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HARDY-TYPE INEQUALITIES OVER BALLS IN RY FOR SOME
BILINEAR AND ITERATED OPERATORS

PANKAJ JAIN, SAIKAT KANJILAL AND LARS-ERIK PERSSON

ABSTRACT. Some new multidimensional Hardy-type inequalites are proved
and discussed. The cases with bilinear and iterated operators are considered
and some equivalence theorems are proved.

1. INTRODUCTION

The one-dimensional weighted Hardy inequality

(/OOC (HF(x))qW(:c) dx)é <C (/OOO FP(x) V(x) dx)’l’ , F>0  (1.1)

where HF(x) := / F(t)dt is the Hardy operator, is characterized for various

choices of indices p a(;ld g. A fairly complete description both of the prehistory (until
Hardy [4] proved the first result in 1925), the fascinating continued development
and current status can be found in the books [9], [T1], [12], [14] and the references
therein.

In this paper, we shall continue to study a variant of Hardy-type inequalities,
which was not discussed in the books above and we do so even in a multidimensioanl
setting. First we mention that Cafestro et al. [I] considered the weighted bilinear
Hardy operator

Hy(F,G)(x) := HF(z) - HG(x) (1.2)
and characterized the corresponding inequality
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([ (o) we) <o ([ i) ’

x </000Gp2( ) Va(z )d:c)p12, F.G>0
(1.3)

for various combinations of the indices p1, p2, q. Recently, a simpler proof was given
by Krepela [I0] who made use of the information about one-dimensional inequality

(L.1)) iteratively.
The N-dimensional analogue over balls of the operator (1.2)) is given by

N xT) = N XT) - N X)) = .
HY (f,g)(x) = BN f(x) - HN g(x) /B o 0 /B L

Very recently in [2], the authors studied the N-dimensional version of the inequality

, i.e.,
L 1

[Hév(ﬁg)(x)]qw(x) dx llz <C P (z)vy(z) do 7y
U ) =e (/s )y
‘ (/]RN g7 (x)v2(w) d$>m (1.4)

and obtained its weight characterization for several choices of indices p1,ps and gq.
The authors followed the strategy of Krepela [10] by using iteratively the informa-
tion about the inequality

(/RN [ f@)] w(a) dx); <c ( [ @) dx) “ (15)

which is already well known in the literature, see, e.g., [3] and [16]. In this strategy,
depending upon the relationship among the indices py,p2 and ¢, different proofs
are required.

One of the main aims of the present paper is to reinvestigate in a more direct
way. For a complete description of standard Hardy-type inequalities in this case,
see Chapter 3 of the recent book [12] and the references therein. In particular, in
Section 2, we show that the N-dimensional inequality is equivalent to the one-
dimensional inequality regardless of the relationship among the indices p1, p2, q
(see Theorem 2.1). Moreover, in Section 3, we then use the weight characterization
of . ) and obtain the correspondmg characterlzatlon of . We also remark
that a similar equivalence between and ([1.5)) was proved in [16].

We will point out that the equ1valence of (1.3 1 3) and ( . ) also holds if the Hardy
operators Hy and HJ are replaced by the corresponding Hardy-Steklov operators.
We recall that the standard one-dimensional Hardy-Steklov operator is given by

(z)
SF(z) = / Ft) dt,
a(z)

where a and b are strictly increasing differentiable functions on [0, o0] satisfying
a(0) = b(0) = 0; a(x) < b(x) for 0 < x < oo and a(o0) = b(co). The LP — L9
boundedness of S has been proved in [5] while the corresponding compactness was
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proved in [6]. Our corresponding main results are presented as Theorem 2.2 and
Theorem 3.2.

Moreover, in this paper, certain N-dimensional iterated Hardy type operators
are studied and one of them T¥ is defined as follows:

TV f(2) 1= 2)dz | w(y)d ". 1.6
/() (/RN\B(W (/B o 1) ) () y> (16)

We show that the inequality

( /RN (1Y7@)) utz) da:)i <C ( [ @) dx> ’ (1.7)

can be proved for any N € Z, by just proving the corresponding one-dimensional
result for 7= T'. More exactly, we prove that the inequalities (1.7) and

(/OOO (TF(SE))TU(SE) dx>i <C (/OOO FP(2) V(x) d:c) " (1.8)
TF(z) = (/:O (/OyF(z) dz)qW(y) dy)é.

are equivalent. We remark that the inequality has been investigated in [15].
Moreover, in Section 4, we state this equivalence result not only for the operator
TV but also for three other iterated operators (see Theorem 4.1).

In order to avoid confusion and ambiguity, let us agree on some notations. All
the functions in this paper are measurable and non-negative. The symbols F' and G
are used for one-dimensional functions while f and g are used for functions defined
on RY. One-dimensional weights are denoted by the symbols W, U, V, Vi and V,
and the corresponding weights in RY are denoted by w, u, v, v; and vs, respectively.
We do not use separate symbols for arguments of one-dimensional functions and
higher dimensional functions since it will be clear from the context, e.g., in F(z),
z € (0,00) and in f(z), z € RN,

where

2. EQUIVALENCE THEOREMS CONCERNING HARDY-TYPE INEQUALITIES FOR
BILINEAR OPERATORS

A crucial point in the proofs in this paper is to use polar coordinates, i.e., for
r € RN, we write z = t7, where t € (0,00) and 7 € ¥, the surface of the unit ball
in RV,

The first main result of this section is the following:

Theorem 2.1. Let 0 < g < 00, 1 < p1,p2 < 00 and w,vy,ve are weight functions
defined on RN . The inequality (1.4) holds for all f,g > 0 if and only if the inequality
(1.3) holds for all F,G > 0 with

W (t) ::/E w(tr)tN " dr, (2.1)

, 1—ps
Vi(t) := (/ v P (tr) tNldT) ,i=1,2, t>0, T €XN. (2.2)
XN

Moreover, the constant C in (1.3) and (1.4) is the same.
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Proof. Let us first assume that the inequality (1.3)) holds. For fixed f and g, we
define

F(t) = . fr)ytNtdr,

G(t) ::/Z g(tr)tN=tdr.

By using Hoélder’s inequality, we get that

F(t) = ( g f(tr) v, e (t7) tN_ldT>

/ fPr(tr) vy (tr) tNV 1 dT) " </ vy P (tr)tN - 1d7')
EN EN

B

=(
= ( /Z ) ) e dr) " (v )"1“ B
- ( [y tN—ldT)“ (i) ™ (23
Similarly,
G(t) < ( / e ol dr) . (1a(0) ™. (24)

By changing to polar coordinates © = s7, y = s10, z = S27, 8,851,852 > 0, 7,0, €

Yy and using the inequalities (L.3), and (2.4), we obtain that
([, [ 0.a@] vt )
RN
q q 3
- ( / ( [ fw czy> ( e dz) w(z) d:c)
RN B(0,|z) B(0,|=l)
{/ / (/ f(s10)s 1d0dsl)q
SN SN
(/ / g(soy) syt dy d32> ' w(st) sV tdr ds}q
XN
q s q %
s1)ds G ds Wi(s)d
< (51) 1) </0 (s2) 2) (s) 5>

oo 1
q

Ha(F, G)( )}qW(s) ds)

b | |
(/Ooo PP (s)Vi(s) ds>“ (/OOO sz(s)vz(s)ds)”
( am) () N ds) " ( /0 h /E (e valir) Ve ds) g

-
(

IN

<C
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1

—C ( /R @) dz) g ( /1R 9P (@) dz) )

which means that (1.4]) holds.
Conversely, assume that the inequality (L.4)) holds. For fixed F' and G, we set

1

flto) = F(tyn " (o) (Vi)™

1
1

9(t7) = Gty () (1) ™

where t > 0, 0,7 € X . This gives that

F(t) = f(to) tN "t do,
XN

G(t) = / o(t7) N dy.

Therefore, by using the inequality (1.4]), we get

([ [mreo]wea)
L (o) ([
AL ([ Lasan)
([ o) o]
AL ([ o)
([ o) i)

/R ) ( /B W dy)q ( /B oy 90 dz)qw(m d:c);

1

/RN (Hév(ﬁg)(af))qw(a:) dg;) ’
( P (z) v1(z) d:17>pl1 </]RN 9 () v () dz>p12

o[ o)

([T wn s [ e (i)

} dr ds) g
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1
2

x ( I [ aalon) s [ o (VQ <3>) p:a} N dS)P
o[ (] ) )

([l e oy
—o ([ () () )

x (/Omam(s)(vxs)) e (V2( e 1d8>;
—o([Trmevie ) ([Teme e s)”

which means that (1.3)) holds and so the proof is complete. O

Next, we consider the bilinear Hardy-Steklov operator
b1 () b ()
So(F.G)(x) = / Ft) dt / Gt dt, (2.5)
a1 () az(x)

where a; and b; are the functions as the functions a and b for the operator S defined
in Section 1. For the operator Ss, the inequality

152(F, G)llzg, < ClIEl Ly IGllzez (2.6)

has been characterized for various choices of the indices p1,p2,q in [7], [§]. Here,
we consider the N-dimensional analogue over the balls of the operator (2.5 given
by

SN (f.9)(x) = / F(y) dy / o(=)dz, 2,4,z € RY
a1 (|z])<|yl<bi(|z]) az(|z])<|z|<b2(|z|)

and thereby consider the inequality

1
2

x ( /]R g @) dx>p . (2.7)

Theorem 2.2. Let 0 < g < 00, 1 < p1,p2 < 00 and w,vy,ve are weight functions
defined on RN . The inequality holds for all f,g > 0 if and only if the inequality
holds for all F,G > 0 with W, V1, V5 as given by and , respectively.
Also the constant C' in and is the same.

Our equivalence result for this case reads:

Proof. The proof is completely similar to that of Theorem 2.1. Hence, we leave out
the details. (]
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3. WEIGHT CHARACTERIZATIONS OF SOME MULTIDIMENSIONAL HARDY-TYPE

INEQUALITIES

In this section, we give the precise weight characterizations of the inequalities
(1.4) and (2.7) for a great variety of parameters ¢, p; and ps. Let us recall the

following result proved in [1], [10]:

Theorem A. Let 0 < g < 00, 1 < p1,p2 < 00. The inequality (L1.3)) holds for all

F.G >0 if and only if

(i) for 1 < max(p1,p2) < q < o0,

Biim suwp ( / Wy dy) ( / Vf‘p%y)dy)“ ( / v;‘p2<y>dy)”
0<z<oo 0 0

(ii) for 1 <p1 < q<pa <00, = =7 — o,

B = sup (/ ‘/11 pl dy) Py
0<z<oo

(iii) for 1 <ps <q<pi <oo, - =1 — -,

B3 := sup Vo 2 (y)dy W(z)dz
0<z<oo 0 T Y

(iv) for 0 < ¢ < min(py,p2) < oo, min(py,p2) > 1, % <L 4L gnd

i=1,2,

By:= sup (/ Vi pl dy) / ( W(z)dz)
O<x<oo x y

and

B = sup (/ ‘/21 p2 )
0<z<oo

U
N
&\8
N

S—
8
O
IsW
)
~—
Q ‘,_

o

|~

< 00,

< 00,

Q=
=

< o0,
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(v)f0r0<q<min(p1,p2)<oo,min(p1,p2)>1,§>p%—|—p%,%:%—p%—p%
and L =1 L j=172,
i T4 P
\ &
& Yoo Fa 1 2
Bg = / / (/ W(z ) </V2 p"’(z)dz) Vy P2 (y) dy
0
- & *
1—p} "2 yi-p
x(/ Vi ()dy) Vi (x)dx} < 00,
0
and

1 1

By = /OOO </j </y°o W () dz) ’ </Oy V() dz) TRy dy>
x </: VP2 () dz> g VP2 () dx} < 0.

Concerning the inequality (1.4)), our main result reads:

==

Theorem 3.1. Let 0 < g < 00, 1 < p1,p2 < 00 and w,v1,ve are weight functions
defined on RN, N € Z . The inequality (1.4) holds for all f,g > 0 if and only if
(ii) for 1 <p1 < qg<p2 <00, — =

/ vy P2 (x)dx < 00,
x| <er
1
7z g p2’
1-p} 71 ”
BY := sup / v, "N (x)dw / / w(z) d
0<a<oo \ J|z|<a lylZa \ /==yl

(i) for 1 < max(p1,p2) < g < o0,

1
BY .= sup (/ w(zx) dx)
0<a<oo |z|>a

1

Q|
/-
—

AN
Q
<
==
5.
&
IS
8

(iii) for 1 <ps <q<pi <oo, - =1 — -,
1

/ P2 "
BY = sup / vé_pz(x)dx / / w(z) dx
0<a<oo \ J|z|<a lylZza \/]z|>]y]
X (/ x) daz) w(y) dy < 00,
Ifr\<\y|

11 1_ 1
(w)lfo2r0<q<m1n(p1,p2) < 00, min(py,pe) > 1, + g Sortp, and o= 10— o
1= b )

BY := sup (/ Ui_pi(z) dx) / (/ w(x) dx)
0<a<oo \ J|z|<a lyl>a \/]z|>|y]
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= 72
, q
X (/ v;_p"‘(x) dm) v; p2(y) dy < 00,
|| <yl

and

1

BY .= sup (/ v;_p{“(x) dx) / (/ w(x) dx)
0<a<oo \ J|z|<a ly|>a \/|z|>]y|

X (/ v}ﬂA (z) da:) vzllfpll (y) dy < 0.
lz]<[y]

: : 1 1 1 1 1 1 1
(’U) f0r0<q<m1n(p1,p2) < 00, mln(pl,pg) > 1, 7 > E+E’ T4 e
and% %—;,1—12

ry r2

Bév :: /]RN /y|>|x </z>|y|w(2) dz) | </z<|ylvé_p/2(2) dZ) q, U;_pé(y) dy

’ E ’
X (/ v%_pl (2) dz) Ui_pl (r)dzr | < oo,
[z <[]

>
=

and

By = /RN /y|z|rc </zz|y|w<z)dz> | </zs|y|vipll(z)dz> W

X (/ v;_pé(z) dz) v;_plz ()dz | < oo.
[z <[]

Proof. In view of our equivalence Theorem [2.1] it is sufficient to show that the
conditions B¥are equivalent to the conditions B; of Theorem A, i = 1,2,---,7.
We prove only the equivalence of BiYY and Bj since the proofs of all other cases are
completely similar. By using polar coordinates x = s7, s > 0,7 € ¥ and using

and , we have that
BY = sup </ w(m)dw)
0<a<oo |m|2a
sup (/ / (sT) sV 1d7’ds> (// 1}1 (sT) sV 1d7’d8>p1
0<a<oo SN XN
X (/ / v;pIQ(ST)sN_ldes)p2
0o Jey
e ([ wow) ([ 0 ([ 50
0<a<oo

m\‘:
\

_Q
/N
—
IN
Q
4
==
)
—
2
oW
8
~
=
7 N
"
IN
Q
[~
ST
kS
o
—
B
U
8
~
U

CIe
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L o 5 o , =&
= sup </ W(s) ds> </ Vll_p1 (s) ds) " (/ Vzl_p2 (s) ds) "
I<a<oco o 0 0

and the assertion follows. O

Let us choose a function o; such that a;(z) < o;(x) < b;(z) and

o;i(x) , bi(z) ,
/ vfiz/ ’Ufi, x> 0.
ai(z) oi(z)

Moreover, let a; Lopt, o, ! be the inverse functions of a;, b;, 0;, respectively.
Denote

i) = (as(1), bi(t)
71 = (a7 (1), 071 (2)),

i(t) = (0 (oa(t)), a; L (04(1))),
TN = (alo (1), bi(07 1 (1)), i=1,2.

On the similar lines as in the proof of Theorem 3.1} using the information for the
bilinear Hardy-Steklov inequality in [7], [§] and applying Theorem 2.2] the following
equivalence theorem can be proved:

);

Theorem 3.2. Let 0 < ¢ < 00, 1 < p1,p2 < 00 and w,v1,ve are weight functions
defined on RN, N € Z . The inequality ([2.7) holds for all f,g > 0 if and only if

A((t])

(7') fOT 1 < maX(plaPQ) S q < o0,

BSY = sup </ “’q)
t,5>0 \ J§;(|t))Nd=2(]s|)

(ii) for 1 <py < q<py <oo, - =

1
7 T2 q
BSY :=sup / v}_pl
t>0 \ /A1 (Jt])

Q=

I
3

(/ v;p;) < o0,
Aa(]sl)

1
p2’

r2
P2
/ W
s11e) \ /o1 (1ehnsa (1)

1 p2 (2) da:) ’ wi(s)ds < 00,

LT

(iiz’)for1<p2§q<p1<oo,%=%

1
— o

1

, T
BSY :=sup (/ v;%) / (/ q>
$>0 \JAq(|s]) d2(Is) \ 7o ([t)nd2(]s])
X (/ a?) dm) wi(t) dt < 00.
A (\tl)

3 ‘i
e
=
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Remark. In Theorem 3.2 the remaining cases, namely 0 < ¢ < min(py,p2) < 00,
mm(pl,pz) >1, 2 < -+ 172 and 0 < ¢ < min(py,p2) < oo, min(py,pz2) > 1,
% or L 172 can also be handled as the other cases but since it requires introducing
additional and cumbersome notations, we therefore leave out the formulation of

these cases.

4. AN EQUIVALENCE THEOREM FOR ITERATED HARDY-TYPE OPERATORS

Here we consider the N-dimensional iterated Hardy type operators T}, TV, T
and T}V defined by

TN f(z) = / f2)dz | wiy)dy)| |
RN\B(0,|z|) B(O [yl)
T f(z) = / f(2)dz | w)dy) |
B(0,|z|) RN\B(O [y])
q 3
T f(z) = / f2)dz | w)dy) |
RN\B(0,|z|) RN\B(O ly])

TN f(x) = z)dz | w(y)d "
f() (/B - </B o 1) ) () y>

which are the N-dimensional analogues of the corresponding one-dimensional op-
erators 11, Tv, T3 and T, defined, respectively, by

e ([ ([ Fioas) wora)'
et = ([ ([ rer) worm)
)= ([ ( / F) dz)qW(y) dy)é ,
rr = ([ ([ Fee) worw)'

Our main result in this section reads:

Q

Theorem 4.1. Let 0 <r < o0, 1 < p < oo and u,v be weight functions defined on
RY. The Hardy-type inequality

</RN <(T1Nf)(x))7ﬁ(x) dac)i <C < . fP(x)v(x) dx)ll? (4.1)

holds for all f > 0 if and only if the inequality

</00° ((TlF)(s))TU(S)ds)}” <c (/UOO FP(s) V(s) ds) (4.2)

S
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holds for F > 0 with W given by (2.1) and U, V given by

U(t) := / u(tr) N ~Ldr, (4.3)
XN
’ 17p
V(t) = (/ o P (tr) N ! dT) , t>0, T €Xpy. (4.4)
XN
Proof. Let us first assume that the inequality (4.2)) holds. Let us fix f and choose
F(t):= f@r)ytN=tdr.
XN

By using Holder’s inequality, we find that

XN

_ ( [ premyvien tNldr) (vi) ” (4.5)

Changing to polar coordinates x = s7, y = $10, 2 = $277 , 8,581,852 > 0, 7,0,7 € XN

and using the inequalities (4.2)) and (4.5)), we get

( /R (@ @) u@) dx)
) (/RN </RN\B(0w) </B(o,|y|) () dz) w(y) dZU)q u(x) dx)
- {/ooo /zN (/:o /EN </081 5 f(s27) sgldyd@)qw(sla) S{Vldad&)Z

x u(st)sNLdr ds}

Sl

1
r

(
<c (/OOO [ prtam)vgam) a1 des) ’

—o([ renwa)

which means that (4.1]) holds.
Conversely, assume that the inequality (4.1) holds. Let us fix F' and choose

1

1

F(t) = P~ e (Vn) "
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where t > 0, v € X y. That gives that

B = | Fly) tN " dy. (4.6)

Now, by using and the inequality (£.1), we obtain that
(/OO ((T1F)(S))TU(5) ds> )
0
oo oo s1 q g %
= (A (/ </ F(s2) dSQ) W(Sl)dsl> U(s) ds)
! 5
- {/ (/ (/ f(s27) s d7d32> / w(s10) Sf’_ldodsl)
PN S

></E u(st) sV~ 1drds}r
- (/RN </RN\B(0,II) </B(0,|y|)f(2) d2> ) dy) u)ds

Q3
Sl

I
Q o
%\
2
—
-3
~
S~—
—

&
S—
N——

S
—
)
S~—
U
)
~_
3

so (4.2) holds. The proof is complete. |

Remark. Theorem can also be proved if TN in [4.1) is replaced by any of the
remaining operators Ta' , T, TN and correspondingly in ([4.2)), Ty is replaced by
any of the operators To, T3 and Ty, respectively.

Remark. Weight characterization for the inequality (4.2]) can be obtained on the
similar lines as in Theorems and as soon as the corresponding weight
characterization of the one-dimensional case has been derived (c.f. (4.2))).
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