n — 1 for the (non-holonomic) distribution

Dn = 7T;17T*(Dn_1) = <XF7817. .. ,8n_1) = <8t +$180,81, .. .,6n_1>.

This distribution has rank n and possesses a sub-distribution of Cauchy characteristics
of rank n — 2 given by Ch(D,,) = (0s,...,0,—1). Consequently, integral manifolds of
D,, are foliated by the Cauchy characteristics, and therefore coincide with vertical lifts of
Legendrian curves of the standard contact structure on the quotient J! = J"~1/Ch(D,,).

Note that generic Legendrian curves in J! = R3(t, 29, ;) are uniquely determined by
their projection to the plane J° = R?(¢, 2¢); the curves whose projections degenerate to
a point correspond to the standard two-parameter family of a-manifolds. Since curves in
the plane are parametrised by 1 function of 1 variable, the claim follows. []

Remark 4. By a theorem of Sophus Lie a system of PDEs with the general solution
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depending on 1 function of 1 variable is solvable via ODEs [36, 31]. Thus a-manifolds
of any involutive GL(2,R) structure can be found as solutions to a system of ODEs.

The eikonal system X¢ is defined by the characteristic variety of a system £ over M
(on a background solution u) as follows: a hypersurface N = {S = 0} C M is a solution
of ¥¢ if Ann(T,N) € Char,(€)(x). For example, if £ is the dKP equation we get from
the first equation of (2-2) that X¢ is S,S; — S2 — u,S2 = 0.

In the case of GL(2,R) structure over n-dimensional manifold M the eikonal system is
locally given by (n—2) PDEs of the first order. These equations are compatible and hence
have solutions given by 1 function of 2 variables. In fact, {S = const} gives a foliation
of M by a-surfaces, i.e., a curve in the space of a-surfaces. This directly corresponds to
the count of Proposition 1.

3-4. Equivalent definitions of involutivity

PROPOSITION 2. For a GL(2,R) structure, the definitions of involutivity in the sense
of Bryant [7] and a-integrability in the sense of Krynski [33] are equivalent.

Proof. Consider a manifold M", the associated contact manifold PT* M of dimension
2n—1 with the contact distribution Cj;, and a submanifold Z C PT* M of dimension n+1
that corresponds to a GL(2,R) structure on M. We have dim(T'Z N Cys) = n. Since the
projection 7 : PT*M — M is surjective on Z, the intersection Z, = ZNn~!(z) Cc PT: M
is a curve (rational normal curve) for each x € M. For p € Z, we have d,7(TZNCy) =
pt CTuM, pt ~TZNCr/Tp2s.

Denote the contact form by w. Then Z is involutive in the sense of [7] if wA (dw)?|z = 0
& (dw|rzney)? = 0 (and dw|rznc,, # 0 for dimensional reasons), whence for the sub-
bundle ITy; = Ker(dw|rznc,,) we have rank ITp; = n—2. The local quotient (Sps, Das) =
(Z,TZ N Cp)/Uy is a 3-dimensional contact manifold. Denoting the projection by
p : Z — Sy, the corresponding a-manifolds can be represented in the form p~!(L)
where L C S) is a Legendrian curve with respect to Dy (compare with the proof of
Proposition 1 from Section 3-3).

Conversely, if for every € M, p € Z, there exists an a-manifold tangent to pt C
T, M, then the restriction of the canonical conformally symplectic form [dw] to TZNCypy
has rank 2, so that a-integrability implies involutivity in the sense of [7]. [

4. Concluding remarks

We conclude with two general comments.

1. It was demonstrated that involutive GL(2,R) structures in 4D or, equivalently, torsion-
free affine connections with the irreducible GL(2,R) holonomy, are governed by a disper-
sionless integrable system. It would be interesting to understand which special holonomies
lead to nonlinear PDEs that are either explicitly solvable/linearisable, or belong to the
class of integrable systems.

2. Interesting generalisations of involutive GL(2,R) structures arise in the context of

integrable hierarchies whose characteristic varieties are elliptic curves. For instance, the

first two equations of the dispersionless Pfaff-Toda hierarchy [44] have the form (see [2])
echFwt = eryFy27

F,; = 2efeetFuy sinh(2F,,).
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Here F is a function on the 4-dimensional manifold M with coordinates x,y,t,z. The
characteristic variety of this system is a complete intersection of two quadrics in P3:

emepa:pt + emeFa:tpi — erypypz + eryFyZp?/’
p-pi = e (2 (p, 4 py)? — e (p, — py)?).

This specifies a field of elliptic curves in the projectivised cotangent bundle PT™* M, recall
that the genus g of a nonsingular complete intersection of two nonsingular surfaces of
degrees d, e in P? equals g = $de(d+e—4) + 1, see e.g. [24], Chapter 2, exercise 8.4 (g).
For d = e = 2 this gives g = 1. The geometry of such structures is yet unclear, primarily
due to the lack of a naturally adapted connection (analogous to GL(2,R) connection)
compatible with the above family of elliptic curves in the spirit of (1-4) (indeed, any such
connection would automatically preserve all scalar differential invariants of the curves,
however, their j-invariants are non-constant).

Appendiz A. Compatibility conditions via free resolutions

In this section we explain how techniques from commutative algebra can be used to
effectively compute compatibility conditions of overdetermined systems of PDEs. Then
we apply this to our overdetermined system (1-6)-(1-7) encoding involutive GL(2,R)
structures.

We refer to [29, 30] for details on this approach to involutivity of overdetermined sys-
tems of PDEs, and for a background on jet machinery in the formal theory of differential
equations.

A-1. Projective resolutions and linear differential operators

Let us first consider the case of a linear system & of PDEs given by a k-th order
differential operator A : I'(m) — I'(v) on sections of vector bundles 7, v over M. Such
an operator corresponds to a morphism of vector bundles ka . Jkr — v with jet-
prolongations ka—H . JFtir — J'w. Then iy = Ker(d),ﬁ_i) for i > 0 and § = J'x
for 0 <1 < k. The bundle £ is the projective limit of &, with respect to projections
Mg, Eip1 — &

The dual bundle £* = {&;} allows to characterise involutivity as follows: the system & is
compatible (involutive) iff T'(£}) are projective C°°(M)-modules and 77, ; are injective.
Compatibility complex is related to projective resolution of the module I'(£Z%), but it is
more convenient to construct this at the symbolic level.

At a point « € M the symbol sequence of & is g, = Ker(dmy k-1 : ToEx — Tu€i—1) C
SET*M @ m. The dual (over R) sequence determines the module Mg = &g;: over the al-
gebra R = ST = ®%°,S'T,, M of homogeneous polynomials on T M, called the symbolic
module of £.

Since localisation of a projective module is free, we can construct a minimal free reso-
lution of this module, where o is the symbol of A, the dual of which defines relations
among the generators of Mg, and ¢* is the first syzygy (we use x for further convenience):

R L Rov AR — Me — 0. (A1)
Applying to this the functor * = Homg(-, R) we get the following exact sequence

05 g ST er 28 ST 9v -2 ST* @ w — . ..
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from which we obtain the compatibility condition for & = {A = 0} as follows. Let
U € Diff (v, @) be a differential operator with the symbol ¢ at x. Then the compatibility
isWo A‘g =0.

More specifically, if the operator A has order k and ¥ has order m (we consider the
simplest case when we have only one order), then ¥ o A has order < k +m — 1 and it
should be in the differential ideal of £, so that ¥ o A = = o A for a differential operator
= of order < m. Modification ¥ — ¥’ = ¥ — = does not change the symbol and we get
what is called the differential syzygy:

¥ oA =0. (A2)

This is how algebraic syzygy determines compatibility conditions in the linear case.

For nonlinear equations, apply the linearisation operator on a solution instead of A.
Its symbol again leads to a syzygy, from which we deduce compatibility operators; in this
case however WU is an operator in total derivatives. Differential syzygy (A 2), considered as
a differential corollary of £, yields the complete compatibility condition for this system.

A-2. Application to involutive GL(2,R) structures

Let us indicate how to construct the syzygy ¢ corresponding to system (1-6)-(1-7). In
this case the order of the system is £ = 2 and the order of the syzygy will be m = 1.
Recall that at fixed point x € M we denote

R=R[pi,...,pn] = STuM = & ST, M
k=0
the algebra of homogeneous polynomials on Ty M. Denote also R? = R @ R9.
The symbol £¢ of the nonlinear vector-operator defining £ is given by matrix (3-8),
and in new coordinates & = £ on T;* M it has components

Us

05,0 (6) =2 & (ai —aj)(ax — ar) (&5 + &),

(3k1)
U, (§) = — (;‘%)(ai — a;)(ar — ar) ((a; + a;)&&5 + (ar + a)ér),
" _ (ai —aj)(ak —a) . .,
Fijri (5) - (]%l) aizljakal ((az + a])ngj + (ak + al)gkgl)a
v _ Ca an — an (S8 SkSL
(€)= 2 6 (0= ag)(an —an) (2L + ),

n—2
in the basis e, e, of R? and basis eg, ,,, €r,,,, of Rr2(" >, where due to relations (3:5)
we restrict to indices i = 1,5 = 2, 2 < k < [ < n. This means that the homomorphism

le maps f(§)eu to f(§) Zk<l(€%12kl (5)6E12kl + E%mkz (g)ekaz) and similarly for h(¢)e,.
Now we resolve (g by a homomorphism C = Ce. For w = 3,/ (WE,3,,€E12:; T WFy2,;€Frai;)
the image C(£)(w) has the following components (2 < i < j < k < n):

Cly = (%)((@ —ap)é1 + (ar — a1)&e + (a1 — a2)&k) W,
ij

CngIk = (Gk) {((al —az)(az — ag)ar&y + (a2 — a1)(ar — ag)azfs
ij

+ (a2 — ap)?ay + (a1 — ax)?a2)&)wp,,,; + 2a1020,a5(ar — ax)(az — ar)ékwr,, |,
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CzIJIkI — GL) [2((11 — ak)(ag — ak)fkwElzij =+ ((a1 — ag)(ag — ak)a1§1

+ (a2 = 1)1 — an)azgz + (a2 — a)?ar + (@1 — ax)2a2)6) asaz s, |

Cllj‘g = (%)((GQ - ak)a%fl + ((lk — al)agﬁg + (a1 - ag)aifk)aiajwplw.
ij

One verifies that with these homomorphisms the following sequence is exact:

n—2
2

R2 Lo, R2("27) Loy Ra(M5Y). (A3)

In other words, Cg is the first syzygy for the module M% = Ker(¢¢) = Homg (Mg, R).
Therefore, the differential syzygies (A 2) for £ given by system (1-6)-(1-7) are enumerated
by 5 different indices (12ijk), 2 < ¢ < j < k < n. Consequently to verify compatibility
conditions for each of these 5-tuples one can work in the corresponding 5-dimensional
space, and this justifies the key argument used in the proof of part (b) of Theorem 2.

A-3. Constructing the minimal free resolution

The higher syzygies resolve the dual M% of the symbolic module as follows. Let us
recall a construction from the commutative algebra adapted to our situation. For a ho-
momorphism ¢ : R"2 — R? the following sequence is known as the Eagon-Northcott
complex [15, Appendix A2] (all tensor products are over R, and * is the dualisation over
R)

o PR AR D PR @ MR D R @ APRY? D PR S R,

Here € = A2y and the differential 9 is the following composition, in which § is the Spencer
differential and % is the Hodge dual via a volume form:

GIHLR*2 o Ad+H3RN—2 8% gdps2 o p*2 o An—d—5px(n—2) 18y ®1

GAR*2 ®R*(n72) ® An—d—5x(n—2) @
SIR*2 g An—d—4R*(n—2) % SIR*2 @ NIH2RP—2,

The Eagon-Northcott complex is exact when the Fitting ideal (), obtained by taking
all 2 x 2 determinants of the matrix of ¢, contains a regular sequence of length (n — 3).

For the system £ that we study the map fg¢ can be split. Indeed, one easily checks that
g (ey) and Le(e,) in sequence (A 3) generate two complementary submodules A2°R"~2 C
R2("2"). Therefore this splitting generates two copies of the x-dual Eagon-Northcott
complex (in particular C% is the doubling of the first differential 0) implying the following
resolution of the x-dual symbolic module, i.e. dualisation of (A1) over R for £ given by
system (1-6)-(1-7) is

0= MF - R? 15 R2@ APR"2 5,
R2oR?0 APR"? L5 SPRP QR @ AR 2 5 ...
The Fitting condition mentioned above follows from the fact that the zero set of I(¢¢) is
the tangential variety to the rational normal curve (see the initial steps of the proof of
Theorem 2) that has codimension n — 3.

The claim that only 5-tuples of distinct indices enter the compatibility conditions
can be visualised in terms of the above complex as follows: the factor A3R™~2 in the
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space of compatibility conditions refers to triples of indices (ijk) that yield the equations
Elgij,Elgjk,Elgki and F12ij7F12jk:7F12ki- For each such 5—tuple (12’&]/{) the number of
compatibility conditions is four, which equals the rank of the factor R*? ® R2.

It is not surprising that the Eagon-Northcott complex arises in our study since it is
used to show that the ideal of a rational normal curve is Cohen-Macaulay [15, A2.19].

Appendiz B. Canonical connections for integrable PDEs

In this section we calculate Christoffel’s symbols of the canonical connections associated
with 4D examples of Section 2. This provides explicit formulae for involutive GL(2,R)
structures and the associated connections parametrised by solutions of dispersionless
integrable systems (exact solutions can be constructed by the method of hydrodynamic
reductions [16]).

In all cases, totally geodesic a-manifolds are projections of integral manifolds of com-
muting vector fields from the dispersionless Lax representation. These computations to-
gether with the corresponding higher-dimensional counterparts (5D etc, not included
here) were performed in Maple’s DIFFERENTIALGEOMETRY package, arXiv:1607.01966v2.

Note that in the 4D cases considered here the normal connections coincide with totally
geodesic ones; in higher dimensions the totally geodesic connection does not exist for
dKP and Adler-Shabat hierarchies (the normal connection exists), while for the universal
hierarchy it exists and coincides with the normal connection.

B-1. Connections associated with the dKP hierarchy

We use the notation (x!, 22,23, 2*) = (z,y,t,2), note that F;k + Fﬁcj in general. Not

listed Christoffel symbols are zero (unless the connection is torsion-free, in which case
F}k = ﬁj)
Torsion-free GL(2,R) connection is given by

Iis =, Dy = g, Ty = 2un, Ty = %Uu, I3 =1z, 35 = %Un,
L3y = %uzz - %ulg, %, =2up, I3, = %U117 le))g — %um _ %u227
T35 = 2wz, T35 = guar, Tay = 2uzs — wag + Fuguny, I3y = Furg — guas,
I3, = 3up, I3, = %UM, Il = usgs + %Ulﬂgg - %Uluw — 2uau1a,
T2, = dugs — 2urs + 6uguy, Ty = Bugg — Tugy, Ty = duys.

Normal (totally geodesic) GL(2,R) connection with trace-free torsion is given

by
F%S = Uu1i, F%4 = U2, F?4 = 2u11, F%Q = U11, F%3 = U2, F%?) = 2u11,
F%4 = 2u22 — Uu13, 1—‘34 = 2U12, ].—‘34 = 3’11,11, ].—‘21,)1 = —%un, FéQ = U12,
F§2 = %un, F:lig = 2u22 — Uu13, F%g = 2’LL12, Fg3 = %un, 1_%4 = 4U22 — 2u13,
Fézl = 2u23 — U4 — QUQUH, Fg4 = ?)U12, F§4 = %uu, lell = U2, F4211 = —3U11,
F}LQ = 4U13 — 3’[1,22, FZQ = 2U12, FiZ = 7211,11, F}lS = 2U23 — U4 -+ 3U2U11,
I35 = 3uig — uso, Ty = 3uta, Iy = —u1, Tiy = 3uzs — ururz — 2usa,

2 3 4
Iy, = dusz — 2u14 + ugurr, Iy = 2u13 + uoe, I'yy = 4uo.
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Totally geodesic projective connection is given by

F13 = *21&11, F14 = —Ui2, Fﬁ = *%Un, F%Q = U11, F%g = U12, 1“33 = %Un,
Iy, = §u1u11 + ugo, T, = %Un, D3y = uga — urugs, I35 = 2upo,
T}, = us — 2uiuie — %U2U11, I3, = 1U1U11 + 2ug0, T3, = uya,
FZM = 2’LL33 — U1U22 — U2U12 — U24, F44 = 2U14 — 4U1U12 — 3U2U11, F44 = 3U13 — Ui1U11.
B-2. Connections associated with the universal hierarchy
We again use the notation (z', 22,23, 2) = (x,y,1, 2), note that T}, # T} in general,
Not listed Christoffel symbols are zero (unless the connection is torsion-free, in which
case Fék = §W)

Torsion-free GL(2,R) connection is given by

I =—2uy, IF) = —2wui —wa, T3 = —2uyy,
F11 = —5(21& +uz)uin — uruis — U3, F31 = —%U1u11 — U12,
Iy = —3uia, I3, = —guir, Iy = suiuis — Suguiy — ws,
I3y = —2ujusy — fuia, T3y = —Zu,
F12 = 7(u% - 7u2)u12 - %(7U1U2 + 3U3)U11 — U114,
I3y = furuiz — Jupuiy — wrs, Ty = —Furuin — Suia,
F?g = %(U% —+ 4’LL2)U12 — %u;;uu — U14, Fgg‘ = *%(’UJ% -+ 4U2)U11 — Uus,
I35 = —2ujuyy — Sy, Ty = —uny,
1—‘13 = *(Ui’ + dugug)urz — %(u%l@ + Suyug + 4uF)uin — uyung — %Usuu — U24,
I35 = 2 (uf + dug)urs — Zugury — ura, Tgy = —§(2uf + Tug)uir — Furuiz — g,
F43 = %uluu — gulg, F14 = é(u‘f + 5u§uz + 6uqusg + 4u§)u12 — U U4

1/,.3 2 2 2
—g(ujug +ujuz + duguy + 12uguz)ury — (uy + ug)ury — usg,

1 3 1 2 2
F24 = §(u1 + duqug + 9’U3)U12 — §(U1UQ — 3uqusg + 4u2)u11 — U1U14 — U24,

1 8 4 _ 4,2 4
I‘3,4 = —gUilg2 — guiu13 + U2U12 ug3, I'yy = —plUrlil — zUIUL2 — U22.

Normal (totally geodesic) GL(2,R) connection with trace-free torsion is given

by
F% = Fg1 = F§1 = —ur, F% = F§1 = —U1U11 — U2,
Fll = u%un —U1U12 — U2UL] — U3, F12 = F22 = F32 = F42 = %uu,
F12 = F22 = F§2 = —u, F12 = F22 = —U2U11 — U13,
Fu = —U1U2U11 — U2U12 — U3UIL — Ul4,
[y =T3=T3 =Tl = ;IJ,U1U11 - §u12, 2, =T3, =T4; = —uys,
1—‘13 = Fzs = —U3Ui1 — U4, F13 = —U1U3UI1] — UTUI4 — U2U13 — U33,
F14 = I‘24 = F34 = F44 = *%U%Uu - %Ululz - %U2u11 — u1s,
F14 = 1ﬂ24 = F34 = —Ug, F§4 = F34 = —U1U14 — U24,
I‘14 = U%UM — UpU24 — UUT4 — U34,

note that Ff Ffﬁf ;» as long as the indices are in the range.
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Totally geodesic projective connection is given by

F%2 = F%g = F§4 = —%un, F%g = —%ulun, F%4 = —%U%Ull — %Ululg - %’L@Ull,
Tﬂ = —%Ulull - %Umv F%z = —u12, Fés = —%Uzuu — Uu1s,
F§4 = *%uﬂl?ull - %U2U12 - %Ugull — U14, F§4 = —%u2u117
F§4 = _%“127 F§,3 = —U3U11l — U4, F§3 = —u13, F§3 = Uj2,
Fz_};4 = —%UWSUU —UTU14 — U24 — %U3U12, 1'%4 = —%ugull — U4,
F§4 = %Um, F4114 = _U?U14 — UL1U24 — U2UI4 — U34,
Fi4 = —U1U14 — U24, Fi4 = —U14, I‘i4 = u13.

B-3. Connections associated with Adler-Shabat triples

In what follows, i, j, k are pairwise distinct indices taking values 2, 3, 4.

Torsion-free GL(2,R) connection is given by (no summation unless specified):

I'ty = 2(3R4— R,) — %Zoijkum I} = 2 (ki + Yejuir) — 5 Re,

i1
11 = g (wi — ) (i — ) (i (s — 4uig) + v (wen — duin)),
_ 19k 19k
1i = —3Ra — Ui + 5%(%]‘ — uij) + §sz (urk — i) + § (uig + uir),
1y
I = 57 “(uis — duij + duj, — ), Uiy = —§Ry, Uiy = —§ Ry,
Vkj
A oisn+ 2 2 -
Ti; = —gRe + =5 (Vkuyj + Yejunr) + 5 (’ij — Vij + Vik — M)(Uz; — Uik),
9 9 Yik
, . I
= —?”%; (wis — dugy + dugp, — ugr), T = ﬁ(uu — g, + duj, — uy5),

5 = =375 Ra — 5 (vin = 49i) (ujs + wir) + § (v + 5%i3) (wen + i),

where
1 i i Ui — U Uj — Uy
%‘jziaaz‘jkzﬂ-i-,ﬁ: - By Z,
Ui — Uy Yik Vi Wi —Uj o U — Uk
Rq= Z(%‘j + Yik)u1i, Re = Z('Yij + ik )uii, Ry = Z'Yij')/ikuii-
i#1 i#1 i#1

Normal (totally geodesic) GL(2,R) connection with trace-free torsion is given

by
1w — g Uiy — Ukk
Fl :lQR —R ,F1‘2R7F1:—7< (X2 ]]_|_ 1% ] 5R>,
11 3( b a), T ¢ Ll 3\ w; —uy W — Up T ol
) , U; — Uk U; — U
lei = 2uy; — %(Ra + Rb), Fil = —Uy + ﬁuij + ﬁuika

; i Ry —uy — 2uy
i _ 1l i At i1 ik
ry, =Ty + R, Fij -
(17 —Uj
2uii + Uy — Buij — Uik + Uik Uig — Ukk
b
3(u; — uy) 3(u; — ug)

J o
T =
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where

Ro = ugp + uzz + ugs, Ry = Uz + Uog + Usa,
UoUs4 U3U24 U4U23

(uz —us)(uz —us)  (uz —u2)(uz —us)  (ug —u2)(ug —us)

R, =

Totally geodesic projective connection is given by

2uij — Ui; — ujj

i 1 i
.= ——u--, F = ;
R A
recall that Fé- b= Zj, all other Christoffel symbols are zero.
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