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Abstract

The studies in this PhD thesis is focused on some problems of general interestin
applied mathematics and engineering sciences. A very broad view is used; from
contributions which can be directly used for solving some important structural
problems in engineering sciences, to contributions which also are of interest
in pure mathematics. The main body of the PhD thesis consists of five papers
(Papers A - E).

In Paper A a new presentation of the mathematical theory of linear elasticity
from a functional analytical standpoint is given. Moreover, a useful estimate of
the Sobolev norm in R" is given. Finally, the problem connected to non-linear
beams on elastic foundation is modelled and analyzed.

In Paper B we present a new finite element method by using a simplified
three dimensional model to evaluate the sliding stability of flat slab buttress
dams. Moreover, we investigate the possibility of utilizing safety capacity
in neighbouring pillars within a section to show that the entire section has
adequate capacity against sliding in the dam-foundation interface.

In Paper C we present some new thoughts on and a discussion of an
overview of different numerical methods that may be applied to evaluate the
stability of dam structures. In particular, we discuss and compare with 14
different case studies from the literature where numerical methods have been
used to study the behaviour of gravity and plate dams. Finally, we identify and
discuss advantages and disadvantages of different methods of modeling failure
modes.

In Paper D we prove and discuss some new Fourier inequalities in the
general frame of Lorentz-Zygmund spaces and in the case with unbounded
orthogonal systems. The derived results generalize, complement and unify
several results in the literature for this general case.

In Paper E we consider some mathematical aspects of the torsion problem
for anisotropic periodic plate-structures where the underlying material is mono-
clinic. In particular, we show in detail how the weak formulation of the problem
is derived and express the torsional rigidity in terms of its solution.

These new results are put into a more general frame in an Introduction,
where, in particular, a comparison with some new international research and
broad view of such interplay between applied mathematics and engineering
problems is presented and discussed.






Preface

This PhD thesis in Engineering Science is composed of five papers [A] - [E] and
a matching Introduction. In the Introduction the papers [A] - [E] are discussed
and put into a more general frame. The Introduction is also of independent
interest since it contains a brief discussion on the important interplay between
applied mathematics and engineering applications illustrated by comparing
with some relevant international research presented in this light.

A very brief presentation of the main content of the five papers can be
found in the Abstract above and a more complete description at the end of
the Introduction.
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Chapter 1

Introduction

This PhD thesis in Engineering Science is mainly focused on some problems of
general interest in engineering sciences. It contains a broad spectrum; from
contributions which can be directly used for solving some important structural
problems, to contributions which are of interest also in pure mathematics.

Such broad view of science and in particular the interplay between mathe-
matics, applied mathematics and engineering sciences are increasingly impor-
tant for several reasons, e.g. for the technical development. Correspondingly,
nowadays there exists even some international Journals which invites papers
on such a broad scale of science. As an important example let us here mention
the Journal “Nonlinear Studies” with P.L. Lions and S. Sivasundaram as Editors-
in Chiefs (see [60], www.nonlinearstudies.com).

Especially the last issue of this Journal (December 2019) was devoted to the
75th anniversary of one of my supervisors and in the preface the Editors P.L.
Lions, N. Samko and S. Sivasundaram wrote some motivation in this spirit, see
and c.f. also [66]. This Journal Issue contains 22 papers and as typical
examples which especially well illustrates the spirit of this PhD thesis | mention
the papers [3], [9, [, [33], (36, [66]. [98], [103], and [109]. In particular,
in the papers [33], [36], and important contributions to various types
of Fourier analysis are given. In paper [D] of this PhD thesis some other new

contributions in this area are given. All these contributions contain results
of interest also in pure mathematics. The papers and are intended
to be able to be used for direct applications. The papers [B] and [C] of this
PhD thesis have mainly the same aims. Finally, the papers [A], [D] and [E] are
typical papers in what we call “Engineering Mathematics”, which means that
they contain results of interest for concrete applications in engineering sciences
but also in pure mathematics.

1.1 A short description of the results in papers A - E

1.1.1 Paper A

In Paper A, a new presentation of the mathematical theory of linear elasticity
from a functional analytical standpoint is given. Some facts which have influ-
enced our investigation are the following:

1. Advanced mathematical analysis based on nonlinear models seems to
be needed in order to obtain a better understanding of the complicated
structures that are involved.
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2. Inmodern product development one often replaces testing activities with
analytical and numerical methods, where complex mathematical results
and advanced models are used.

3. By using more advanced mathematical tools one may be able to develop
new methods and algorithms that are useful in designing railway tracks,
see e.g. which have substantially influenced our results and way of
thinking.

The part of the paper devoted to beams on elastic foundation is deeply
inspired by the interesting ideas and results presented in [65]], and the paper is
intended to be a step further in this direction. Many of the results obtained in
[65] are explained in a new and hopefully more pedagogical light in this paper,
and the same extensions are presented.

In order to make the paper readable to a broad audience, including engi-
neers and scientists within the elasticity community, as well as pure mathe-
maticians, we have made an effort making the presentation as easy as possible
without leaving out any technicalities, which are important for the understand-
ing of the contents. Still, those who are completely unfamiliar with functional
analysis and theory concerning function spaces, are guided to look in standard
literature concerning such questions for complementary information.

This paper is a typical paper in what we call engineering mathematics,
i.e. that it contain results of interest for concrete applications in engineering
sciences but also in pure mathematics. The paper is dived into 5 sections. After
an introduction we present in Section 2 some preliminary results connected
to the theory of linear and nonlinear monotone operators. In Section 3
we give a new presentation of the mathematical theory of linear elasticity
from a functional analytical point of view, and discuss how strong and weak
formulations can be obtained and analyzed. The main result in Section 4 is a
theorem, which gives an useful estimate of the Sobolev norm in R™. Finally,
Section 5 is reserved for modelling and analysis of some problems connected
to nonlinear beams on elastic foundation.

The results in Paper A are related to the following publications: [2], [8], [19], [20],
[64]. [65). [74), [94). [97], [110] and [x11].

1.1.2 Paper B

In Paper B we present a new method to evaluate the sliding stability of
flat slab buttress dams. Moreover, we investigate the possibility of utilizing
safety capacity in neighbouring pillars within a section to show that the entire
section has adequate capacity against sliding in the dam-foundation interface.
We pronounce that within the field of dam-engineering the assessment of
the safety of dams is govern by national guidelines and there is little room
for new computation methods. This fact has influenced the content of this
engineering focused paper. In the case of buttress dams, the current practice
is to evaluate each pillar individually. A section of a flat-slab buttress dam

2
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with three different cases of inclination in the pillar-foundation interfaces is
investigated. Furthermore, we preform a comparison of how the sliding safety
factors of the whole section are affected if it is supported by pillars with
both satisfactory and unsatisfactory safety margins. The section was modelled
with shell elements using the finite element software ANSYS Mechanical v17.2,
where the geometry is based on a typical flat slab buttress dam. Here, the
Mohr-Coulomb contact model was used in the dam-foundation interfaces. The
combined sliding safety factor for all three pillars was computed from the
results obtained from the analysis.
The sliding safety factor, Sgjiqing is defined by

Ssliding = % tan (¢ + O[) ;
where ¢ is the friction angle, « is the inclination of the interface, >~ V' is the sum
of forces in the vertical direction and Y H is the sum of forces in the horizontal
direction.

In particular, the results show that for a section with one pillar with a sliding
safety factor of 1.1 and two pillars with a sliding factor of 1.4, the combined
sliding safety factor for the whole section is 1.4, which is the requirement in
Norway [85]. This indicates that by considering the whole section an adequate
sliding safety factor can be achieved and thereby we can reduce the need for
rehabilitation of the unsatisfactory pillar. In this connection we suggest that
further investigation will be done in order to further verify this conjecture. This
can be of great interest for the industrial applications of this type related to
applied mathematics.

The results in Paper B are related to the following publications: [17], [27]. [34],

(370, [40]. la4l, [45], [70]. (761, [79]. [83). [84]. [85], (86, [99]. [101] and [106].

1.1.3 Paper C

In Paper C we present some new thoughts on and a discussion of an overview
of different numerical methods that may be applied to dam structures. First we
mention that in Norway 95 % of the total power production is produced from
hydro-power [44]. Norway has the largest installed hydro-power capacity in Eu-
rope with 31 626 MW [44]. The Norwegian Water Resources and Energy Direc-
torate (NVE) is the governmental authority of dams in Norway and ensures that
the owners of the dams complies with the dam safety regulation (Damsikkherts-
forskriften) [86]. These facts were important when we started this investigation
in collaboration with SINTEF Narvik.

However, we wanted to put our investigation into a more scientific and
global perspective. In particular, in this light we discuss and compare 14 differ-
ent case studies from the literature, where numerical methods have been used
to study the behaviour of gravity and plate dams. These case studies are from 11
different countries where 3 are from Norway. Hence, we have broaden our ap-
proach when investigating dams in Norway to a more international perspective

3
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to analyse, treat and solve similar problems worldwide. In particular, we identi-
fied and discussed advantages and disadvantages of the following four proce-
dures for evaluating the failure modes (overturning, sliding and overstressing)
of concrete dams:

* Increasing the head water level until failure.
* Push-over.

+ Reducing the friction angle.

* Resultant forces.

Summing up, we think that our paper can be very useful as a basis when
investigating such types of problems in engineering sciences.

The results in Paper C are related to the following publications: [1], [4l, [5], [6].
71, [10ll, 121, [14], (150, (18], (8], [21], [22], (23], [24], [25], [28], [29], [30], [31], [32],

1381, 1391, [41], [42], [43], [44], [47], (50, [54], (551, (571, (561, (591, [62], [63], [70l.,
108] and [112].

32
=8
=
:E
E
S
g
E
z
2
g
2

1.1.4 Paper D

In Paper D we prove some new Fourier inequalities. To shortly describe the
background of such results we present the following results derived by Lars-
Erik Persson in his PhD thesis from 1974 (see and also [9o]).

Theorem 1.1.1. Let 0 < p < oo and ® = {2} "> pe the trigonometrical
system.
a) If there exists a positive number § > 0 so that w (t)t=° is an increasing

function of t and w (t) (39 isq decreasing function of t, then

oo 1 b
(Z (ajw ()" k) < cra [ flla, w) - (1.1)

k=1

b) If there exists a positive number § > 0 such that w (t) t~2 % is an increasing
function of t and w (t) t~+9 is a decreasing function of t, then

o 1 »
1f1la, ) < <Z (akw (k)" k) ; (1.2)

k=1

where {aj},_, is the non-increasing rearrangement of the sequence
{lak|}re_ ., of Fourier coefficients of f with respect to the system .

Here, as usual the generalized Lorentz space A, (w) consists of the functions
fon[0,1] suchthat[|f[[, ., < oo, where

4
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(Jo (e @y )" for 0<p<o,

.: t
CLWEE sup f* (t)w (t) for p=occ.
0<t<1

Remark 1.1.2. This result may be regarded as a unification and generalization
of several classical results e.g. those by Marcinkiewicz, Zygmund, Hausdorff,
Young, Paley, Riesz, Pitt and Stein. A very good description of this prehistory of
Theoremfi.1.1)is given in the PhD thesis of Aigerim Kopezhanova from 2017 (see

5.

TheoremHi.1.1{was generalized to the case with a general bounded orthogo-
nal system (this means that |a,,| < k < coVn)in (seealso ). However, itis
not known whether or not Theorem[i.1.7can be generalized to the case with un-
bounded orthogonal systems. But some results are known also for this case but
in very restrictive cases e.g. for Lebesgue spaces, see for example various con-
tributions by Marcinkiewicz and Zygmund [72], Kolyada and Kirillow [48]. In
Paper D we generalize and complement these results by considering the more
general case with so called Lorentz-Zygmund spaces as defied below:

Letg € (1,+00), r € (0,4+0c) and a € R. Moreover, let L, .. (log L)* denote
the Lorentz-Zygmund space, which consists of all measurable functions f on
[0, 1] such that

1 !
hare = { [ 07 @ 45t} < o,

where f* is the non- increasing rearrangement of the function | f| (see e.g. [96]).
If « = 0, then the Lorentz-Zygmund spaces coincides with the Lorentz space:

Ly go (log L) = Ly o Ifa=0and ¢ = g2 = ¢, then Ly, 4, (log L) space

coincides with the Lebesgue space L, [0, 1] (see e.g. [80]) with the norm

1 q
1£1l, = (/O If(x)lqu> /1< q < +oo.

We consider an unbounded orthogonal system {¢,,} in L2 [0, 1] such that
||90n||s <MpneN, (1.3)

and
n n oo %
) S B SE N WA O oI PR
k=1 k=1 k=n

for some s € (2, +00). Here M,, T and M,, > 1 (see [113], p.313]).
Two main results in paper D reads as follows:
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Theorem 1.1.3. Let2 < g < s < 400, a € R, r>Oand6—m(sq 22)) If{an} €12

and
1
2lnun> } < 400,

q,'ra {Z anrl Mn (1 +

where p,, and y1,, are defined by (1.3), then the series

> anpn (x)
n=1

with respect to an orthogonal system {¢,} ~_,, which satisfies the condition ,
converges to some function f € L, (log L)* and || f|| < CQqra-

q,ra0 —

Remark 1.1.4. For the case @« = 0 Theorem [1.1.3] contains the previously
mentioned results of Kolyada [49] and Kirillow [48].

Theorem 1.1.5. Let s € (2,+00], >y <¢<2r>LacRandé = (5—_22))5' If
[ € Ly, (log L)%, then the inequality

0o Vp41—1 %
Z( > ai(f)) (1 +logy,) s, | < Clfllgra

n=1 k=v,

holds, where ., are defined by and a,, (f) denote the Fourier coefficients of f
with respect to an orthogonal system {,,},-_, satisfying condition .

Remark 1.1.6. Theorem complements the previously mentioned results by
Marcinkiewicz and Zygmund and in a more general frame.

Remark 1.1.7. Fourier analysis is an important tool for applications in signal and
image analysis. However, it has also in the last decades been used for various
problems (crack analysis, strength capacity etc) connected to dams, bridges,
and tunnels. This was the main motivation for me to study also this subject
and | hope to use also these theoretical results in my further research, where
also applications of this type in our artic region is in focus.

The results in Paper D are related to the foIIowing publications (130, [35]. [46],
(481, lagl, [51), (521, (53], (58] [72], [73]. [78 [ico] and [13].

1.1.5 Paper E

In Paper E we consider a periodic plate structure. The plate structure is
assumed to be a connected set bounded by an upper st and lower surface
s~, which are non-intersecting and periodic in the z-variable with period
2z, see Figure 1 in Paper E. We investigate some mathematical aspects of
the torsion problem for this anisotropic periodic plate structure, where the
underlying material is monoclinic. In particular, we show in detail how the weak

6
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formulation of the problem is derived and express the torsional rigidity in terms
of its solution. By an monoclinic material we mean that it has a stiffness matrix
of a special form including some symmetry and zeros involved (see formula (1)
in Paper E). Also this paper is a typical paper within engineering mathematics.

The results in Paper E are related to the following publications: [2], [26], [67],
[68], 69l and [i1].

1.2 Additional paper

In addition to the papers included in the main body of this PhD thesis the
following paper is related to this PhD thesis:

+ A. Seger and D. Bista, Finite element analysis of a physical experiment of
a pillar in a flat slab buttress dam, Research Report 2019, UiT The Artic
University of Norway, Campus Narvik, 2019, 25 pages (submitted).

However, we have chosen not to include this paper into the main body of
this PhD thesis since it does not contribute essentially to the main content.
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Abstract

In this paper a new presentation of the mathematical theory of linear
elasticity from a functional analytic standpoint is given. Moreover, an useful
estimate of the Sobolevnormin R™ is given. Finally, the problem connected
to non-linear beams on elastic foundation is modelled and analyzed.

AMS classification: 74Bos5, 74B20,26D10,47A30, 46N20,35599
Key words and phrases: Elasticity, operators, inequalities, partial differen-
tial equations, Sobolev norm, modelling, applications.

A.1 Introduction

Structural analysis concerns the estimation and computation of the class of
effects of loads on physical structures and their components. All structures
which are designed to withstand loads are subject to this type of analysis,
including buildings, dam structures, vehicles, furniture, train rails, prostheses
and biological tissues.

It is impossible to have knowledge of all aspects of this field since it involves
all types of specialists from practical engineers to pure mathematicians. In
this paper we will focus on some mathematical aspects connected to existence
theory in linear and nonlinear elasticity. In addition we will consider beams
resting on nonlinear foundations.

Vertical deflections and rail bending moments are often determined by the
Winkler model (1867). This model uses the wrong assumption that the deflec-
tion in the rail, which is obtained by the weight of the train, is proportional to
the supporting forces under the rail. The linear ordinary differential equations
which this assumption implies, can be solved by classical methods. However,
the linear treatment neglects several important conditions. Experimental re-
sults shows that there is a substantial increase in the deflection and bending
moment due to the nonlinearity of the supporting system. Several researchers
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are therefore questioning the reliability of the Linear approach (c.f. [7], [1] and
[E[l). Advanced mathematical analysis based on nonlinear models seems to be
needed in order to obtain a better understanding of the complicated structures
that are involved. In this connection it should be mentioned that in modern
product development one often replace testing activities with analytical and
numerical methods where complex mathematical results and advanced mod-
els are used. It has been pointed out by several authors (see e.g. [5])) that
by using more advanced mathematical tools one may be able to develop new
methods and algorithms that are useful in designing railway tracks. More math-
ematical understanding of the models involved is important for getting better
methods that provides more accurate analytical and numerical results in deter-
mining deflections and bending moments. The part of the paper devoted to
beams on elastic foundation is deeply inspired by the interesting ideas and re-
sults presented in [5], and is intended to be a small step further in this direction.
Many of the results obtained in [5] are explained in a new and hopefully more
pedagogical light, and even some extensions are presented. In particular a mul-
tidimensional generalization of an equivalent Sobolev norm is proved. This gen-
eralization enable us to obtain similar results as those obtained in [5] for even
more complicated structures, e.g. nonlinear plates on elastic foundation like ice
on water. We aim to develop these ideas even further in forthcoming papers.

In order to make the paper readable to a broader audience, including en-
gineers and scientist within the elasticity community, as well as pure mathe-
maticians, we have made an effort making the presentation as easy as possible
without leaving out any technicalities which are important for the understand-
ing of the contents. Still, those who are completely unfamiliar with functional
analysis and theory concerning function spaces, might find some parts difficult
to penetrate.

We start in Section 2 with stating some preliminary results connected to the
theory of linear and nonlinear monotone operators. In Section 3 we give a new
presentation of the mathematical theory of linear elasticity from a functional
analytical standpoint, and discuss how strong and the weak formulation can be
obtained and analyzed. The main result in Section 4 is a theorem which gives
an useful estimate of the Sobolev norm in R™. Finally, Section 5 is reserved for
modelling and analysis of problems connected to nonlinear beams on elastic
foundation.

A.2 Some preliminaries

In this paper X denotes a Banach space and its dual is denoted X*. If f € X*
and z € X we usually write (f, z) instead of f(x) If Ais a single-valued operator
from X to X* we let R(A) denote the range of A, that is the set of all points
J of X* such that there exists € X satisfying Az = f. Letus also recall the
following definitions:

a) A is called monotone if

<Al‘1 — A.’L‘Q, xr1 — $2> >0, for every ri,xrs € X. (A1)
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b) A is called strictly monotone if, in addition to (A.1),
<A331 — Al‘g,xl — $2> =0, where T1,2r9 € X, |mp||es that Tl = T9.

c) A is called maximal monotone if for every pair (z,y) € X x X* satisfying
the condition
(y— A&,z — &) > 0forevery ¢ € X,

it follows that y = Az.
d) A is called coercive if

(Ax, x)

1im
lell—oo ||zl

= +400.

e) A is called strongly monotone if there exists a positive constant ¢; such
that
(Azy — Azo, 21 — T2) > 1 |21 — x2||2 , foreveryz;,xs € X. (A.2)

f) A'is called hemicontinuous if

%1_% A(r + ty) = Ax

weakly in X* (i.e. lim;—,o (A(z + ty),v) = (Az,v) forallv € X) forall z,y € X.

Theorem A.2.1. Let X be a Banach space with norm ||-|| and assume that A : X —
X* is monotone and hemicontinuous. Then A is maximal monotone. If, in addition,
X is reflexive and A is coercive, then the range R(A) = X *.

The last sentence of this theorem is usually referred to as the Browder-Minty
theorem, i.e. the main theorem concerning monotone operators. Browder-
Minty theorem was proved by Browder [2] and Minty [6] (we also refer to [3]).
For more detailed information we refer to e.g. in the book [8].

In the special case when X is a Hilbert space with scalar product x and a
corresponding norm ||-||  (defined as usual as ||v||y = /v *v), the Browder-
Minty theorem reduces to the Lax-Milgram Lemma, which we recall here, for
completeness, in addition to som other basic results on the linear case. Assume
that a(.,.) is a bilinear form on X and assume that L is a linear functional on
X. The following conditions may or may not be satisfied:

1. a(.,.) is symmetric, i.e. a(¢,v) = a(v, ¢), Vo,v € X.

2. a(.,.) is continuous, i.e. there is a constant 4 > 0 such that |a(¢,v)| <
Vlelx llolx Vo, v e X.

3. a(.,.) is V-elliptic, i.e. there is a constant @ > 0 such that a(¢,¢) >
ally Vo€ X.

4. Lis continuous, i.e. there is a constant A > 0 such that |L(¢)| < A|¢]|
Vo € X.
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We will now consider the following abstract minimization problem: Find
u € X such that

F(u) = gg(l F(o), (A.3)

where

F(9) = 3a(6.6) ~ L(9),

and we will also consider the following abstract weak formulation problem: Find
u € X such that

a(u, @) = L(¢), V¢ € X. (A.4)

Theorem A.2.2. [Lax-Milgram Lemma] If the conditions 2, 3 and 4 are satisfied then
there exists a unique solution u € V of the problem (A.4).

Moreover, we have the following useful result:

Theorem A.2.3. Ifthe conditions 1, 2, 3 and 4 are satisfied then there exists a unique
solution u € X of the problem (A.3). In addition, the problems in and are

equivalent, i.e. u € X satisfies if and only if u satisfies (A.4).

A proof of this result can be found in most books connected to functional
analysis. Let us also recall the Friedrichs's inequality: If 2 is a bounded subset of
R™ with diameter d and u : 2 — R is a member of the Sobolev space Wf’p(Q),

then
1/p

lull ooy < d* [ 2 I1D%ull},
laf=k
In our beam-problem we will be interested in the casen =1,k =2and p = 2.
For this simple case we often use the notation H2(Q) instead of W?(Q). The
norm of this space is defined as follows

2 2 2 2
[ullzrz ) = lullze) + W p2@) + 1" (z2q) -

Throughout the paper |-|| and |-||, denote the H2-norm and the L2-norm,
respectively.

A.3 Mathematical aspects of linear elasticity

Let S denote the space of all symmetric 3 x 3 matrices and let a - b denote
the scalar product between two matrices a = {a;;} and b = {b;;} in S, which
is defined by a - b = >, a;;b;;. The norm |a| is correspondingly defined by

la|* = ij afj (here and in the rest of the paper }_, . is used in place of the

more complicated symbol Zle Z?Zl). If @ and b are vectors, then a - b will still

denote the usual scalar product in R3.
We usually characterize the state of an elastic body by the displacement
vector, the strain and the stress. If the body is deformed, a fixed point z =
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(21,2, 23) of the body moves to a point = + u(x), where the vector function
u(z) = (ur(z),u2(x),us(x)) is called the displacement vector, or simply the
displacement. The strain e(u) is a symmetric 3 x 3 matrix with elements e;; =
ei;(x) given by

NN dx;  Ox;”
We call u a rigid displacement if e(u) = 0. It can be shown that any rigid

displacement u(z) = (u1(x), us(z), us(x)) has the form

w1 () 0 bio b3 T
ug(z) | = | —biz 0 bog 2
us(x) —biz —baz 0 3

C1
+ [ C2 ] , (A.5)
C3
where b;; and ¢; are constants.

In continuum mechanics one considers two different kind of forces, namely
body forces and surface forces. Body forces are described by a density function
f(x) = [f1(2), fa(x), f3(x)] (e.g. gravity), defined in such a way that the total
force applied to a given volume @ equals fQ f(x)dx. Surface forces which are
applied at the boundary of the body may course deformation. The deformation
of the elastic body gives surface forces that act on points inside the body.
These surface forces are called stresses and are characterized by a symmetric
matrix o(u) with elements o;; = o;;(x). On every surface 9Q of a given
subdomain @ with outward normal unit normal n = (n1, na, n3) we may define
a vector function F(u) = (F,Fy, F3), the so-called stress vector, given by
F; = Zj?zl oijn; = o; - n, where o; = (041,042, 043) . The components o;; are
defined such that the total force acting on @, from the rest of the body, equals
faQ F(u)(z)ds. By Gauss theorem (the divergence theorem) we have that

/ F;ds = / (0;-n)ds = / div o; dx. (A.6)
0Q 0Q Q

In state of equilibrium of forces, the following equality must be satisfied:

/Qfd:vz—/aQF(u)ds.

Hence, by (A:6) we obtain that

/fida::—/divaidx.
Q Q

Since this holds for every subdomain @ in the elastic body, we may conclude
that

div g; = —fi,

80'1'1 + 80'1‘2 + adig

8501 6582 8953 - _fi.
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In other words, taking into account the symmetry relation o;; = o;;, we obtain
the following three equations

0011 0012 5013 f
6&131 (91‘2 61‘3 b
0012 0092 5023 f
8x1 8x2 8%3 o
do do Jdo
13, 0023 0033 _ — s
(3'1'1 8£E2 3I3
In elasticity theory it is often convenient to introduce the "divergence” of the

stress, denoted div o(u), as the vector (div oy , div 09, div o3). Hence, the above
three equations can be written on the following compact form:

divo(u) = —f. (A.7)

The stress is related to the strain via the following relation, called the Hooks

law:
oij = Z Cijhrehr (W)
kr

where {C;;, } satisfies the following symmetry relations Cx, = Ciriji Cijir =
Cjikr = Cijri. Each coefficient Cy;, may be a function of z. For each matrix &,
let C¢ denote the matrix with elements

(C8)i; = Z Cijkr&kr-
kr

Using this notation, the Hooks law can be written as follows:
o(u) = Ce(u). (A.8)

In addition to the above conditions, we will assume that there exists positive
constants v; and v, such that

e <e-Ce<umlef (A.9)

forall ¢ € S.
The strain and stress can alternatively be represented as vectors:

T

e = [e11, €22, €33712,723,713) ", Vij = 2€i;
T

o= [011,022,033,012,0237013]

In this case the Hooks law takes the following form:

o1 Ciiin Chizz Cuss Ciiiz Crizz Chiis en
022 Ca211 Ca222 Cazzz Cozia Cazaz Cazis €22
o33 | _ | Cs311 C3322 C3333 Cz312 Csza3 C3313 €33
o2 | | Cizir Ciza2 Ciazz Ciziz Ci2az Chais 712
023 Ca311 Ca3az Caszzz Cozia Cazaz Cazig V23
013 Cizin Cizaz Cizzz Ciziz Cizaz Chsis 73
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where v;; = 2e;;. In the case when the underlaying material is locally
orthotropic, the stiffness matrix reduces to
Ciir Crizz Crss 0 0 0
02211 02222 C(2233 0 0 0
c— | Cssn Cszzz Cszzs O 0 0
0 0 0 Ci212 0 0
0 0 0 0 Ca323 0
0 0 0 0 0 C1313

The inverse of this matrix, called the compliance matrix, is a symmetric matrix
of the form

[ = —%22 -4 0 0 0 |
5o B O 00
10 0 0 & 0 0
12 1
0 0 0 0 =& 0
23
0 0 o 0 0 &
L 13 4

Here, 'E;’ are the Young's moduli, ‘G, are the shear moduli and 'v;;" are the
Poisson'’s ratios. Inverting this matrix we find that

C _ 1 — 1931732 C _ 2 + V31003 C _ v + V2132
= Ap g O = T g Cus = TR
1 — 113031 V32 + V12131 1 —viav01
C — , C — —— C = — A.1O
220 = —rpp, o G2 NN 3333 AB.E, (A.10)
Ci212 = G2, Chzaz = Ga3, Ciz13 = Gis,
where
A 1 — 19101 — Vo330 — V31113 — 2121132013
EFEyEs .
In particular, if the material is isotropic, i.e. when F; = Fy = F3 = F,

V19 = V91 = V93 = V39 = V3] = V13 = UV and G12 = G23 = Glg = E/2(1 + l/)7 we
obtain that

1—v v v 0 0 0
v 1—v v 0 0 0
C_ E v v 1—v 0 0 0
T (1-2v)(1+v) 0 0 0 i1-v 0 0
0 0 0 0 f-v 0
0 0 0 0 0 $-v

Note that if a = a(x) and b = b(x) belong to the space L?(Q, R3*?)), consisting
of all 3 x 3 matrixes with components belonging to L?(2), then it is possible
to prove the following version of Schwartz' inequality (for a proof, see Remark

[A32]below):

< ( /Q a(z) - Ca(x) dm)é ( /Q b(z) - Cb(z) dx>2, (A1)
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(which holds even if we drop the symmetry conditions Cjjr, =
In particular, if C'is the identity mapping, i.e. the mapping defined by

1
Cijkr = O

we obtain that

a(x) - b(x) dx

or equivalently,

, %: a;j(z)b;;(x) dx

Proposition A.3.1. It yields that

a*bz/ﬂa(z)~0b(x) dz

< ([t
< (/Qza?](l‘) dx)

We are now ready to state the following useful result:

ifij = kr,
ifij # kr,

W=

dxf (/Q ok

defines a scalar product on L?(2, R**%)). Use this to prove (A.11).

Proof:[A.3.1In order to prove that "«" is a scalar product, we have to prove

that for all a, b ce L?(Q

26

1.

2.

3.

»

5.

axb=0bxa
(ka)xb=Fk(axb)
(a+c)*xb=axb+cxb
axa>0ifa#0

axa=0onlyifa=0.

Proof of 1):

a- Cb—ZaU (Cb),,

> (ijrraijbre) =

kr ij

= bir Y (Chrijaij)
kr ij

,R**3)) and k € R we have that

§ bkr § Czjkraij)
j

= Z bk’f (Ca>kr
kr

=b-Ca,

Jikr

dx)é ,
( /Q Z b2 () dx)

= Cijrk)-

[N

(A.12)

(A13)

§ A5 E C'L]krbkr —§ E Czykrazjbkr -
ij  kr
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i.e.a-Cb=b-Ca.Hence,
a*b:/a(z) -Cb(x) dx:/b(z)-Ca(:c) dx = bx*a.
Q Q

Proof of 2):

(k:a)*b:/g( dem—/Zkam (Ch), dx:k:/QZaij(Cb)ij dz =
ij

k‘/a~C’bdm=k‘(a*b)
Q

Proof of 3):

(a+c)*b=/ﬂ(a+6)'dexz/ﬂg(aij+cij)(0b)ij dz

- /Qzaz'j (Cb),; da:—&-/g Zcij (), do = /

a-Cb dsc—!—/ c-Cbdx = axb+cexb
Q

Q

Proof of 4) and 5): If a # 0 then |a| > 0. Using we find that

V1/|a|2 dx:/ul\a|2 dxg/a-Cadxg/ugMz dx:V2/|a\2 dx.
Q Q Q Q Q

Hence
1/1/ |a|2 der<axa< 1/2/ \a|2 dx. (A.14)
Q Q

This shows that a * a = 0 if @ = 0. On the other hand, if a # 0 then |a| > 0.
Hence a x a > 0 by the first inequality of (A.14). This shows that defines a
scalar product.

Remark A.3.2. Note that follows by and the general Schwartz inequal-
ity,

N

laxb| < (a*a)? (bxb)?.

A.3.1 Greens formula for elasticity problems

Let v be any vector valued function of the type v = (v1,v2,v3). If v; = v;(z)
and each component of the stress matrix o;; are sufficiently smooth, and €2 is
a domain with sufficiently smooth boundary 02, we obtain from the Greens
formula that

/ v;dive; do = —/ (grad v;) - o; dx —I—/ v; (o7 - m) ds.
Q Q o9
Thus,

3
/v-diva(u) dx:/(vl,vg,vg)(divol,divag,divog)dx:/Zvidivai dx =
Q Q Q,_
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Z/vzdlvaz dcc—Z(—/Q(gradvi)ai dl‘—F/BQ’Ui(o'i.n) ds> _

1=1
3
/Z (gradv;) o; dx+/ Zvl (04
Q i=1 o0 i=1
Hence, since
c’)vi 8vi 8112» 3 8’Ui
(gradv;) - o; = (3331’ By’ 8:02) (041,042, 043) = aixjgij

j=1
and

3 3
Zvi (o;-m) = Z%‘Fi =v-F,
i=1 i=1

where F is the stress vector on the surface 052, we find that
/ v-divo(u) dz = —/ Z %Uij‘ dx +/ v - F(u) ds. (A.15)
Q Q% dz; a0

Moreover, since
ov; avj

——0ij
i 833]‘ 8

(due to the fact that the sum is not changed if i and j are interchanged), and
0ij = 0ji, itis clear that

1 /0v; Ov;
=D eii(Voi =) 2 (89:j - 8;) 7
ij ij v

Z a'Uz 8'03 ) %0_
8 i al‘j J

Thus, we obtain the foIIowmg version of the Green formula:

/QV ~divo(u) de = — /Q e(v)-o(u)dr+ /ag v - F(u) ds. (A.16)

Another version which also is useful is the following:

80'” / ov; /
dx o dxr + v; (o3;m;) ds, (A7)
/szz " O; Q;axj ! aszz o

which is valid even if o is non-symmetric. This identity follows directly from
by using the facts that

801 )
5‘ + =v-dive(u) and Zvi (oijn;) =v- F.

ij ij
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A.3.2 Classical formulations of the Dirichlet and Neumann
problems

By and we obtain that div (Ce(u)) = —f. However, similarly as
for the conductivity problem, this equation does not provide us with enough
information to determine the strain e(u) (or the stress o(u)) uniquely. In
order to obtain uniqueness, we have to add some information concerning the
boundary conditions on u and/or the stress vector F'(u).

The simplest case is when the elastic body, occupying a domain €2, is fixed
along its boundary, i.e. when we have the following Dirichlet problem:

{ div (Ce(u)) =—-f inQ,

u=0 on 9. (A.18)

As we will see, the corresponding weak formulation of this problem gives a
unique solution u if we only assume that the components of f belong to L?(€2).
If there are no boundary forces at 92 we have the following Neumann
problem:
div (Ce(u)) =—-f inQ,
{ F(u)=0 on 99, (A19)
Also here it turns out that the corresponding weak formulation gives a solution
u if Q is sufficiently smooth (e.g. Lipschitz continuous), the components of
f belong to L*(Q) and [,f - v dz = 0 for every rigid displacement v (for
a physical intepretation of the latter property, see Proposition below).
However, in contrast to the Dirichlet problem the solution is not unique, since
w = u + v also is a solution for any rigid displacement v. This follows from
the fact that e(v) = 0 and F(v) = 0, thus e(w) = e(u + v) = e(u) and
F(w) = F(u+ v) = F(u), which shows that div (Ce(w)) = —f in Q and
F(w) = 0 on 9. In order to obtain a unique solution we have to search in
a function space which do not contain any rigid displacements (except the zero
displacement, which must be present since any vector space must contain the
o-vector). We will come back to this issue. Next, we state the following:

Proposition A.3.3. The condition [, f - v dz = 0, for every rigid displacement
v, simply means that the resultant force in each direction F; = [, f;dx and the
resultant moments M, = fQ (iL'ng — ngg) d(ﬂ, My = fQ (.’ﬂgfl — xlfg) dx, M3 =
fQ (—z2f1 + x1f2) dx, applied to whole domain Q, are all equal 0.

Proof Assume that [,f - v dz = 0 for all rigid displacements. Let v =
(v1,v2,v3) be arigid displacement, i.e. of the form

U1 (IL‘) 0 b12 b13 X1 C1
V2 (iC) = —b12 0 b23 T2 + C2
vs(z) —biz —byz O x3 c3

Setting ¢; = 1 and all other constants equal to zero, i.e. v =v; = (1,0,0), we
obtain that

/Qf-vdx=/ﬂ(f1,f2,f3)-(1,070) dx:/ﬂfl(x) dz,
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which shows that F; = fQ fi(z) de = 0. Similarly, we obtain that F», =
Jo fo(x) de =0and F5 = [, f3(x) de = 0.

Setting e.g. bes = 1 and all other constants equal to zero, i.e. v = vo3 =
(0,3, —x1), we obtain that

/Qf~vdx:/9(f1,f2,f3)~(0,x3,—x1)dx:/9x3f2—:clf3 dx.

Hence, M; = fQ (x3fo — xaf3)dx = 0. Similarly, by first setting b15 = 1 (and all
other constants equal to zero), and next setting b5 = 1 (and all other constants
equal to zero) we obtain that Ms = 0 and M3 = 0.

Conversally, assume that the resultant forces and moments are zero. Let
V1, Vo, V3, V12, V13, Vo3 denote the six rigid displacements considered above. It
is clear that any rigid displacement can be written in the form

V = c1Vi + cova + c3V3 + biavio + bi3vig + bazvas.

Hence,

/ f-vdr = / f. (01V1 + coVy + c3V3 + biavis + bizvis + b23V23) dx =
Q Q

cl/f-vldx+02/f-dex+03/f~V3dx+
Q Q Q

b12/f~V12dI+b13/f'V13d$+b23/f'V23d$=
Q Q Q

c1F1 4 caFy + e3Fs 4 biaMs + biz My + bag My = 0.

Therefore, [, f-v dz = 0for any rigid displacement v. This completes the proof
that the two statements are equivalent.
Next we present the following example of application of Proposition [A.3.3}

Proposition A.3.4. A flywheel is a rotating mass used to store energy mechanically
in the form of kinetic energy. Figure[A.1shows an example of a flywheel occupying a
domain ) and rotating around the xs-axis. We assume that there are no boundary
forces present. Moreover, the density function £ (the centrifugal force) points in the
radial direction with magnitude proposional to the distance from the x3-axis. More
precizely,

£(2) = (f1(2), f2(@), f3(2)) = (W1, wpe2,0),

where w is the angular velocity and p is the density of the material. Then f
satisfies the conditions required to obtain a solution of the corresponding Neumann
problem.

Proof We see that f;(x) is bounded (i.e. f;(x) < C' < oo for some constant
C). Hence

/ fA(z) de < / C? dr = CQ/ ldx = C*(volume of Q) < oo,
Q Q Q
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X3

Figure A.1: A flywheel occupying a domain €.

which shows that f; belongs to L*(€2). In order to prove that [, f - v dz = 0 for
every rigid displacement v, it is enough to show that the resultant forces and
moments are zero (according to Proposition [A:3.3). Due to the fact that 2 is
symmetric in the z;-direction, and f;(z) is anti-symmetric in the x;-direction, it
follows that Fy = [, f1(z) dz = 0. Similarly we obtain that F, = [, fa(z) dz = 0.
The fact that F3 = |, fs(x) dz = 0 is trivial. Of the same symmetry-reasons we
find that

M, = / (r3fa —wof3)dr = w2p/ r3To dr = 0,
Q Q

and

M2=/ (w3f1 —£C1f3)d$=w2p/$3331 dx =0.
Q 0

Moreover, we obtain that

M, :/ (—xafy +a?1f2)da::/ (—zow’pry + 21w prs)da = 0.
Q Q

=0

This show that f satisfies the conditions required to obtain a solution of the
corresponding Neumann problem.
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A.3.3 Weak formulation of the Dirichlet problem
Let L2(Q), W12(Q), W?(€2), WL2(Y) denote the spaces of vector valued

per

functions u = (u1,u,u3) with components in L2(Q), W12(Q), W,>(Q),
Wpleﬁ( ), respectively. The scalar product in these spaces are defined by

uxv = (u,ug, ug)x(v1, v, v3) = Uy * U1 + Uz * Vo + Ug * Vs,
where "+" on the right side denotes the scalar product between the compo-
nents, wh|ch has been defined previously. Thus, the norm ||u]| is given by

[ul] = (Z [ )

More precisely, the norm in L2(Q2) is given by

3 3 3 3 3 3 1
by = (Sl ) = (X [azae) = ([ Suzae) - ( I do:)
i=1 i=17/Q Q=1 Q

and the norm in the W-spaces is given by

S (fre 5 () o)) -
[Steen () w) - ([wewes(](2) )

Similarly as above we let C>°(€2) and C{°(2) denote the spaces of vector
valued functions u = (uy,uz,ug) with components in C*°(Q2) and C§°(2), re-
spectively. Since we already know that Sobolev-functions can be approximated
by smooth functions in the scalar case, it is clear that this also is true in the
vector-valued case.

Assume that f € L?(2). By muliplying both sides of the above equation with
an arbitrary vector function v € Wé’Q(Q), and next integrating, we obtain that

1
2

3
2
[uflw:z = (Z ||uz-||wm>
i=1

/ v-divo(u) de = —/ v fd. (A.20)
Q Q

By using Greens formula we find that

/Qv~diva(u)dm:—/Qe(v)'a(u)dx—i— /SQV'F(u)ds

=0, since v=0 on 952

_ —/Qe(v)-a(u) dz = —/Qe(v)-Ce(u) dz.
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Thus, gives that
/ e(v)-Ce(u) de = / v-fdz. (A.21)
Q

Q

Hence, the weak formulation of takes the following form: Find
u € W;%(Q) such that

a(u,v) = L(v) forall v € W, ?(Q), (A.22)
where
a(u,v) = / e(v)-Ce(u)dz, L(v) :/ v-fdx.
Q Q
We are now ready to state our next result.

Proposition A.3.5. It yields that a(u,v) = [, e(v) - Ce(u) dx defines a symmetric
bilinear form.

Proof It is clear that e(+) is a linear transformation, i.e. that e(u+v) =
e(u) + e(v) and e(kv) = ke(v), for all u,v € W#(Q) and k € R. Moreover,
due to the fact that defines a scalar product *, we know that

a(u,v) = /Qe(v)C’e(u) dx = e(v)*e(u) = e(u)*e(v) = /Qe(u)~Ce(v) dx = a(v,u).
Hence, a(u, v) is symmetric. Similarly, we obtain that

a(u+v,w)= /Qe(u +v)-Ce(w)dr = e(w)xe(u+v) = e(w)x(e(u) + e(v)) =

e(w)xe(u)+e(w)xe(v)

= / e(w)-Ce(u) der/ e(w)-Ce(v) dr = a(u, w)+a(v,w),
Ja Q

and

alkv,w) = /Qe(w)-Ce(k;v) dx = e(w)xe(kv) = e(w)x(ke(v)) = k (e(w) x e(v)) =

k/Qe(w) -Ce(v) dx = ka(v,w).

This proves the linearity of a(u, v) in the first variable. The linearity of a(u, v) in
the second variable follows by the fact that a(u, v) is symmetric.

By Proposition we observe that a(u,v) satisfies condition 1) in the
abstract theory formulated in Theorem[A:2.2] and Theorem Let us show
that a(u,v) and L(v) also satisfy the remaining conditions 2), 3), and 4). For
simplicity we let ||-]| denotes the norm ||-|ly1.2. For the proof of condition 2) let
¢ € WH(Q). By and the fact that

i 9¢j 9
S = G

ij ij
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(due to the fact that the sum is not changed if i and j are interchanged) we

obtain that
/Z 8901 890]
O &x] 8%

(/Za%m) (/QZ giz )2 /Q%:(gi;)2d$'

Ox;

Thus,

_ (20 Qiva g
/Q\e( dx = /Z oz, 3x, 2de =

6% 0% dp;

/Z 8% “dotg /Z Oz 8xj
1 3(,07 8@1 8907
§2/Zaxj d+/28x] d_/ZBmJ

ie.
3%
> dr <

frer ar< [ 3G

Moreover, by (A1), and (A:24) we obtain that
1
2

<

otuv)] = ( [ etw-cetw) da:)% ([ e cem i) <
<1/2 /Q e(u) - e(u) dxf <y2 /Q e(v) - e(v) d;c>é _
o ([ Jetwr? dsc)é ([l czsc)é <
c(fxre) ([simre) -
(o [re) ([ o [0

= vy [lul[v]l,

i.e.
la(u, v)| < vy [lufllv]],
which proves condition 2).
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For the proof of condition 3) we let we ¢ € C§°(€2) and use the Green
formula

do; Ov;
/Z 8?13; dx /Z v g der/BQZu oiin;) ds,

(see (A17)) first with v; = ¢; and oy; = dy;/0x;, next with v; = dy; /dz; and
0;ij = ;. This yield the two equations

({990]/3% / dpi Op; / N.
/Z Zaaj‘J axzd v 69%:301 8x'n] ds

K2

= 0, since ¢; =0 on 99

818 81/8z )
/Q;ailaij /Z e j dx +/ Zaw pjn;) ds,

= 0, since ¢;=0 on 99

which, by using the fact that

0(0¢;/0x;) 0 (dp;/0x;)

81?]‘ 8951 ’

reduce to the equations

&p]/ax] / Op; 8@7
/ Z ox; Z Ox; 8331

and

8% / ox;) dp; Op
/ Z i / Z ox; axj dr.

Observing that the left sides of these equations are identical, we obtain that
right sides also are identical, i.e. that

/ Z Op; 6903 / Z 0p; &pg
&~ Ox; 89:7 ox; 81'3
ij

Now, using that

Z(‘?M% _ Qo Oe2 O¢syy

. 2
8£E1 3:173 ﬁxl 81‘2 81’3 (leQP) ’

the last identity and we find that

[t a=5 [ > Sedn ey [ SGEGE do =
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8% / / 8%
dlvgo dx > —

/QZ a% sz( QZ 8%

1/ Z|grad<pi|2 dx = }Z/ lgrad ¢;|* da >

2 Ja i=1 2 i=17% a

3

1 1 2 1 1 2
3671 2 el = 5 gy el

where () is a positive constant (the last inequality is due to Friedrich's inequal-

ity), i.e.
2 11 2
> — .
e o> 2t

Using we therefore obtain that

1
alpg) = [ o) Celo)do = [ (@) do> 5201 ol (26

Now, if u € WH2(Q), then we can find functions ¢, € Cg(Q2) such that
lu — on| — 0as h — oo. Since holds if ¢ is replaced by ¢y, i.e.,

a(en, pp) > lnl)?

1
=20, +1

we obtain that

= u?
=2 Co+1
from the the convergences ||¢n|| — |lul] and a(¢n, vn) — a(u,u). Hence,
in order to complete the proof of condition 3) it just remains to prove these
convergences. For the proof that ||¢p|| — |lul|, we just use the reverse triangle
inequality

a(u,u) >

7

[Hall = flenlll < flu—enll-
In the same way we obtain that ||u + o] — 2 ||u]| (just use that

120l = [lu+@nll] < 20— (u+ @n)]| = [lu =@l = 0)

Hence,

|a(gph7 Sph) - a(uv 11)| = a(<ph, @’L) + a(@hv u) - a(uv @h) - a(ua 11) =

= 0, due to symmetry

la(en = w,on +w)| < vaflpn —ullflon +ulf = v2-0-2{[ulf =0,

where the last inequality follows from (A.25). Hence, a(¢p, o) — a(u, ).
For the prove of condition 4) we use the Schwartz inequality and obtain that

/V.fdm <(/|V2 dm) (/|f2 dw) <
Q Q Q

[L(v)|=
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)§=||v|| (| [ e dx)é.

[ (L) #)) (oo

Hence,.

IL(v)| < Allvl,
A= (/Qf|2 da;>é

A.3.4 Weak formulation of the Neumann problem

where

This proves condition 4.

Similarly as we use the Poincaré inequality in the proof of the coercivity for the
conductivity problem with Neumann boundary conditions, we use the so-called
Korn's inequality in case of the elasticity problems. It takes the following form:

/ (@) dz > co pl3yrs (A27)
Q

where ¢( is some positive constant. However, itis easy to see that this inequality
is not valid in the whole space W1:2(Q2). For example, for any rigid displacement
v (e.g. a constant vector), we have that e(¢) = 0, so is clearly violated if
@ is a non-zero rigid displacement. On the other hand, it is possible to prove
that if 2 be a bounded domain with Lipschitz continuous boundary and V is
a closed (i.e. a complete) subspace of W12(Q) that does not contain any rigid
displacements except o, then there exists a constant ¢y > 0 such that
holds for all ¢ € V.

In almost the same way as we derived we obtain the following weak
formulation of the Neumann problem: Find u € W{*(Q) such that

a(u,v) = L(v) forallv € Wh2(Q), (A.28)

where a(u,v) and L(v) are given above. Let R denote the subspace of all rigid
displacements and let V be the subspace

V= {¢6W1’2(Q):/<p~rda::0fora|lre‘ﬁ}. (A.29)
Q

It is clear that V does not contain any rigid displacements except 0. We have
already proved that a(u,v) and L(v) satisfy the conditions 1), 2) and 4) for
all u,v € W?(Q), hence, also for all u,v € V. Moreover, by and Korn's

inequality (A.27) we have that
alpg) = [ elo)-Ceg) o= [ [e(@) do > mico eligss-
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for all ¢ € V, which shows that condition 3) in Lax-Milgrams lemma is fullfilled.
Hence, the problem
a(u,v) = L(v) forallv eV, (A.30)

admits a unique solution u in V. It remains to prove that this solution also is a
solution to the problem provided that

L(r) =0 (A:31)

for all r € R. From we see that i is a 6-dimensional space. It is easy to
find a basis for this space (vq, ..., vg) which is orthonormal with respect to the
scalar product in L*(Q) given by px«v = [, ¢ - v dz. If ¢ € WH2(Q) we let pn
denote the orthogonal projection of ¢ onto R, i.e. the function

6

PR = Z(@*Vi)vi-

i=1

Clearly, the function v = ¢ — ¢ belongs to V. Inserting this function into
we obtain that

a(u, ) — a(u, o) = L(p) — L(px)
for all v.e WH?(Q). Since L(ps) = 0 by and

a(u, pg) = /Qe(gom) -Ce(u) dz =0,

this shows that
a(u, ) =L(p).

Hence, u is a solution of the problem (A:28). We complete this subsection with
the following useful information about the space V' defined by (A:29):

Proposition A.3.6. The space V defined by defines a closed subspace of
W1L2(Q) so that, in particular, V is a Hilbert space with respect to the norm ||||\y1.2-

Proof: Letu,v € V and let kK € R. Then,

/(u+v)-rdac:/u-rdac+/v-rda::O
Q Q Q
/ku~rda::k/u~rd:z::()
Q Q

forallr € R. Hence, u+v € V and ku € V. This shows that V is a vector space.
In order to see that V is closed in W12(Q), let ¢, € V such that ¢;, — @ in
W12(Q). We only have to show that ¢ € V. By the Schwartz inequality,

/Q(SO—@h).rdx <</Q|<P—<ph2 dx>é(/ﬂlrl2 dm)é

and
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2 2 2
<lle—enl Ir|” dx| | —0,
Q

/(<p—<ph)-rd:v—>0.
Q

Hence,

/(p-rdmz/gp-rdaj— /goh~rdx z/(go—gah)-rdx—>0,
Q Q Q o
| S ——

= 0, since p, €V

which shows that fQ p-rdr=0,ie. ¢ € V.This completes the proof that V is
closed in W1:2(Q).

A.4 On the Sobolev norm in R"

Let Q C R™ be an open setand let H™(£2) denote the usual Sobolev space with
norm ||-|| given by

m
2 2 2
ll® = [lullz + D 1D ull3,
r=1

where |||, is the L?*(€2)-norm and D" denotes the vector {D%u} 1, - We
recall that Q is called an open extension domain if there exists a bounded linear
operator F': H™(Q2) — H™(R") such that F(u)|, = u for allu € H™(Q) (see
e.g. p. 63]). For example, if 2 is open and bounded with sufficiently smooth
boundary (e.g. Lipschitz) it turns out to be of this type. It is possible to show
(c.f. p. 183]) that for any bounded open extension domain 2, ¢ > 0 and
1 <]a| < m — 1, there exists a positive constant C'(¢) < oo such that

[D%ully < C(e) [lully + e[| D™ ull, (A.32)

for all u € H™(Q). The purpose of this section is to show that this inequality
holds even for Q = R™.

Theorem A.4.1. The inequality holds for all w € H™(R™).

Proof. We may assume that 0 < ¢ < 1 (otherwise, just let C(¢) be equal to
that valid for the case e = 1). If 0 < p < ¢ — 1, and z > 0 then the following
inequality holds

P < ex?+

(A.33)

This follows by observing that the the left side is less than the right side for
x < 1/e and that the same holds for its derivatives for x > 1/e.
For all w € L?(R") the Fourier transform Fu (&) = @(€) is given by

ga—1"

u(§) = ! / u (z) e~ dx, forall ¢ € R,

(27)% Jr
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where z£ is the scalar product of z with £. The Plancherel equation implies that
Jully = 17ul = [ 1@ (r34)
R'n,

Replacing u with D%u in and using the formula
F(DPu) = iVIEPF (u), (A35)

where ¢7 denotes the number 7' ... ¢8+ we obtain that
Il = |7 0wl = | Jeacoa (A30

We note that (A.35) and { are valid as long as |8] < m and u € H™(R™).

Let || =7 and let a[o ol and g, .5 be the multi-indices defined
by ol = a, oltl = (0, Oé2,013,...04n), ol = (0,0,as,...a,) ,..a™ = (0,0,...,0)
and Bl = (g +m —r a9, a3, ...a,), B = (0,00 + a0 +m — 7,03, ..., 0),...
Bl = (0,0,,...,0,3"}_, ax +m —r) . Note that for each j the multi-indices al7],
bt and gt are equal except for the j + 1-th component which is

i1
O‘EJJ]A = Qjt1, ozgjll] = 0and BJ[J«;I] = (Z ak> +m—r <m,
k=1

respectively. This implies that

[5+1]

Wl L) L+1] 1 Bl
§ § J+1] EJJJFYI and gﬁJJr £ i+ §Jjﬁ1 ) (A.37)

Replacing = with |¢;41/, p with am '+, and ¢ with ﬁ[”l] , we obtain that

oLl U] 1 U] 1
+1 it1 +1
G| Selgi |+ S < G|t o
J+1
Multiplying this inequality with
[3+1]
é—()z
we obtain from (A:37) that
5"‘“1 <e ’fﬁml 504““ 1 (A38)
< —- .
Letaj.1 = m’. Replacing e with €%+ in (A.38) and using that
el e’
(6 ) - em?
we obtain that _
) i | glit1l G| €™
| <e™ 55 + € emitl)
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ie.
[5] [5+1] [5+1]
= ] < [+ o
Iterative use of this inequality gives that
(1] 1 (1]
o 0 < |+ e e
(1] (2] 1] [2] (3] 1 (3]
< |6+ |2 + o 6| < |e? +\§B +|¢? e | <
n
Z\sﬂ el
s
Thus, using that |a[")| = 0, we obtain that
jl
€% = ‘ = 52 ’56 W

By multiplying both sides with @ (£) we obtain by integration and the Minkowski
inequality that

"
o bl
lea @l <e ¢ a )|, + o= 1@ (@l
j=1
Hence, using and (with 8 = Ul and 8 = a) gives that
o o - 11 1
|Doul, = €@ ), < =3 [ Dul| + s lul, -
=1

Accordingly, the Jensen inequality

1 — I e, o
EZW'S EZW'
=1 Jj=1
together with the fact that |3U]| = m, implies that

« m 1
[1D%lly < ev/n||D™ull, + S lullz -
By replacing ¢ with £/,/n, we obtain that holds for all u € H™(R"). The
proof is complete.
Corollary A.4.2. It holds that

1 2 9 / d*u
\/EHUH _/Ru * R |dzs

2
dx,

S

forallu € H*(R).
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Corollary[A.4.2|follows from Theorem|[A.4.1 However, it can be proved inde-
pendently by even easier arguments than for the general case. We therefore
outline some details above its proof. which are of independent interest. The
ideas are basically obtained from [5]] with some small changes for pedagogical
purposes.

Proof. We can find a sequence of smooth functions {,,} , converging to u
where ¢,,, has supportin the interval (—7m, 7m) . These functions have Fourier
series representation of the form

= l (1
, —x | + b sin| —x ).
— m m

Let r < s be a fixed integer. By differentiating we obtain that d"¢,,(x)/dz" has
a similar series representation with Fourier coefficients of magnitude

alm <l) and bl,m (l) .
m m

Parseval's theorem applied to the corresponding series gives that

s | (ot o = (%)’ +chm

™m dr [e'e} 2r
A.
27rm/ ( dxr > ;( > c“m #39)
2
2 _ %‘)2 by
L. ( 2 +( 2
According to our assumtion r < s. Thus we see, by adding the two inequalities,
that

S ()t () wen () b [ () o

ao,m

and

where

and

[e%s) l 2r ) e3¢} ) e} ) 1 ™m 9
> <m> i< D A< A<y (pm(2))" da,

l=m-+1

so we obtain from (A.39) that

/: <W>2dz < /7:; (pm ()" + (dsg@)zdx.

42



Beams resting on nonlinear foundation

Since ¢, has support in the interval (—mm, mm) , this gives that

/R (Wfdm < /R(%Om(:v))2+ (W)zdx. (A.40)

Using that ¢,,, — uin H*(R)we find that ¢,,, and d"¢,,, /dx" converges (in L?(R))
tow and d"u/dx", respectively. Hence, it follows from that

/R (W)de = /R(U(x))2 + (CICZC(:”))de

2d S/
/Ru a:—&—;R

Thus,

d'u
dx”

2mgslsmmf+<f$?>z@

2 2
l[ul” < s flully
and the proof follows.
Remark A.4.3. The above result shows that the norm ||-||, given by

2 2 2
[ulls = llully + D™ ully

is equivalent to ||-|| on H™(R").

A.5 Beams resting on nonlinear foundation

Let us now investigate the case of a straight beam of stiffness EI resting on
some nonlinear elastic foundation. We assume that the beam is subjected to
a distributed force g(x) from above (an illustration is found in Figure[A.2). The
letter y stands for the vertical deflection of the beam downwards. The slope
tan = dy/dx, is approximately equal to the angle of the slope 6, since we are
assuming small deflection. Moreover, we only assume that vertical forces are
transmitted between the beam and the foundation. In addition, we ignore any
resultant tensile force in the beam. The function p = [p(y)] (x) denotes the
distributed load between the beam and the foundation and we assume that it
is purely dependent of the deflection y(x). The linear model assumes a relation
of the form p(y) = ky, where k is called the modulus of the foundation. Most of
the previous analysis is based on this simplified model. In this paper we relax
the linearity assumption. A much weaker assumption is to assume that

H(r)H(s)C1 (r = 5)” < (p(r) = p(s)) (r = 5) < Ca (r = 5) (A-41)

for some constants Cy, Cs € (0, 00) forallr, s € R. Here, H is the Heaviside step
function (which is zero for negative arguments and 1 for positive arguments).
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A
x Q| gqdx
9() % TR
e M ( “““““ dx > M+dM
ly TR
PO | O+dQ

Figure A.2: Straight beam resting on an elastic foundation and subjected to
some distributed force ¢(x).

This criteria covers several interesting cases of practical importance. In the case
of rail bending, for example, experimental data indicates a cubic relation of the
formp(y) = H(y) (koy + k1y?) , (see ), where kq and k; are positive constants.
The presence of the Heaviside step function is often ignored, due to the fact
that it makes the analysis more complicated. However, from a practical point
of view it is hard to explain why we ignore the fact that there are obviously
no negative forces preventing the beam from being separated (lifted) from
the foundation. This important obstacle with previous models of the problem
has never been discussed previously, not even in the paper [5]. The problem
with this generalization is that the corresponding partial differential operators
does not satisfy the monotonicity assumption above. This makes the analysis
much harder. There are ways to overcome this hindrance, but for the sake of
limitation we will use the following more strict assumption on p:

Cy (r = )" < (p(r) = p(s)) (r —s) < Ca (r — 5)° (A.42)

In order to let the empirical formula p(y) = H(y) (koy + k1y3) fit our setting,
we may replace H(y) by 1 and modify p(y) such that the expression becomes
linear for |y| > r( for a sufficiently large constant o > 0, e.g. by putting

0 for y <0,
ply) =< koy+hkiy® for 0<y <,
p—(r?)y for Yy > T1g.

Replacing H(y) by 1 is certainly questionable, but necessary if to ensure
monotonicity. The last simplification is easier to except since we from experi-
ence know that too large deflections can not happen before the beam structure
collapses of other reasons. In Figure[A.2lwe have illustrated an infinitely small
beam element enclosed between two vertical cross sections of distance dz from
each other.

The shear force @ is often considered to be positive if it is acting upward on
the left side of the element. The moment M is considered to be positive if it is
clockwise on the left side of the element. Using that the anticlockwise moment
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Beams resting on nonlinear foundation

M +dM is equal to the sum of clockwise moments about any point on the right
side of the element, we obtain that

1
M +dM = M + Qdz + (p(y) — q)da (dz)?.
By using that the resultant force is zero in the vertical direction we obtain

Q+ p(y)dz = Q + dQ + qdzx.

Thus, s 40
dr =Qand dr =p(y) —«¢
Accordingly, it yields that
d*M
ez p(y) —q (A.43)
Using the beam bending equation
d?y
M=—-FEI|— A.
(%) (42
(valid for small deformations) this gives us the following fourth order equation
d? d?
prel ( dx:g> =—py) +q. (A.45)

Note that this equation is valid in regions free from concentrated forces and
moments only. Moreover, it is assumed that EI is a smooth function of z.
Let us consider a single concentrated force Py, which is directed downward
acts at some point z = a. Moreover, assume that a concentrated clockwise
moment M, is applied at that point as well. Now, the left and right parts of the
beam which are separated by the point x = a can be coupled together via the
following conditions for the shear force

Q.-Q =-p (A.46)

and the moment
M, — M_ = M. (A-47)

Here, Q1 and M_ stands for the right and left limits, i.e.

Q:I: = liIni Q and My = hmﬂ: M,

Tr—a T—ra

respectively (see Figure [A.3).

As usual we obtain a corresponding weak formulation of this problem, by
multiplying with a general smooth function v with compact support, and
afterwords integrate as follows:

d>M
/ gz Ve = / (p(y) —q) v dz. (A.48)
R 4T R

45



A. Some mathematical aspects on linear and nonlinear elasticity

A

g

w ([ ]om

Figure A.3: The figure illustates the shear force and moments on both sides
close to the point z = a, at which the consentrated force P, and moment Mo
are applied. This explains the discontinuity conditions given in (A.46) and (A.47]

By using the product rule we obtain that

d®M d?v dv’ dM '’ d%v dv
deUMde<de> +(d:c> MM<de> Q)"

Assume first that a is the only point where we have concentrated forces and
moments. By adding the two integrals

‘/_a dzM / Md 5 dx — (Zgr(rll M) %(a) + (mgf(rll Q) v(a),

> 2M *©  d%v dv .
[ i [ sy )10 (1, 0)

we obtain that

d*M d*v dv
/R o dr = /RM@da? + MO%(a) + Pyv(a).

More generally we can consider several concentrated forces P; and mo-
ments M; at points a;, for i = 0,1, ..., K, (see Figure[A.4), and obtain the fol-

lowing:
/d2 vde = /de+z< —(a; —l—Pv(al)).

EI d22 iZd:c: — (p(y) +q) vdm—FZ d —(a;) + Pw(a;) ) .
[ () o= T
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Beams resting on nonlinear foundation

Figure A.4: The beam is subjected to some distributed force ¢(x), together with
concentrated forces P, and moments M;. The figure is borrowed from

By and we then find that

/REI (f;f;) %d Jr/Rp(y)vdx—/querZ( & +Pv(al)).

(A.49)
Let us consider the the usual Sobolev space H*(R) on the real line R with the

following norm ||-||
||uu2=/ 2dx+2/

According to a standard result (see e.g. the book p. 56]) it holds that
H?*(R) = H§(R) where

dxt

H§(R) ={u:3{p,;} C D(R) such that p; — u}.

Above, D(R) denotes the space consisting of all smooth functions with compact
support. If g € L?(R) and y € H?(R) the left side of makes sense even for
allv € H?(R). Using the fact that every v € H?(R) and its first order derivative
is continuous p. 62] we obtain that the right hand side also makes sense for
allv e H%(R).

If we also account for the weight (per unit length) of the beam wy, the value
of ¢ must be replaced by ¢ + wy. For simplicity we assume that wy is constant.
Letting v denote the function u = y— yo, where g, is the (constant) deflection
corresponding to the case when the beam is resting on the foundation under
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the influence of its own weight only, i.e. p(yo) = wo,we obtain from the

equation
d? du
— |EI-=—= ) =q—/
da:2( dm2> q—p'(u),

p'(w) = p(u+ yo) = p(yo)-
Note that according to (A.42), p’ satisfies the following condition

where

Cr(r—9)" < (' (r) = p/(5)) (r =) < Ca (r — 5)° (A.50)
for all v, s € R. Moreover the last inequality implies that
0/ (r) = p(s)| < Calr — s (A.51)

It might feel natural to just let the weight wy be a part of the distributed
load ¢, as we do for finitely long beams. However, for an infinitely long beam,
wop is not a member of L2(R), and neither is the solution y. A slightly different
weak formulation is therefore needed. Let €2 be a connected open set of R (not
necessarily bounded).The problem is stated is as follows: Find u € HZ({2) such
that

(Au,v) = L(v) forallv € HZ (), (A.52)

(Au,v>:/QEI <§2 )Z:d Jr/p(u)vdsr

L(v) = /quz+2( — (i +Pv(a1))

1=0

where

and

In [5] the mentioned weight issue was not addressed. Thus we consider the
modified formulation to be one of the major contributions of this paper since
it improves the presentation without making it significantly more complicated.
Therightside, L(v), defines a linear functional which turns out to be continuous
on H?(2). In order to see this we consider each term separately. The first term
is continuous due to the Schwartz inequality:

‘/ qu dx
Q

where ||-||, denotes the L?(R)-norm. For the other terms, we extend v to zero
outside €2 and use that

< gl lvlly < llglly o[l (A.53)

oo

v(a) = — /:O(e”’_‘”v(x))'dx = / (e*"Pu(x) — e* "' (x))dx

a
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and
Vi) == [ ydn = [T - e @)

Hence, by using Schwartz inequality, we obtain that

[v(a)] < cllv]l and [v'(a)] < cllv]l,

c= / e2(a=z)dy.

Thus, we obtain that L(v) is a sum of finitely many continuous functionals on
H?(Q) and is therefore continuous. Moreover, it is clear that A is continuous
on H?(Q), i.e. there exists a constant C' > 0 such that

where

[(Aur — Aug, )| < C' |||l [[ur — uz]| (A.54)
for all uy, us, p € H2(S2). Indeed,

[(Auy — Auz, )| < /Q |E1 (d<—>> &p

dx? da?

dz + / (o) — pluz)) | da.

Hence, using the Schwartz inequality, (A.51), and the fact that the L2-norm of a
function (and its second derivatives) is Iess than the H2-norm, we obtain that

[(Auy — Aug, 0)| < (ET + Co) [l lur — uell,

all w and v in H2(R), i.e. A is continuous. If we use the following stronger
condition on the monotonicity of p (compared with that given in (A.42))

C1(r—s)" < (p(r) = p(s)) (r — 5),

Ci(r—s) < (o (r) = p(s) (r = s), (A.55)

then the operator A becomes strongly monotone. To see this, let ky be a
positive constant less than ET and C;. Then by we obtain that

2
+ O fluy — up)? > (A.56)

<AU1 — AUQ7U1 — ’IL2> Z EI H(Ul — UQ)HH2

ko ([ = )3+ s =) 1) > 22 s =

where the last inequality is due to Proposition [A.4.2l Thus, A is strongly
monotone. We note that continuity (of A) implies hemicontinuity and the strong
monotonicity implies strict monotonicity and coercivity. The existence of a
solution of (A:52) then follows by Theorem[A.2.1] The uniqueness follows by the
strict monotonicity of A.
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Let us turn back to the weaker case when
H (r+yo0) H (s +10) Cy (r—5)* < (p/(r) — p/(s) (r — 5).

In this case the term C} ||uy —u2||§ in may vanish. However, if Q is
bounded, then the operator A still becomes strongly monotone. In order to
prove this, let Q, = [—k, k], where k is a positive integer. By Friedrichs
inequality we have that

lolly < (26)* 0"l

and
[v'[ly < 2k [[v"[ly s

for any v € H3(Q. ), which implies that
2 2
le"ll3 < lell® < € (11e"113)

for some positive constant Cy (e.g. Cx = 3 (2k)"). This proves that 1 (-)”H2 is an
equivalent norm on H2(Q). Hence, we obtain the strong monotonicity of the
operator A from a weaker statement (compared with that given in (A.56)),

(Aup — Aug,uy —ug) > ET ”(“1 - “2)//”;
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Abstract
The aim of this paper is to present the development of a new method to evaluate the
sliding stability of flat slab buttress dams. The possibility of utilizing safety capacity in
neighbouring pillars within a section to show that the entire section has adequate
capacity against sliding in the dam-foundation interface is explored. Within the field of
dam-engineering the assessment of the safety of dams is govern by national guidelines
and there is little room for new computation methods. In the case of buttress dams, the
current practice is to evaluate each pillar individually. A section of a flat-slab buttress
dam with three different cases of inclination in the pillar-foundation interfaces is
considered. A comparison of how the safety factor of the whole section is affected if it
is supported by pillars with both satisfactory and unsatisfactory safety margins. The
section was modelled with shell elements using a finite element software where the
geometry is based on a typical flat slab buttress dam, Mohr-Coulomb contact model was
used in the dam-foundation interfaces. The combined safety factor for all three pillars
was computed from the results obtained from the analysis. The results show that for a
section with one pillar with the safety factor of 1.1 and two pillars with 1.4. The
combined safety factor for the whole section is 1.4, which is requirement in Norway.
This shows that by considering the whole section an adequate safe factor can be
achieved by and thereby reduce the need for rehabilitation of the unsatisfactory pillar.

Keywords: dam; stability; FEM; flat slab dam

1 Introduction

Norway has the largest installed hydropower capacity in Europe, hydropower accounts
for 95 % of its total power production [1]. The country has many steep mountains and
high rainfall, so its topography and climate are very well suited for hydroelectric
generation. There is currently ca. 4000 registered dams in Norway of which 336 are
buttress dams [2]. A buttress dam consists of a sloping upstream deck that restricts the
flow of water and vertical walls (buttresses or pillars) that transfer loads from the deck
to the foundation. The benefit of a sloping deck is that the weight of the water
contributes to the dam’s stability. Flat slab dams are common in Norway. The reason is
the low volume of concrete needed to build such dams when compared to that required
for comparable gravity dams. Mainly because this helps alleviate the logistical problems
caused by the remoteness of such dam sites [3]. Buttress dams are best suited for use
where the dam site’s topography is characterized by a wide valley with limited variation
in the height of the foundation. Due to the high stresses under the buttresses, these
dams require strong foundations [4]. In Norway, there are many dams that incorporate
buttress dam sections, typically combined with gravity dam sections close to the
abutments or arch dams if there are large grooves in the foundation.
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The International Commission on Large Dams (ICOLD) defines three types of buttress
dam: flat slab dams, multiple arch dams, and massive head dams. This paper focuses
solely on flat slab buttress dams; for information about the other types, the reader is
referred to earlier publications [5], [6] and the references therein. The goal of this paper
is present a simplified method for safety analysis of flat slab dams. The method is based
on the gravity method which is assumed as a conservative approach. In this work the
scenario of the dam sliding over the foundation plane is considered. In a general case,
others sliding planes should be investigated trough out the foundation mass.

2 Flat slab dams in Norway

As mentioned above, flat slab dams consist of a relatively thin reinforced concrete slab
supported by buttresses on the downstream side. The slab may be continuous in the
cross-valley direction or divided into sections with a vertical joint between adjacent
sections. An individual slab section may be supported by multiple buttresses or may just
span the space between two adjacent buttresses. The buttress spacing depends on the
slab’s thickness: thin slabs require closer spacing. The slab and buttresses may be
integrated or independent, depending on how they were joined during construction.
The oldest registered flat slab dam in Norway is at Mgsvatn in the Telemark region. It
was built in 1908 and partly decommissioned in 2004 [7]. Many other flat slab dams built
between 1950 and 1970 are now being reassessed based on modern regulations.

While this design is necessarily adapted on a case-by-case basis to account for the
conditions at the site where the dam is to be located, all dams based on this design have
some common structural principles. Notably, the vertical joints in the slab are placed at
positions of zero moment, reducing the need for joint reinforcement. The slab thickness
increases linearly with the depth, from about 30 cm at the crest and 3 cm/m vertically.
Slabs span two or three pillars with a vertical joint between them, often strengthened
where they connect to a pillar [3]. The distance between the vertical center lines of
adjacent pillars is usually 5 m. The upstream slab has an inclination of 5:4, and an
insulation wall is installed on the downstream side to reduce stresses induced by
temperature changes. Figure 1 shows how the plates are connected, one resting on the
other, and Figure 2 depicts a typical buttress profile.

Vertical jointj‘ Buttress

50m

Figure 1: Plates of a typical Norwegian buttress dam.
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Figure 2: Profile of a typical Norwegian flat slab dam. (a) Slab with variable thickness.
(b) Insulating wall. (c) Buttress/pillar. (d) Footway. (e) Foundation.

3  Stability analysis of buttress dams

All registered dams in Norway have been classified based on the severity of the damage
expected in the event of their failure, from class 0 to class 4 [8] Dams in consequence
class 4 would cause severe damage upon failure, while a failure of dam in consequence
class 0 would have minor consequences. There are 17 dams in consequence class 4, 43
in class 3, 66 in class 2, 90 in class 1, and 96 flat slab dams in consequence class 0.
Norwegian dams in consequence classes 2 to 4 are reassessed every 15 years. For class
1 dams, assessments are performed every 20 years. Each assessment includes an
evaluation of the dam’s stability based on the current regulations.

Most Norwegian flat slab dams are less than 15 m tall. Such dams are normally found to
be stable towards overturning but unstable towards sliding when evaluated according
to Norwegian regulations [9]. The load case corresponding to the normal design
reservoir elevation and ice load very often becomes the design load case. According to
the Norwegian regulation, a flat slab buttress dam is required to achieve a sliding and
overturning safety factors of at least 1.4 if cohesion is neglected in the calculation. If
cohesion is assumed in the dam-foundation interface, the required safety factors are 3
for serviceability and ultimate limit states, and 2 for accidental limit state, as in case of
extreme flooding. If the cohesion at the interface has been assessed and proven to be
adequate using reliable tests, these required safety factors are reduced to 2.5 and 1.5,
respectively. In addition, the dam should be design according to the current national
building standards [9].

3.1 Historical review of methods of dam sliding analysis

Briefly reviewing current and historical methods for estimating the sliding stability of
dams, the “sliding resistance method” was used from around 1900 and during 30 years
to evaluate the sliding stability of gravity dams [10] This method is based on the
experiences of early dam engineers, who found that the shear resistance of very sound
foundation material did not need to be further investigated if the ratio of horizontal to

57



vertical forces acting on the dam was below 0.65 for static loading (and 0.85 for seismic
loading). The “shear-friction method” was introduced by Henny in 1934 [11]. The
original method only considered a single horizontal failure plane, but it was later
extended to include inclined failure planes. The original method defined the safety
factor as the ratio of the total resisting shear force acting along a horizontal failure plane
to the maximum horizontal driving force. The assumptions made in the method’s
development were:

e The sliding of the dam is a two-dimensional problem.

e Failure along the assumed failure plane is kinematically possible.

e The Mohr-Coulomb failure criteria can be used to describe failure between
the interfaces in the assumed failure plane.

The safety factor for the shear-friction method is

F
Sspm = Sh (1)

where Y H is the sum of the horizontal forces acting on the dam and the resisting shear
force acting along the horizontal plane, and F is given by the expression
F=—% 1 ¥Vtan(¢ + «) (2)
cos a(l—tan @tan o)
where c is the cohesion, a is the inclination angle of the assumed failure plane, @ is the
friction angle, A is the area of the failure plane and ), V is the sum of the vertical forces
acting on the failure plane.

The “limit equilibrium method” was presented in 1981 by the U.S. Corps of Engineers
[10] is a way to compute sliding safety factors. The method has its origin in soil
engineering and is now commonly used in dam engineering. The sliding safety factor is
defined as the ratio between the shearing strength and the applied shear stress. The
method’s development was partly motivated by the need to include multiple sliding
planes and to represent the effects of wedges (asperities) better than is done by the
shear-friction method. The assumptions and simplifications of the limit equilibrium
method are:

e As the method’s name suggests, it is based on limit equilibrium, i.e. it assumes
sliding will occur in the assumed failure plane if the applied shear is greater than
the resting shear.

e Itisassumed plane surfaces of failure.

e Sliding must be kinematically possible in the assumed failure planes.

e [tassumed that the sliding of the dam is a two-dimensional problem.

e Force equilibrium is satisfied, moment equilibrium is not used.

e The method neglects displacements, so differences in rigidity between materials
are not accounted for.

e The relationship between the resisting shear stress and normal stress acting on
the failure plane is assumed to be linear and described by the Mohr-Coulomb
failure criterion.
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Because of the last assumption, the shear strength is T, = ¢ + o, tan @ . This gives the
safety factor for the limit equilibrium method as,

Ta ct+op tan @

SteM = - = —— (3)
where T, is the shear strength of the plane, T is the shear stress, c is the cohesion, o}, is
the normal stress acting on the plane and ¢ is the friction angle.

Nicholson showed in [12] that for a given ¢ and ¢ and an inclined failure plane (i.e. one
for which @ > 0), two cases are possible, as shown below:

if tan(p < ?:_‘H/ then SLEM > SSFM' otherwise SLEM < SSFM (4)

Hence if the failure plane is inclined and the friction coefficient (tan ¢) is less than
YV /> H, the shear-friction method will give a more conservative safety factor. If the
friction coefficient is greater than ), V /3 H, the limit equlibrim method gives a more
conservative safety factor. Similarly, two cases exist for a downward-sloping failure
plane (a < 0):

if tan(p < g_:'l, then SLEM < SSFM' otherwise SLEM > SSFM (5)
Thus, when the failure plane is downward sloping and the friction coefficient is less than
Y.V /Y H, the limit equilibrium method will give the more conservative safety factor. If
the friction coefficient is greater than ), V /) H, the shear friction method will give a
more conservative safety factor.

When numerical models are employed, the methodology of reducing the friction angle
until failure [13] is a valid strategy. The main objective is to evaluate safety with respect
to sliding in the dam-foundation interface or other known failure planes. The downside
of this method is that it requires many runs of the analysis, one for each tested friction
angle. This is an iterative method whereby the friction angle is reduced until the dam
starts sliding. The safety factor is defined as the ratio between the lowest friction angle
that do not cause sliding and the actual friction angle. This method can be used in
numerical analyses (such as FEM or DEM analyses).

Malm presented in [14] a “push-over method” to obtain the global failure modes of the
dam, i.e. overturning and sliding. The driving loads acting on the dam are increased until
failure, loads that act in a stabilising manner are kept constant. The safety factor is then
defined as the ratio between the load that causes failure and the actual load case
scenario under consideration. A drawback of this method is that is difficult to predict
how changes in load will affect the results, since the stabilising loads are kept constant
but the loads that are pushing the dam downstream is increased.

3.2 The proposed method for sliding assessment of flat slab dams

The current practice for checking the stability of flat slab dams is similar to that used for
gravity dams, i.e. the stability of each pillar is evaluated separately with respect to
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overturning and sliding. The pillar is assumed to be a rigid body, and the potential for
overturning about the toe (and any other point about which the body can rotate) is
checked. Sliding stability should be checked along all potential failure planes. The NVE
stipulates that at least the dam-foundation interface should be checked for sliding [9].
For flat slab dams, the loads applied to a pillar are the loads acting on the dam plate that
can be assumed to act on the pillar in question around its influence area, as showed in
Figure 3a. The alternative approach proposed in this paper is illustrated in Figure 3b.

(a) Stability of each pillar

individually (b) Stability of each plate

(composed by 3 pillars)
Figure 3: Dam sections considered in (a) two- and (b) three-dimensional analyses of flat
slab buttress dams.

Basically the idea is to do the assessment of the entire plate composed by 3 pillars. The
following steps should be implemented to apply successfully this method, considering a
plate that comprises three pillars:

e The 3 pillars are assessed independently as is done in the traditional practice;

e If the 3 pillars are safe, the plate is assumed as safe, or if the 3 pillars are unsafe
the plate is assumed as unstable;

e If one or two of the pillars are not safe, the unbalance loads are transferred to
the neighbour pillars belong to the same plate, and the pillars are reassessed;

e If the new analysis gives a stable scenario the plate, as a set of pillars, a safe
structure otherwise is considered unstable.

The next section presents rigid body analyses (also known as gravity method analyses)
for pillars in which the slope angle at the dam-foundation interface (a) is a = 0° and
o = 10° In addition, finite element analyses are presented for three multi-pillar
sections with different inclinations at the dam-foundation interface. The goal of these
3D finite element models is verify the level of stress in the plate, check if it is able to
transfer the loads between the pillars, and then certify this simplify method as it was
proposed.

The results of these analyses are used to derive combined sliding safety factors for multi-
pillar sections of a flat slab buttress dam. The stability of every pillar supporting one
plate segment is evaluated by performing finite element calculations to determine the
load distribution between the pillars and then computing combined sliding safety
factors for all three pillars in a way that accounts for potential load transfer between
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pillars. The approach was tested by simulating the behaviour of a dam segment with
three pillars under three different conditions, each involving different combinations of
slope angles in the dam-foundation interface.

4 Case study: Two-dimensional analysis of flat-slab buttress dams

This section applies the current method for evaluating the stability of a section of a flat
slab dam for cases in which a« = 0° and a = 10° [6]. The pillar geometry considered in
these studies is shown in Figure 4.

F,
lw
| 8
/ lpp =
PW ,*"‘“ '“'
g pp =
=
tpb Ww = | -
:'e'!-;t
H |
| *
B
|t

Figure 4: The dimensions and loads acting on a pillar.

4.1 Loads acting on the dam

The hydrostatic pressure is the pressure exerted by the water on the dam in the
direction normal to the dam’s surface. In this case, the headwater level was set to h,, =
15 m. The density of water is p,, = 1000 kg/m3. The hydrostatic pressure varies
linearly from zero at the headwater level to p,, ;5 = hy,py at the heel of the dam. In
Norway, the ice load is specified as 100 kN/m acting 0.25 m below the head water level,
or the pressure acting in the topmost 0.5 m (t;c.) of the headwater, according to the
NVE [15] In both cases, it is assumed that the ice acts in the horizontal direction. The ice
pressure is pjce = 200 kPa. For flat slab dams, it is normally assumed that the uplift
pressure acts only on the slab and not the pillars. This assumption is only valid if there is
good drainage around the pillar and there is no accumulation of water around the pillar.
In this paper, full uplift under the plate is assumed; the uplift pressure is set to pyp =
147.15 kPa. This is a conservative assumption because it is often assumed that the uplift
declines linearly from the headwater pressure on the upstream side to the tail water
pressure on the downstream side [16]. In addition, gravity acts on the dam; the
acceleration due to gravity is g = 9.81 m/s?2. The dam-foundation interface is modelled
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using the Mohr-Column failure criteria. This contact model is currently used in both the
shear friction and limit equilibrium methods to calculate sliding safety factors in dam
engineering. The friction angle was set to ¢ = 45, giving a friction coefficient of p = 1.
Finally, it was assumed that there was no cohesion between the dam and the
foundation, i.e.c = 0.

4.2 Sliding stability
The safety against sliding (i.e. the sliding safety factor) was computed as

A%
Ssliding = Z—Htan(e + ) (6)

where Y. Vand Y, H are the sums of the vertical and horizontal forces. The vertical forces
are

2V =Gpp + Wy, — U (7)

where G, is the combined weight of the pillar and the sections of the plate and crest
that are assumed to influence the pillar. According to current practice, the plate and
crest sections affecting a single pillar are sections of width equal to the distance between
the centers of adjacent pillars. W,, is the weight of the water contained by a plate
section, and U is the uplift force acting on a plate section. The weight of the pillar is

Gpp = Vpp " Pc* & (8)

where V, is the volume of the pillar and the plate and crest sections. The weight of the
water is

Wy =V pw "8 (9)

where V,, is the volume of water contained by a plate section and a crest section. The
uplift force is:

U=cc'tpb'hw'pw'g' (10)

Because the uplift force acts in the upward direction, it has a negative sign. c. is the
distance between the centers of adjacent pillars, and t,y, is the plate’s thickness at the
heel of the pillar. The sum of the horizontal forces is

YH =Py + Fice, (11)

where P,, is the resultant force of the horizontal water pressure and F. is the ice force.
The resultant force of the horizontal water pressure is

. .o-h2
Ccpwghiw (12)

hw
szcc'pw'gfg (hy —y)dy = 2

The ice force is

Fice = C¢ " tice  Dice- (13)
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4.3 Overturning

A dam is considered safe against overturning if the position of the resultant force, xp, is
in the middle third of the dam’s width, B. The dam is thus safe if

B 2B
g <Xxg < ? (14)

Where the position of the resultant force is

M

XR = ZV. (15)

The moment, }'M, is calculated about the toe of the pillar, with the positive direction
being anti-clockwise. This results in the following expression:

XM = GPP ) lPP + Wy - lw=Py " hy 1 = Fice *hice = U - 1up' (16)
where lyp, 1y, hy, 1, hice and 1, are the moment arms for the forces indicated by the

subscripts (see Figure 4). The geometric properties used in these calculations are listed
in Table 1, and the material properties are listed in Table 2.

Table 1: Geometric properties used in the calculations.

a=0 a=10
Vpp 109.61 m® 95.68 m*
Vi 450 m?
Cc 5m
top 0.75m
1pp 9.25m 8.77m
1y, 13.78 m 12.84 m
hy1 5m 2.16m
hice 14.75m 11.91m
b 17.41m 16.46 m
17.78 m 16.84 m
Table 2: Material properties of linear elastic concrete.
Young’s modules, E, 35 GPa
Density, p., 2300 kg/m?3
Poisson’s ratio 0.2

The typical crushing strength of concrete in dams is 20-30 MPa, but may be higher in
some cases as demonstrated by recent tests on the Kalhovd dam in Norway, whose
concrete exhibited a compressive strength of 41.2 MPa [17]. The sliding safety factor (6)
for a pillar with an inclination of o = 0 is thus

Ssliding = 1.1. (17)

The position of the resultant force (14) is
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xg = 11.59 m, (18)

which is within the middle third of the base. For a pillar with an inclination of a = 10°
the sliding safety factor (6) becomes

Ssliding =14 (19)
The poison of the resultant force (14) is
Xg = 8.759 m (20)

Which also is within the middle third of the base. The pillar with an inclination of o =
10" is thus safe with respect to both sliding and overturning. Conversely, the pillar with
an inclination of a = 0° is safe with respect to overturning but does not achieve the
required sliding safety factor of 1.4. The inadequate sliding stability of the pillar when
a = 0 suggested that it would be interesting to determine how sliding stability is
affected when an otherwise unstable pillar is connected to a stable pillar by a concrete
slab. The following section presents finite element analysis calculations conducted to
evaluate sliding stability in three cases featuring different combinations of pillar
inclination where the pillars are connected via a concrete slab.

5 Case study: Three-dimensional finite element analysis model

This section describes the model used in the three-dimensional analysis and the loads
acting on the studied dam sections. Three cases are considered:

e (Case 1: All three pillars have zero inclination.

e Case 2: One side pillar has an inclination @ = 109, the other two have
zero inclination.

e Case 3: The center pillar has zero inclination and both side pillars have
inclinations of a = 10°.

The details of the geometry in each case are shown in Figure 1 and Figure 4. The
geometric properties and material properties used in the calculations are presented in
Table 1and Table 2, respectively.

To reduce the number of parameters affecting the sliding stability, the foundation is
assumed to be rigid. For dams lower than 15 m, the foundation’s stiffness will not affect
the stress distribution in the dam. Therefore, the foundation’s stiffness has a negligible
effect on the normal stress distribution under the pillars.

The finite element analysis was performed using ANSYS Mechanical APDL Release 17.2
[18].

5.1 Loading and boundary conditions

In addition to the hydrostatic pressure, gravity, ice pressure, and uplift, dam sections
are subject to loads from neighbouring sections. As shown in Figure 1 the sections
alternate in terms of how they rest upon one-another, and every other three-pillar

64 10



section supports two neighbouring sections. The transmitted load from a neighbouring
section is approximated by considering a strip of the plate and assuming that the
displacement is zero at the edge of the section. It is also assumed that there is no
moment in the vertical joint. Finally, it is assumed that plate strip is fixed at the pillar in
the neighbouring section. Therefore, the plate strip can be treated as a propped
cantilever beam, and the transferred load can be determined by calculating the reaction
force, Ry, at the vertical joint, which is

3
Rp =35 B9 pw-8'y) (21)

This force acts normal to the plate where 0 <y < (h,, — 0.5 m). The part on which ice
pressure acts is also subject to an additional transmitted load acting in the horizontal
direction:

3
RT,ice = 8 (3.9- pice) (22)

for hy, — tjce £y < hy,.

5.2 Elements used in the analysis

Information about element types was obtained from an earlier publication [19]. The
dam body was modelled using a shell element called SHELL181. This is a 4-node
structural shell element based on the Mindlin-Reissner shell theory. The quadratic form
of the element was used, and nodes were placed in each corner, with an additional node
in the middle of each of the element’s sides. Each node has six degrees of freedom
corresponding to translation in the x, y and z directions, and rotation about the x, y and
z-axes. The contact between the dam and rigid foundation was modelled using the
contact element CONTA175 and the target element TARGE170. The CONTA175 element
was placed at the bottom of the pillars and the plate to model Mohr-Coulomb contact,
using the material properties defined for the underlying element to determine the
contact stiffness. The rigid foundation was modelled using the quadratic form of
TARGE170 with 4 nodes, one in each corner. The calculations were performed with a
uniform mesh, using the numbers of elements and nodes listed in Table 3.

Table 3: Number of elements and nodes used in the FE-analysis for the different cases.

SHELL181 CONTA175 TARGE170 Total no. nodes
Case 1l 108255 805 15 108933
Case 2 44812 526 127 45392
Case 3 43452 521 240 44152

5.3 Finite element analysis results

Figure 5 shows the total deformation for all three cases. The maximum deformation in
case 1 was 1.69 mm and occurred in the top of the section. In case 2, the maximum of
2.13 mm occurred above pillar 1. In case 3, the maximum deformation was 1.5 mm and
occurred above pillar 2.
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Case 1 Case 2 Case 3
Figure 5: The total deformation in cases 1, 2, and 3 [mm].

The first principal stresses are shown in Figure 6. The highest tension stress in case 1 was
6.64 MPa and occurred in the plate perpendicular to the pillars. In case 2, the maximum
tension stress was 6.37 MPa. In case 3, the highest tension stress occurred over pillars
1 and 3, and was 6.40 MPa.

Case 1 Case 2 Case 3
Figure 6: The principal tension stresses in cases 1, 2, and 3 [MPa].

Figure 7 shows the principal compression stresses in cases 1, 2 and 3. In case 1, the
highest compression stress was -7.04 MPa and occurred in the toe of the pillars. In case
2, the highest compression stress was -6.36 MPa, and occurred in the toe of pillar 1. In
case 3, the highest compression stress was -6.39 MPa and occurred in the toe of pillars
1land3.

Case 1 Case 2 Case 3
Figure 7: The principal compression stresses in cases 1, 2 and 3 [MPa].

Figure 8 shows the normal stress distributions under the pillars for cases 1, 2 and 3. In
case 1, the maximum normal stresses in pillars 1, 2, and 3 were 1.32 MPa, 1.29 MPa, and
1.32 MPa, respectively. The corresponding values for case 2 were 2.1 MPa, 1.63 MPa,
and 1.82 MPa, respectively. In case 3, the maximum normal stresses in pillars 1 and 3
were 1.87 MPa, while that in pillar 2 was somewhat lower (1.34 MPa). For all three cases,
the maximum normal stress occurred in the toe of the pillars.
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Figure 8: Normal stress distributions under pillar 1 (dashed lines), pillar 2 (solid lines)
and pillar 3 (dash-dotted lines) in cases 1-3.

The sliding safety factors for each pillar are shown in Table 4, Table 5 and Table 6, for
cases 1, 2, and 3, respectively. The safety factors were calculated using the Shear Friction
Method (SFM) and Limit Equilibrium Method (LEM) based on the stress distributions
obtained from the FEA.

Table 4: Safety factors for case 1.

Pillar1: = 0’ Pillar2: « = 0’ Pillar 3: a = 0°

H; 5970 kN 5490 kN 5970 kN

V; 6620 kN 6090 kN 6620 kN

N; 6612 kN 6083 kN 6612 kN

T 5967 kN 5488 kN 5967 kN
SsFM 11 11 1.1
SLem 11 11 11

13
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Table 5: Safety factors for case 2.

Pillar 1: ¢ = 0’ Pillar2: a = 0’ Pillar 3: « = 10°
H; 6014 kN 5306 kN 6086 kN
Vi 6576 kN 6176 kN 6271 kN
N; 6563 kN 6163 kN 7236 kN
T 6017 kN 5305 kN 4907 kN
Serm 1.1 1.2 14
SLem 1.1 12 15

Table 6: Safety factors for case 3.

Pillar 1: o = 10° Pillar2: « = 0’ Pillar 3: « = 10°
H; 6170 kN 5060 kN 6160 kN
\'A 6180 kN 6350 kN 6190 kN
N; 7142 kN 6337 kN 7148 kN
T 5008 kN 5056 kN 4997 kN
SsrMm 14 1.3 1.4
SLEM 1.4 1.3 1.4

Table 4, Table 5 and Table 6 show that there was limited variation in the vertical and
horizontal forces acting on the dam-foundation interface. In case 1, this variation was
probably due to the transfer of applied loads from neighbouring plate sections, which
would increase the load carried by the side pillars. In cases 2 and 3, this variation would
be augmented by variation in the slope angle between the pillars. Furthermore, in cases
2 and 3, it is clear that the safety factors obtained by considering complete sections
differ from those obtained by considering individual pillars in isolation, as is done in rigid
body analysis.

In all cases, the compression stress in the pillars was less than the normal compressive
strength of concrete. The highest compression stress (6.4 MPa) was observed in case 3.
The tension stresses in the plate where it is in contact with the pillars are assumed to be
taken up in the reinforcement (not included in the analysis). In addition, the capital in
the plate-pillar joint is not included, so the peak stresses predicted in these analyses are
higher than they would have been if the capital were included. It is therefore assumed
that the risk of cracking in the slab is minimal.

The normal stress distributions shown in Figure 8 deviate from the normal load
distribution assumed in a rigid body analysis, where the normal stress increases linearly
from the heel of the dam (or the end of the crack if there is cracking in the dam-
foundation interface). Consequently, a greater proportion of the sliding resistance is
activated in the toe area when using a numerical method to compute the normal stress
in the dam-foundation interface. These results indicate that if an asperity in the dam-
foundation interface is located near the toe of the pillar, it could significantly affect the
pillar’s sliding stability because more of the normal pressure would act directly on the
asperity.
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Overall, the FE analysis shows that the studied section is structurally sound with respect
to stresses under the given assumptions, loadings, and boundary conditions.

6 The combined safety factor for all pillars in a section

As demonstrated by the FEA results, there were some differences between the safety
factors for individual pillars, making it unclear which safety factor should be used. This
section therefore presents a method for computing safety factors for multi-pillar dam
sections.

Using the shear friction method, the safety factor for all three pillars can be calculated
as

Tio, Vitan(i+ay)
3
i=1 Hi

SsEM tot = , (25)
where H; is the sum of the horizontal forces acting on the bottom pillars and the index
i denotes the pillar number. For the limit equilibrium method, the safety factor becomes

3, Njtan g;

SLEM ot = Tor 13 - T =, (26)
i=1 "1

where T; is the shear force acting in the plane between the pillar and the foundation,

N; is the normal load acting from the dam on the foundation, and the index i denotes

the pillar number.

In both cases the only difference between the new method and the traditional single
pillar approach is that the new method takes the sum of the stabilizing forces within a
section and divides it by the sum of the resisting forces. The resulting combined sliding
safety factors are listed in Table 7.

Table 7: Combined sliding safety factors for cases 1, 2 and 3.

SsEMtot SLEM tot
Case 1 11 11
Case 2 1.3 1.2
Case 3 14 14

In case 1, all the pillars have zero inclination and the benefit of the combined method is
limited. Since it is assumed that concrete exhibits linear elastic behaviour, this method
provides almost no information that cannot be obtained from a rigid body calculation
performed by hand; the safety factors obtained from the rigid body calculation and the
finite element analysis are identical. In case 2, one side pillar has an inclination of a =
10°. The safety factor for the all three sections is 1.2 but that for the weakest pillar is
1.1. In this case, although treatment of the complete sector slightly increases the sliding
safety factor, the calculated value remains well below the regulatory minimum of 1.4.
Conversely, in case 3, a safety factor of 1.4 is attained when the finite element analysis
is performed for all three pillars together. The compressive stresses in all three pillars
under these conditions are lower than the typical compressive strength of concrete.
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These results indicate that a dam section may have a satisfactory overall sliding stability
even if some of its individual pillars would have inadequate sliding stability values if
considered in isolation.

7 Conclusions

This paper briefly outlines the different methods used to calculate sliding safety factors
for buttress dams, and presents a new method for computing combined sliding safety
factors for dam segments spanning multiple pillars in typical Norwegian flat slab buttress
dams. It is shown that if there are pillars with high capacity within a plate section of such
a dam, it is beneficial to use this simplified three-dimensional method to compute the
sliding safety factor if the slab has the capacity to transfer loads.

Although the increase in safety factors achieved by using the new model is relatively
modest, it may be enough to avoid expensive rehabilitation of the section.

The new model could also be used to support further, more detailed analyses. Such
analyses could, for example, consider the actual geometry of the plate foundation and
fixation. Asperities in the pillar foundation, walkway openings, rock bolts, and
reinforcement could also be considered, together with nonlinear concrete properties.
The data needed to support such efforts could be obtained by performing an on-site
survey of the dam to gather and test material samples and measure geometries. In
general, the more information that is to be included in the analysis, the greater the need
to document the dam’s current state. A natural first step in extending the model
presented here would be to include the plate foundation in the analysis.
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Abstract

In this paper we present some new thoughts on and a discussion of an overview of different
numerical methods that may be applied to dam structures. In particular, in this light we discuss
and compare with 14 different case studies from the literature where numerical methods have
been used to study the behaviour of gravity and plate dams. Finally, we show how different
failure modes can be modelled. The main aim is that this paper can be an important basis when
investigating dams not only in our research at NORUT Technologies in Norway but also
worldwide to analyse, investigate and solve similar problems.

Keywords: Numerical modelling, structural stability, Finite Element Method, failure modes,
static loading, dams
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1. Introduction

In Norway, 95 % of the total power production is produced from hydropower. Norway has the
largest installed hydropower capacity in Europe with 31 626 MW [1]. The Norwegian Water
Resources and Energy Directorate (NVE) is the governmental authority of dams in Norway and
ensures that the owners of the dams complies with the dam safety regulation
(Damsikkhertsforskriften) [2]. NVE has currently 4002 registered dams in Norway. Concrete
dams accounts for 51.2 %, out of which 1220 are gravity dams, 322 are flat slab buttress dams,
130 are arc dams and 376 are other types of concrete dams [3].

The main aim is that this paper shall be an important basis when investigating dams not only in
our research on stability assessment of typical Norwegian concrete dams under static loading
conditions at NORUT Technologies but also worldwide to analyse, investigate and solve similar
problems.

To ensure the dam safety throughout the lifetime of the dams, the dam safety regulation
requires that all dams are reassessed at a time interval of 15 - 20 year, depending on the
consequence of failure. The safety regulations cover the stability demands and how the safety
factors should be calculated. NVE also provides a set of guidelines [4] and [5] that gives a more
detailed description of how the stability computation should be performed. These guidelines
are based on a rigid body assumption (also called the limit equilibrium method).
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Figure 1 shows a typical cross section of a gravity dam, and Figure 2 shows a typical flat slab
buttress dam (plate dam). With the rigid body assumption, the dam body is assumed to be rigid
and resting on a rigid foundation. When assessing the stability of a dam there are three failure
modes that should be checked: Overturning, sliding and overstressing, shown in Figure 3. The
last of which is a local failure such as cracking or crushing of the concrete dam or rock, while
overturning and sliding are global failure modes. It is assumed that for overturning, the whole
dam body rotates about the toe, see Figure 3a.

Headwater Crest
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Tailwater

\[Rockbolt

Heel Toe

—A4

. it
Foundation B/3 Kernel B/3
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Figure 1: A typical cross-section of a gravity dam, with headwater, tail water and rock bolt.
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Top view:
Insulating wall
‘/Vertical joint
PiIIar/buttress\H LH H H—‘ H
Doorway [

Foundation

Figure 2: The components of a flat slab buttress dam (plate dam).

For sliding, it is assumed a failure plane in the dam-foundation interface and that the whole dam
slides, using Mohr-Coulomb failure criteria for contact (a description of which can be found in
[6]). It should be noted that overstressing might lead to a global failure of the dam, which for
example is if a crack propagates through the dam body this may cause the whole dam to fail.
There are two common situations when the strength/stability of a dam is computed; (1) when it
is designed, and (2) when it is reassessed. A Norwegian dam that is reassessed should satisfy the
current regulations. If the regulations have changed since the dam was designed
(increased/change loading conditions, increased safety factors etc.), the dam might not meet
the stability requirements when it is reassessed.

2
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The cost of the corrective measures needed to satisfy the regulations might motivate a more
detailed analysis of the dam. In recent history there are four known failures in concrete dams. In
Norway [7], there have been no failures in dams built according to the
“Damsikkerhetsforskriften” introduced in 2001. Numerical methods or more detailed and
accurate analytical (mathematical) models can be useful tools in this process. Rock bolts are
often used to improve the stability of the dam foundation, but in Norway these should not be
included in the stability calculation if the dam is taller than 7 m (by the current guidelines [5]).
The rock bolts are placed close to the upstream side on a gravity dam, and in a buttress dam the
bolts are placed in the interface between the plate and foundation. In addition, there might be
placed bolts along the pillars.

We finish this introduction by shortly describing loads acting on gravity and flat slab buttress
dams:

Typical loading and boundary conditions are shown in Figure 3. Hydrostatic pressure is applied
to the dam body, if there is water on the downstream (tail-water) side of the dam it applied
there as well. The uplift pressure is assumed to have trapezoidal shape and is assumed as stress
in tension in the dam-foundation interface. It is assumed to be a crack in the (interface between
the foundation and) dam, the uplift pressure is assumed to be equal to the hydrostatic pressure
at the heel of the dam. The uplift is then linearly decreasing towards the toe of the dam. The ice
pressure is assumed to be 200 to 300 kPa and is acting at the top 0.5 m below the headwater
level [4]. For a flat slab buttress dam, the loading is mostly the same as for a gravity dam. The
main differences are that the uplift is usually assumed to act only under the plate and to be zero
under the buttress. This is done if there is good drainage around the buttresses, and it is
therefore assumed that there will be no build-up of uplift pressure.

/ﬂ

(@) (b) (c)

Figure 3: The failure mechanism: (a) Overturning about the toe. (b) Sliding in the dam-
foundation interface. (c) Overstressing (cracking).

The paper is organized as follows: In Section 2 we present, analyse and discuss both linear and
non-linear models of and seven different numerical methods, which can be useful for
investigating various dam constructions. In the same spirit, in Section 3 we focus on numeric
analysis in design of new dams or reassessment of existing dams. Moreover, also some error
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analysis and a first case study (the La Brefia |l dam) are included. Moreover, in Section 4 we
present and discuss 13 more interesting case studies all over the world. Section 5 is reserved for
presenting and analysing the important concept overstressing, procedures for evaluating
stability and modelling of failure modes. Our final discussion together with some concluding
remarks can be found in Section 6.

2. Numerical analysis of dam structures: models and methods
In this section we present and discuss different numerical models and methods that can be
suitable for analysing and treating problems related to dams.

2.1. Linear and non-linear numerical models

A linear numerical model (such as finite element model) of a dam provides a more detailed and
accurate stress distribution in the dam than a limit equilibrium analysis. But a linear numerical
analysis is not suitable to model the redistribution of stress due to cracking or crushing in the
dams. However, it can be used to assess where in the dam it is likely that tension and shear
stresses above the capacity of the materials occur. A linear numerical model should also be used
as a starting point if a nonlinear model of the dam should be developed. The results from the
linear analysis can then be used as a reference in the nonlinear analysis.

There are several types of nonlinear numerical models. One type of such model is a nonlinear
material model that allows for cracking and crushing in the material. Another type is a nonlinear
connection between the foundation and the dam, and can be applied for both linear and
nonlinear material models.

Brand et al. [8] showed by an example that the benefits of using numerical models are not
always that great. In the example, a two-dimensional analysis of a gravity dam was carried out.
If the model can be reduced to a rigid body analysis, such as a gravity dam with a planar base,
then a limit equilibrium analysis, which gives the cheapest analyses to perform, can be adequate
for the dam. On the other hand, if the base of the dam is not planar and/or has asperities, then
the failure can be best modelled with a nonlinear contact model. When an irregular base
surface was introduced in the same example, the nonlinear analysis of the dam gave a friction
angle of 18.3 degrees in order for the dam to be stable. If the irregularities are ignored and a
limit equilibrium analysis was used, the required friction angle was 51.6 degrees. It should be
noted that the irregularity causes a very different distribution of the stress, and a four times
higher peak normal stress, than the one assumed in the limit equilibrium analyses. The results in
the report showed that the geometry in the dam-foundation interface was clearly influencing
the results of the numerical analysis.

Léger et. al. [9] showed that the similarity of the results between the ones obtained from the
limit equilibrium analysis and a nonlinear finite element analysis (FE-analysis) might depend on
how the dam-foundation interface was modelled in the FE-analysis and what was analysed. A
gravity dam with the height of 52 meters and a typical cross section was considered. A two-
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dimensional plain stress FE-analysis was performed, and showed how the choice of dam-
foundation interface model affected the resulting crack length. Hydrostatic pressure (water
level: 52 meters), gravity and a triangular uplift pressure were applied to the dam (updated
according to crack development). A linear material model was used for both the dam and the
foundation. The boundary conditions applied on the foundation was set to zero displacement in
the normal direction to the boundary. First, the crack length was computed by the gravity
method. Assuming no tension capacity in the concrete, the authors found that the crack
expanded to 28 % of the base length. Furthermore, the authors performed the following two FE-
analysis: (i) The dam-foundation interface was bounded together. If the tensile stress exceed
the strength of the concrete, then the elastic modulus in the normal direction to the interface
was set to zero. By using this method, we obtain the same crack length as in the case mentioned
above when the elastic modulus was changed equal to 28 % of the base. (ii) The dam-
foundation interface was modelled with a model that utilized a cracking criterion based on
principal tensile stresses instead of normal tensile stresses as was used in the gravity method.
The crack length obtained in this analysis was 83 % of the base length. This shows that the crack
length is highly dependent on how the interface is modelled.

Numerical models can be expensive to develop. In general, the more complex an analysis is, the
more it costs. As indicated in the example above (with planar base), the nonlinear model will
not give any more information about the stability of the dam than the limit equilibrium analysis.
The level of details included in the model should be such that the real structure can be
approximated in the best possible way for the analysis in question. Details that do not affect the
results should not be included. The more complex an analysis is, the higher the potential
sources of errors is. Therefore, a more complex model does not necessarily give a more
accurate result. The following three sections summarizes some of the key aspects to consider
when applying the different methods to dams. These key aspects are described in the bulletin
B155 - Guidelines of use of numerical models in dam engineering [10]. We will give a brief
overview of some of the different numerical methods used to analyse dam constructions.

2.2. Numerical methods

a) The finite element method (FEM) has its origin in structural engineering; it was used to
perform approximate computation of the behaviour of trusses, beams etc. subjected to
external loading. Today it is also a widely used method in many fields of engineering. The
basic concept of FEM is that a continuous body is dived into a finite number of parts
(elements) described through nodes with different behaviour. The behaviour of each of
these elements is then described with a finite number of parameters. The solution of the
complete system is the result of the assembly of each elements behaviour. A more precise
and detailed description of the FEM can be found in e.g. [11] and the references therein. The
basic assumption of a continuous body used in FEM is also a valid assumption for concrete
dams. For other types of dams such as embankment or masonry dams, where the body is
not continuous, this assumption may not be justifiable. Effects such as cracking in the
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b)

c)

d)

e)

f)

concrete that introduces discontinuity into the otherwise continuous domain can be
accounted for by using nonlinear material models. Today there are several commercially
available finite element (FE)-software, such as ANSYS [12], ATENA [13], ABAQUS [14], LS-
DYNA [15], Catia [16] and many others.

The distinct element method (DEM) differs from the FEM by representing a discontinuous
media as an assembly of blocks that mechanical interact with each other. The development
of DEM was motivated by problems in rock mechanic to which the basic continuum
assumption used in FEM was not applicable. The method was first proposed by Cundall in
[17]. DEM might be used for concrete and masonry dams. During the last years, DEM has
been further developed, and today there is a possibility to combine FEM and DEM. This
“combination”, treats each block as deformable (FEM) and mechanical connected to each
other (DEM), is described in details in [18]. Modelling of dams by using DEM is a good
approach to evaluate the stability of dams, as shown in some examples later in this paper.
There exists commercially available software that has the option of DEM, such as LS-DYNA
[15].

The particle finite element method (PFEM) has shown to be useful when investigating
problems relating to fluid - structure interaction. The nodes (in each element) are
considered to be particles that can move freely and even be separate from the main domain
of the analysis. An overview of the method can be found in [19], which also presents several
examples where the PFEM is shown to be a more accurate tool when the different problems
are considered. One of the examples presented involves large motion of free surface and
splashing of waves. PFEM might be a good tool to examine the interaction between the
water and embankment dams.

The finite volume method (FVM) is mainly used to model the behaviour of fluids, but it has
also been used to model structures, see [20] and the references given there. Modelling
structures by using FVM is mainly motivated by its ability to model the fluid-structure
interaction by using the same numerical methods for all parts of the model. This method
might be of interest in dam engineering but it is depending on the capability of the FVM to
model structures and what the aim of the analysis is. For example, if the analysis aim is to
assess the multi-physics problem of water — dam interaction, then the FVM might be of
interested.

The extended finite element method (XFEM) is a numerical method that was developed to
model the crack growth in an domain. A detailed description of the method can be found in
[21]. XFEM is based on the framework of FEM by using discontinuous fields across the crack
faces. This gives the possibility to model crack growth without re-meshing the domain.

The smooth particle hydrodynamics (SPH) method was originally developed to solve
astrophysical and cosmological problems. A detailed description of the method can be found
in [22] and the reference within. As the name of the method suggests, the domain is
discretized using particles. Furthermore, it is a mesh free method. This makes SPH capable

6

80



of handling large displacements and fractures in a better way than numerical methods that
depend on a mesh, such as FEM. The SPH is implemented in some commercial available
software, e.g. LS-DYNA [23]. Mesh free methods do not discretize the domain into
elements/volumes to provide a relationship between the nodes as for example FEM does.
Some of the benefits of this is that re-meshing of a domain if cracking occurs is not required,
and errors due to element distortions are avoided [24].

g) The isogoemetric analysis (IGA) method was first proposed in 2005 [25]. The main concept
of IGA is to create a model for the numerical analysis based on geometry created in a
computer aided design tool. This can be achieved by constructing the mesh using for
example Non-Uninform Rational B-Splines. This will give a better representation of the exact
geometry in the numerical model. This might be of interest for dam engineering if more
details of the geometry should be included in the models. There exists a plug-in called
abgNURBS [26] that utilizes IGA with in ABAQUS.

3. Numeric analysis in design of new or reassessment of existing dams

3.1. Numerical analysis in design of new concrete dams

It is not only the geometry of the dam body that should be considered in a numerical model.
Also the foundation of the dam should be included in the analysis. For linear analysis with static
loads the Saint - Venant principle [27] can be used as a guideline for how much of the
surroundings that should be included in the analysis. This principle implies that the foundation
that is included in the model should at least have the same dimensions as the characteristic
dimensions of the dam body. Normal practice is to let the foundation be 1.5H high (H is the
height of dam), and it should also be of H length on both the upstream and downstream side of
the dam, see Figure 4. The modelling of the foundation should of course be more detailed if it is
the behaviour of the foundation that is of interest in the analysis.

Ice load
—>

Hydrostatic

pressure )
s Hydrostatic
G pressure

O LIS

Foundation block

B B

Figure 4: Typical loading and boundary conditions for a gravity dam.

The stress state in the dam that is caused by the hydration heat distribution should also be
considered when modelling concrete dams. The initial stress-strain state in the dam is one of
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the most complex problems to analyse for existing structures. The two main reasons for the
complexity of the problems are; the lack of knowledge about the construction phase and the
thermo-visco-mechanical parameters that can introduce stresses. For dams, it is also important
to take into account that the dead load and stiffness are added to the structure during the
construction phase. The effect of this is of great importance for the initial stress-strain state in
the structure. When using numerical analysis in the design of a new dam there will always be a
challenge with the calibration of the numerical model, and the geometry of the dam-foundation
interface is often unknown until construction of the dam has begun.

Case study 1: The La Brefia Il dam

Rueda et al. [28], presented a preliminary result on how to conduct a detailed thermo-chemical
study of a roller compacted concrete (RCC) gravity dam during the construction phase. The dam
model in the analyses is the La Brefia Il dam, located in Spain. It is 124 meters high and the crest
is 673 meters long, divided into 25 monoliths. The consecutive lifts between new layers of
concrete were assumed to be fully bounded. The dam-foundation interface was modelled as
adjacent surfaces, which allows them to slip and separate from each other. The software used
to analyse the problem was the finite element method program ABAQUS/Standard [14]. The
construction process was divided into 207 steps. First, the thermal dissipation in the dam was
simulated by using transient heat transfer in the time domain. Second, the result from the first
step was introduced as thermal loads in a mechanical analysis. The input air temperature was
the averaged measured temperature at the site. The curve of heat used in the analysis was
approximated as the heat generated of concrete setting. The thermal properties of the
materials were assumed to be independent of time. In the mechanical analysis, the dam-
foundation interface was modelled as a friction contact. Small values of sliding were assumed.
On the vertical sides of the monolith, the boundary conditions were defined such that the
domain can contract in the cross valley direction, but cannot expand. The “underground”
boundaries in the foundation could not move in the normal direction and was free in the other.
The temperature distribution obtained in the thermal analysis was applied as thermal loads.
They were applied stepwise according to the new concrete lift (layering of concrete) added and
the magnitude was time-dependent (computed in the thermal analysis). The self-weight of the
dam was also considered. The material properties of concrete were defined as a piecewise
function of time in order to account for the fact that the concrete's properties change very
much in the early stages of setting. Both the Poisson's ratio and the thermal expansion
coefficient were assumed constant with respect to time. In this analysis, the authors were able
to show that there were high tensile stresses near the base of the dam and at the exposed faces
on both the upstream and downstream side. These tensile stresses may lead to cracks in the
concrete, allowing water to penetrate into the crack and concrete (seepage) which causes uplift
loads. As noted by the authors, this numerical analysis was done before the dam was built and
that physical experiments in order to verify the numerical model were not carried out.
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3.2. Numerical analysis in reassessment of existing concrete dams

There are two commonly used approaches when applying numerical methods in the
reassessment process of an existing dam. The first approach is to use the data obtained from
measurements of the dams geometry and behaviour. Then the analysis is carried out as if the
dam was new. By using this method, the safety factors for different load cases can be obtained.
If the results of the analysis correspond with the observed behaviour of the dam, then it is likely
that the results are accurate. This approach is useful if the calculation from the design phase of
the dam is lost, or if the calculation method, loading conditions and criteria have changed since
the dam was built.

If for example, dams were constructed without considering the effect of uplift, or if the ice load
was not considered designing the dam, then this method could be used.

The second approach is the back-calculation method, which was performed on the Upper
Stillwater Dam located in Northern Utah, USA. The dam failed during the initial filling the
summer of 1988 [29]. The cause of the failure was horizontal shearing along a weak layer of
rock in the foundation. Results from numerical analysis were compared with the observed
behaviour during failure. The numerical analysis (linear elastic and plain strain) predicted larger
displacement than the observed displacement of the dam before the failure, but after the
failure occurred the numerical model showed less displacement of the dam than the real
behaviour in the dam. The back calculation of the stability showed that it was the lowest
strength measured in the foundation that could predict the shearing in the foundation.

3.3. Limitation of numerical methods and common errors in numerical analysis of dams
Numerical methods are often simplified and partial methods are often used to compute the
behaviour of a real physical system [10]. The geometry is simplified by not including details.
Often, finite boundaries are assumed and imposed. The material models used are
approximations of the real behaviour of the material. It is difficult to include the space-wise
variation of the material properties in the model. The displacements are assumed to follow
some shape functions, usually of first or second degree. The loading of the structure is
systemized with respect to both space and time. All of these simplifications and limitations of
the numerical model are not limited to dam engineering. However, they are important to
remember when evaluating the results obtained from the model.

There are some common errors in humerical analysis of dams that are highlighted in the report

[8]:

e Unrealistic boundary conditions. Dams are large structures that may span over an entire
valley. Therefore, to reduce the size of the model, often only a representative section of
the dam can be considered in the numerical model. It should be considered if the section
is allowed translation in the cross valley or in downstream (and upstream) direction. The
same should be considered for rotation. If a connection/boundary in the dam is not rigid
in the real world, then it should not be modelled as a fixed connection/boundary. Free
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translations and rotations should not be assumed if the dam is constructed such that
these movements are not possible.

e Mesh density (FEM). If the geometry is poorly meshed, then stress concentrations may
be missed. Sharp corners and edges often result in high stresses and it is important that
the model is meshed such that these stress concentration areas are visible in the results.

e Strength. It is often tempting to utilize the tensile strength of the concrete if the
numerical analysis show that there are tension forces acting in the dam. During the
construction of the dam, the construction sequencing, curing and cooling of the concrete
and different foundations deformation may have caused stresses in the dam that are not
included in the analysis. Because of these unknown stresses, the tensile strength of the
concrete should not be utilized. It should be assumed that the concrete has no tensile
strength.

4. Further important case studies

In this Section we present some case studies, where numerical methods have been used on
gravity dams and plate dams. In additions to this, some cases where the aim of the analysis is to
study the effect of passive anchors is also included.

4.1. Concerning gravity dams

A gravity dam which has a fairly constant cross section and that is long compared to the height
of the dam can be modelled by using a two-dimensional numerical model. This will be a good
simplification and approximation to use when computing the behaviour of the dam [10]. If the
dam spans a narrow valley, and the support on the sides of the dam is assumed to influence the
behaviour of the dam, then a three-dimensional model is required to create a good model of
the dam.

Case study 2: The Norfork dam in USA

The analysis of the stress distribution in the Norfork dam in USA, presented in the paper [30]
and the report [31], is one of the earliest applications of finite element method on problems
concerning dams. The Norfork dam is a concrete gravity dam. Extensive cracking in the dam was
discovered during the construction of the dam and over 18 years after the completion of the
dam, an extensive survey of the size and distribution of principal cracks was carried out. In one
of the monoliths (or sections) a vertical crack was discovered. It spanned almost the complete
height of the cross section. This section is about 60 meters high (196 feet) and was considered
in the analysis. The purpose of the analysis was to assess how the crack affected the stress
distribution in the dam body. Plain stress in the cross section was assumed in the finite element
(FE) analysis, and a unit length in the cross-valley direction was considered. Both an un-cracked
and a cracked cross section were modelled with the following loads: hydrostatic pressure,
temperature and gravity. The results showed a stress concentration around the top and bottom
of the crack that was not present in the un-cracked cross section. The principal stresses in the
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areas of stress concentration did not exceed 3.4 MPa (500 psi), and was concluded to be not
severe.

Case study 3: The Fratel spillweir dam

The Fratel spillweir dam in Tagus River in Portugal was investigated in the paper [32]. The dam is
approximately 147 meter long and has six gates(that can control the water flow) placed on
spillways (part of the dam where the water can flow) 12 meter high, and piers that are 33 meter
high support the gates. The spillway section of the dam is a gravity dam. Both a finite element
analysis and an physical experiment using a three dimensional model (model made of plaster
material in scale 1/75 ) was used to analyse the effect of pre-stressing needed in the piers to
support the gates. A linear isotropic material model was used for the concrete. The spillway part
of the dam was modelled with two-dimensional plain strain elements, and the pier was
modelled with plain stress elements. In the FE-analysis the dead load, water load on the spillway
dam and gate, and the pre-stressing forces were included. Furthermore, the concrete block that
supports the axes of the gates was modelled using plain strain elements. It was found that the
results from the FE-analysis and the plaster model have good agreement.

Case study 4: The Djerdap 1 dam

The displacement in the Djerdap 1 dam located on the Danube River on the common stretch
between Yugoslavia and Romania was studied in the paper [33]. The dam has an extensive
monitoring system and measurements over a 30-year period have been collected. The author
used the measured displacements as a reference for the behaviour of the dam. A concrete
overflow section of the dam was modelled in a two-dimensional FE-analysis. The displacements
obtained from this numerical analysis were compared to the historical measurements. The
horizontal displacement computed using the finite element method (FEM) was in good
agreement with the recorded data. The vertical displacement computed with FEM was a bit
larger than the actual historical displacement. Measurements taken in the construction phase
and initial phase of operation of the dam showed that 70% of the deformation of the rock in the
foundation occurred during that time. The remaining 30% of the deformation has occurred
during the 30 years of operation.

Case study 5: The Hiyoshi and the Urayama dams

The behavior of Hiyoshi dam and Urayama dam in Japan during their first filling was studied in
the paper [34]. The Hiyoshi Dam is a Roller Compacted (RC) gravity dam with the height 67.4
meter. The Urayama is also a RC gravity dam, and it is 156 meter high. During the first filling,
there were no issues with any of the dam's behaviour. The largest cross-section of both dams
was used in the analysis. The temperature and displacement of both dams were measured
during the first filling. The authors compared these measurements with the computations
performed with a two-stepped FE-analysis. The first step was an analysis of the temperature
distribution in the dam. The result from this analysis was then used in the second step as a
temperature load in the concrete in addition to the hydrostatic pressure. In the thermal
analysis, a two-dimensional FE-analysis was performed considering the air temperature and
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temperatures in the water on-site. The heat of hydration of the concrete, sunshine and other
weather effects were not considered. In the static analysis, a plane stress FE-analysis was used,
and the loads applied were temperature (in air and water), hydrostatic pressure, uplift and
gravity. A segment of the foundation was also included in the analysis. For both of the dams the
authors achieved numerical results that corresponded well with the actual measured behaviour
of the dam. Furthermore, how the temperature and hydrostatic loading individually affected the
behaviour of the dam, were also investigated. The result closest to the actual measured
behaviour was the result obtained by a computation that included temperature loads,
hydrostatic loads and gravity.

Case study 6: The Ternay dam

The Ternay dam in France is a 41 meters high old (completed in 1864) gravity masonry dam. A
numerical analysis of the Ternay dam was presented in the paper [35]. A two-dimensional FE-
analysis with an elastic foundation was performed with the FEM program FARC-DAM. The dam-
foundation interface was modelled using a Mohr-Coulomb contact model with the friction angle
of 46 degrees and a cohesion of 81 kPa. A poro-fracture analysis with a smeared nonlinear
fracture mechanic concrete model was used to compute the cracking. The fracturing process
was described using a tensile strain softening law when the tensile stresses exceeded the
strength of the concrete. The foundation was constrained at the dam edges by setting the
displacement to zero in the normal direction to the edge. When the water level reached 35.6
meters, an unstable crack developed. It was concluded that a water level of 35.6 meters gave
the failure load, and the failure was overstressing. These results were compared to previously
work presented in [36], which used a poro-plastic formulation, and the obtained failure load in
that work gave a crack at water level 36.4 meters. The differences between the two studies
were assumed to be some differences in the effective porosity coefficient and the evolution of
internal water pressure. It was concluded that by comparing the failure water level to the
normal operating water level, a safety margin can be obtained. Furthermore, the authors noted
some important aspects of numerical modelling of concrete dams; e.g. that the possibility of a
crack jumping from one lift joint to the next should be considered. Moreover, the benefit of a
numerical analysis, compared with the limit equilibrium method, was that it can compute the
critical cracking profile. The numerical analysis can also handle several cracks, voids in the dam,
varying material properties in the cross-section, discontinuities in the dam/foundation or the
interface between them, temperature effects, and other actions done to improve the
performance of the dam.

Case study 7: The Itaipu dam

The Itaipu dam located on the Prand River between Brazil and Paraguay is 7.8 kilometres long
and has a maximum height of 196 meters. The dam consists of a concrete hollow gravity, a
concrete buttress, a concrete mass gravity, a rock fill and an earth fill section. In the paper [37]
the authors used the measurements taken over 17 years, to calibrate the finite element models
connected to some of the sections of the dam. Two-dimensional FE-analysis was performed on
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10 different cross-sections of the dam. In addition, a three-dimensional FE-analysis of the whole
dam was conducted. It was assumed a monolithic connection between the dam and foundation,
i.e. the two parts acted as one body. Gravity, temperature and hydrostatic loads were applied to
the dam. Based on the FEA, it was concluded that the evaluated sections of the dam have the
necessary safety margins.

4.2. Concerning plate dams

A plate dam (or flat slab buttress dam) can be modelled in different ways. One approximation is
a two part plain stress model. First, the plate can be modelled, and the stresses obtained from
the analysis can then be used in an analysis of the pillar, see [38], as the second step. Another
method is to model one pillar and a section of the plate using either shell elements or solid
elements (one pillar and a section of a plate method). The analysis performed on the
Storfinnforsen is an example of this, which is summarized below.

Case study 8: The Malset dam

In the paper [39], the finite element method was used to investigate the sliding stability of four
sections in the Malset dam, located on Vikafjellet on the west coast of Norway. The dam was
built in 1954. It has one buttress section (34 pillars with a distance of 5 meter) and two sections
that are gravity dams. The buttress section is up to 17 meter high. The sliding stability of two
relative low sections (5.7 meter and 6 meter) was assessed by using a two-dimensional
numerical model in the FEM-software ATENA. The pillars were modelled with plain stress
elements. The plate and the rock foundation were modelled using plain strain elements. A
fracture-plastic constitutive model was used in the model in order to include cracking and/or
crushing. The loads were hydrostatic pressure, see Figure 1b, gravity and ice load. The uplift
pressure was modelled by reducing the gravitational load of the plate. The traditional method of
computing the safety factor with FEM, both with a smooth planar inclined dam-foundation
interface and an interface that was close to the actual one (asperities etc. was included) was
compared. The results showed that the FEM analysis gave higher safety factors against sliding
than the shear-friction method, for the planar interface. The actual interface has a lower safety
factor than the planar interface, but it is still higher than what you get from the shear-friction
method.

Case study 9: The Storfinnforsen dam

In this case, a numerical analysis of a buttress dam was performed to investigate the cause of
crack development in the dam. The Storfinnforsen dam, located in Sweden, were completed in
1954. The dam has a maximum height around 40 meters. In 1961, the first survey of cracks in
the dam was completed, and a second one was done in 1981. During that time three times as
many cracks had developed, and the length of the cracks had doubled. One of the hypotheses
was that it was the temperature difference between the upstream side and downstream side
that caused these cracks. This was described in the references [40]-[42], where numerical
modelling of thermal expansion in buttress dams was used. The starting point in the papers was
a linear model, which was further developed into to a nonlinear model. In the report [41], a 40-
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meter-high section of the dam was considered. The numerical model consisted of one pillar and
a plate segment. A finite element analysis was performed using shell elements with the effect of
steel reinforcement and the FEM-software Abaqus. The plate was rigidly connected to the pillar
and free on the sides that are in contact with the plates of the adjacent pillars. Moreover, the
pillar was rigidly connected to the rock foundation, see Figure 2. The rock foundation was
modelled as a 2 meter thick plate. This was done to reduce the stress close to the foundation
when it was modelled as rigid surface. This was done to avoid unrealistic stresses at the base of
the pillar. Due to the lack of elasticity if the foundation it was modelled as a rigid foundation. A
nonlinear material model based on plasticity theory (called concrete damaged plasticity) was
used to model the concrete. Gravity, hydrostatic pressure and temperature loads were applied.
The temperature load was time dependent. The seasonal variation in the air/water temperate
was considered as one temperature cycle, and a total of five cycles was applied to the dam. The
results of the analysis showed that the cracks from the analysis corresponded well with the ones
observed in the dam, and that the 3D shell elements provided higher accuracy than a 2D FE-
analysis. This also showed that the placement of the insulation wall had a significant effect on
how the stresses due to thermal loads were distributed in the dam.

4.3. Concerning arch dams
We also describe some concrete examples concerning numerical analysis of arc dams.

Case study 10: Sarvsfossen dam

In the design process of Sarvsfossen dam (completed in 2014), a 50 meter high double curved
concrete arch dam located in Bykle, Norway, a FE-analysis was used to assess the capacity of the
dam [43]. It was assumed that the concrete and bedrock are linear elastic isotropic materials,
the interface between the concrete dam body and bedrock were modelled with contact
elements, hence uplift and sliding in the interface were included in the model. The motivation
for performing a FEA on the dam was to get a more accurate representation of the geometry in
the model than the one used in the currently used analytical calculations. The FEA showed that
the dam body was lifted at the heel when the water pressure was added. Therefore, sensors
were installed during the construction, and after the first filling of the dam the measurements
showed that the heel lifted 2.5 - 3.5 mm under the highest water pressure. These
measurements were close to what the numerical model predicted.

Case study 11: The Xiaowan concrete arch dam

Y. Pan et. al. [44] implemented an unbalanced force method in a FE-model to study the crack
development in the Xiaowan high concrete arch dam, located in China. It was an existing crack
in the dam which was assumed to be the results of thermal induces stresses. Both numerical
and physical experiments were conducted to study the stability of the dam, and to determine
the most likely failure mechanism. Both the numerical and the physical experiments showed
that the cracking at the heel of the dam should be of the greatest concern and that the existing
cracks seemed to be stable.
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4.4. Passive anchors
Passive anchors (or rock bolts) are often used in a concrete dam. Below follows two different
methods of implementing rock bolts in a numerical analysis of a dam.

Case study 12: DEM used to assess passive anchors

E.M. Bretas et al. [45] used a small gravity dam model located in Canada with passive anchors by
using DEM as a case study. The dam is 2.9 meter high and has a base width of 3.65 meter. The
section was reinforced with a passive anchor 0.6 meters from the upstream heel. The load case
used in the analysis was a flooding scenario with a headwater of 4.81 meters on the upstream
and 1.81 meters downstream. The hydrostatic pressure was applied on the upstream face of the
dam, but discarded on the downstream side, since that would have a stabilizing effect on the
dam. Uplift and gravity were also included. The dam-foundation interface was based on the
Mohr-Coulomb contact model and the foundation “block” was fixed in place. Full uplift pressure
was applied in a crack that was computed to be one meter from the upstream heel. A
parametric study of both the strength of the anchor and friction angel was conducted. It was
concluded that the parameter that had the largest effect on the shear load acting on the
anchor, was the friction angle. The effect of multiple anchors was also studied and was found to
increase the normal force and related shear force in the bolts; this was due to reduction in the
distance from the bolt to the toe of the dam.

Case study 13: A typical Swedish buttress monolith

R. Malm et al. [46] performed a case study on a typical Swedish buttress monolith to examine
how the rock bolts contributes to the stability of concrete dams. The height and width was 8
meters, the thickness of the plate was 1.2 meter, and the buttress had a thickness of 3 meter.
The monolith has 20 rock bolts as anchors (steel bars, with a diameter of 25 millimetres) which
are drilled 2 meters into the concrete and 3 meters into the rock. The water level was 7.5
meters. The geometry consisted of one pillar and the corresponding part of the plate. Four
cases were assessed in this study, performed by FE-analysis; (1) Without bolts, (2) Bolts with
maximum allowed stress level of 140 MPa, (3a) Bolts with a yield stress level of 370 MPa and no
corrosion, and (3b) Bolts with yield strength of 370 MPa and considering corrosion. The used
software was Abaqus. The dam body and rock foundation were modelled with a 8-noded linear
brick element. The FE-model of the dam body consisted of 32640 elements with an average size
of 0.2 meters. The rock foundation consisted of 40960 elements with the average size of 0.25
meters. The rock bolts were modelled with a three-dimensional 2-noded linear Timoshenko
beam element, with an element size of 0.035 meters. The loading considered in this analysis
was gravity (i.e. dead load), hydrostatic pressure and uplift pressure. The dam-rock interface
was modelled as a "hard contact" for compressive loads that allowed separation, and the
friction coefficient was set to 1.0. The boundary conditions were applied to the rock foundation,
except the top surface that was constrained in the normal direction. The rock bolts were
defined in such a way that a 0.1 millimetre axial deformation was allowed before failure. A
push-over procedure (described in more details later) was used in all cases. The hydrostatic
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pressure and uplift were increased by increasing the density of water, i.e. only the horizontal
component was increasing. The results showed a combined failure mode of sliding and
overturning. The numerical safety factors (combined) for all cases are listed in Table 1, together
with the safety factor obtained by analytical calculations (sliding and overturning).

Table 1: The safety factors for the different load cases.

Case Combined Sliding* Overturning*
1 1.00 1.03 1.43
2 1.98 1.49 2.02
3 3.00 2.22 2.54

*Analytical results

The conclusion of the study was that the rock bolts have a significantly effect on the stability on
concrete dams. In this study, it was included also a presentation of and a discussion on how
degradation influence the strength of the rock bolts.

Case study 14: The Nygardsvatn dam

E.M. Bretas et al., [47], used the discrete element method (DEM) in a case study of a two-
dimensional numerical analysis. The method of reducing the friction angle was used to evaluate
the stresses in passive rock bolts instead of the more commonly known FEM that was based on
joint elements to represent the bolts. The Nygardsvatn dam located near Narvik in the northern
part of Norway was used as a case study. The construction of the dam was completed in 1932. It
is a small dam consisting of one arched section and two gravity dam sections. In 2002 the owner
of the dam concluded that one of the sections needed to be rehabilitated. The 48 meter long
gravity dam with the height of 5 meters, needed more grouting and reinforcement due to a
horizontal crack of 2 meters below the crest of the dam. In the analysis, the rock bolts were
included as one-dimensional elements. The dam was loaded with hydrostatic pressure and ice
load. The friction angle was reduced from 55 degrees to 25 degrees, and the failure in the dam-
foundation interface occurred at 30 degrees. By using the DEM model, it was shown that for the
selected method of rehabilitation forces acting on the anchors were well within the capacity of
the selected solution for the anchors.

5. Overstressing, procedures for evaluating stability and modelling of
failure modes

5.1. Overstressing

In this section, a selection of case studies where the aim has been to assess overstressing in
dams, is presented. One of the main concern within the field of dam engineering is how cracks
that occur in the dam will affect the failure of the dams.
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A gravity dam

A. Carpinteri et al. [48] showed that is was a good correlation between the crack propagation in
a FE-model and physical lab experiments conducted on a scaled down section of a gravity dam.
In the FE-model triangular elements with 6 nodes together with quadratic shape functions were
used. A cohesive crack model (see for example [49]) was used to allow for cracks to occur in the
FEA. The physical experiments were conducted on scaled down sections (1:40) of a gravity dam
with a notch on the upstream side to initiate the crack development (different notch depths
were tested). FEA of these experimental tests showed that the FE-model was able to predict the
crack trajectories in a satisfactory manner, while the peak load obtained in the FEA was a bit
lower than the experimental results.

Smeared crack analysis

S. Bhattacharjee et al. [50] studied how well smeared crack analysis models predicted crack
propagation. Both a coaxial rotating crack model (CRCM) and a fixed crack model with a variable
shear resistance factor (FCM-VSRF) were implemented in a two-dimensional FEA. The results
were compared with available experimental studies in the literature. For both methods (CRCM
and FCM-VSRF) of smeared crack analysis, a satisfactory estimation of the crack propagation,
when compared to the experimental data, was obtained.

Crack propagation

G. Bolzon et. al. [51] performed a comparative study of crack propagation in a two dimensional
buttress dam. Two different formulations of the boundary element method and finite element
method were compared with experimental data. It was shown that both of the boundary
element methods were able to fairly close predict the actual peak load. The finite element
analysis using a cohesive fracture model with linear springs was also predicting the peak load
fairly good, but the method cannot be used to predict the crack propagation. The smeared crack
method was also tested. This method gave a peak load approximate 1.4 higher than the
experimental results.

S.N. Roth et. al. [52] showed good results when simulating the crack propagation in concrete
structures, such as dams, by combining XFEM with the damage mechanics approach. Both the
crack paths and peak load correlated well with the experimental results.

Y. Wang et. al. [53] investigated the hydraulic fracturing in high concrete dams both with
physical and numerical experiments. The results from FEA were compared with physical
experiments carried out, and showed good correlation between the results. Furthermore, the
importance of considering hydraulic fracture in high concrete dams was shown.

S. Kai et. al [54] used a hybrid finite element mesh-free method to investigate the cracking in
concrete dams. The effect of the hydraulic pressure in the cracks was also considered. It was
found that the crack surfaces increased and the crack paths were smoother. The numerical
model without hydraulic pressure was validated by comparing the results to existing results
from physical experiments.
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In the next subsection some different procedures for modelling failure modes that have been
identified in the reviewed case studies are presented.

5.2. Four procedures for evaluating the stability of dams

Procedure 1: Increasing the head water level until failure.

As seen in the case study [35], a method for computing the capacity of the dam is to increase
the headwater until failure. The safety margin can then be obtained by comparing the
headwater level that causes failure with the normal operational headwater.

Procedure 2: Push-over.

A procedure called "push-over" to obtain the maximum capacity for a dam is described in
Guideline for FE-Analysis of concrete dams [55]. This is an iterative procedure that has two main
steps. Step one: Apply the normal loads. Step two: Increase the "driving" loads until failure
occurs. The "driving" loads are the forces that decrease the stability of the dam, such as the
horizontal component of the hydrostatic pressure, the ice load, the uplift etc. One way of doing
this is to increase the density of the water. Loads that contribute to the stability, such as the
weight of the dam or vertical competent of the hydrostatic pressure, should not be increased
during the analysis. Both step one and two can be divided into the necessary sub-load steps.
The main idea in this procedure is to keep the lever arm of the "driving" forces in the same
location, and only increase the size of the loads. By doing this it is argued that the results
obtained by this method can be compared with results obtained from a rigid body analysis of
the dam. Figure 5 shows the steps in the procedure, the driving forces are increased until failure
occurs (indexed with * in Figure 5).

LG
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Figure 5: The push-over method.

Procedure 3: Reducing the friction angle.

One method to examine/assess the sliding failure, is by reducing the friction angle (or
coefficient of friction) until sliding occurs. This is an iterative process, starting with the actual
friction angle between the dam and the foundation and stepwise reduce it until the dam start to
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slide. The safety factor for sliding can then be obtained by comparing the lowest friction angle
needed for the dam not to start sliding with the actual friction angle. The advantage with this
procedure is that the loads are not manipulated. In both Procedures 1 and 2 the failure
mechanism is not isolated. By reducing the friction angle the most likely failure is sliding. A
disadvantage with this method is that it may require several analyses (one for each friction
angle) depending on how close (assumed) to failure the iterative process was started.

Procedure 4: Resultant forces.

The resultant force can be used to compute the safety factor for overturning. The position of
the resultant force can be computed from the results obtained from the numerical model. If the
resultant force is within the kernel (see Figure 1a) of the dam base, then there will be no
overturning. This method uses the same principles as the limit equilibrium method and can also
be used for sliding. In this procedure, the contact is modelled by using a suitable contact model,
such as the Mohr - Coulomb contact model.

5.3. Numerical modelling of failure modes
This subsection focuses on how the following three failure events can be modelled by using
numerical methods:
e overturning about the toe of the dam,
e sliding in the connection between the dam and the foundation,
e overstressing in the dam or foundation.
In addition to this, some common procedures for loading the dam to failure are presented.

Failure of a dam is often defined as an uncontrolled release of the reservoir. Two main events
can cause this: overturning and sliding. Both of which can occur in any place and in any plane in
the dam and foundation. For this to occur a third event is needed: overstressing that causes
cracks or crushing in the structure. A numerical model that includes every possible failure plane
is a complex model. Therefore, the numerical models can often by simplified by studying each
failure mode one by one. This gives a motivation for modelling the different failure modes that
is twofold: (1) Reduce the complexity of the model. (2) To fulfil the NVE regulation [5], which
demands that the overturning (about the toe) stability, the sliding (dam-foundation interface)
stability and the stress distribution must be checked.

There is a difference in the level of details which are needed in this analysis. The material
strength is not of importance for the stability against overturning of the dam about the toe and
sliding between the dam and foundation. These failure modes depend only on the density of the
material and the coefficient of friction. This justifies the use of linear material models when
analysing these failure modes. Overstressing, on the other hand, is highly dependent on the
material strength. Hence, a more detailed material model is required. It should be noted that if
the dam-foundation interface is modelled using a model that depends on friction, some
numerical software require that the contact pressure must be established in a load step before
the loads that may cause friction stresses, are applied. For dams, this can easily be achieved by
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applying forces in a natural order. In the first step, the gravity load is applied (this generates the
contact pressure), and in the second step, the hydrostatic pressure, uplift, ice pressure etc., will
gradually be applied.

Overturning

Overturning of the dam about the toe can be modelled by using Procedure 2 (push-over). If
using the push-over procedure, there should be no slip between the dam body and the
foundation. This is achieved by modelling the contact between the foundation and dam with
vertical springs and horizontal springs [55]. The vertical springs are used to represent the
deformability of the foundation and the extension stiffness is then set to zero, i.e. it can only be
activated in compression. The stiffness of the horizontal springs is used to model the friction
between the dam body and the foundation. The load that causes overturning is then compared
to the actual load acting on the dam, and the safety factor is obtained. Procedure 4 (resultant
force) can be used to compute the safety factor for overturning. The benefit of this method is
that there is no need to load the dam to failure, hence the modelling algorithm/method
requires fewer iterations compared with Procedure 2 (push-over).

Sliding

Sliding in the plane between the dam and foundation can be modelled by using the Procedure 2
(push-over), Procedure 3 (reducing the friction angle), and procedure 4 (resultant forces.).
Common for all procedures is that the contact should be modelled by using a contact model
such as, e.g. a Mohr - Coulomb or others. As in the limit equilibrium method, it is common to
assume a planar connection surface between the dam and the foundation. Both the push-over
procedure and reduction of the friction angle procedure require several iterations to obtain the
failure load or friction angle. The result can then be compared with the actual loads/friction
angles, and the safety factor can be obtained.

Similar as in the case for overturning one can obtain the safety factor by retrieving the normal
stress and friction stress from the numerical model under normal loading, and compute the
safety factor in the same way as when using the limit equilibrium method (Procedure 4).
Procedure 3 will most likely produce a pure sliding failure. Procedure 2, on the other hand,
might result in a combination of both overturning and sliding.

Overstressing.

Overstressing (or crushing) and cracking are local failure modes, which can occur if local stresses
exceed the strength of the material. If it is of interest to study how a local failure progresses,
then a nonlinear material model is often required. This will also make it possible to study the
redistribution of stresses after a part of the dam is crushed or cracked. The contact between the
foundation and the dam (dam-foundation interface) should be modelled by a contact model
such as Mohr - Coulomb. Geometrical discontinuities, such as asperity and gallery openings, that
can cause stress concentrations in the dam, should be included in the model [56]. These stress
concentration areas are potential starting points for material failure. Therefore, the actual
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shape of the dam-foundation interface should be modelled in some detail. If there is cracking in
the dam on the waterside, there should be applied an uplift/hydrostatic pressure inside the
crack. This should be done for both overturning and sliding analysis if there are areas in the dam
where tension stress occurs (assumed crack). How to model the crack propagation in concrete
structures, such as concrete dams, belongs to the research field fracture mechanics. The details
of this is not the main scope of this paper. However, this is an important topic within the field of
dam engineering and will be described and discussed in more detail in a forthcoming paper

6. Final discussion and concluding remarks

In this paper a review of how numerical methods can be used in dam engineering is given and
discussed. Some of the case studies show that the results obtained by using numerical methods,
such as FEM, are close to the measurements of the behaviour of the dam. In some cases, the
numerical methods have been used to show that the dams are stable. It seems that FEM is the
most commonly used numerical method to model concrete dams.

In particular, the use of numerical analyses of dams in Norway has been motivated by the cost
of rehabilitation (strengthening) of dams that appears to be stable but do not pass the
reassessment calculations performed according to the current regulations and by using rigid
body assumptions. This has motivated the dam owners to start looking for less conservative
methods such as numerical methods. The goal is to develop better methods for computing the
stability, and numerical analyses/methods might an especially suitable approach for doing this,
but this requires that the assumptions used for the models are in fact correct. Numerical models
that use the same assumptions that the rigid body method might not give any more information
about behaviour of the dam.

In some of the case studies presented here, it is often difficult to understand what the
assumptions that are made for the numerical analysis, and what boundary conditions and loads
that are applied on the model. Hence, the results are not easily repeatable and verifiable. This is
a result of poor documentation of the numerical analysis. A better documentation would be
very beneficial within the field of dam engineering.

As shown in the example by Brand et al. [8] the geometry of the dam-foundation interface has a
big impact on how the stresses are transferred from the dam body to the foundation. This
interface might be difficult to check on site for a gravity dam, but for a buttress dam where the
surrounding area of the pillar often is exposed, the interface geometry can be measured on site
for an existing dam. For gravity dams this must probably be done before they are built. By
including the geometry of the foundation asperities this might act as shear keys and will
contribute to the sliding stability if the foundation is of a strong material, such as good rock. On
the other hand, these shear keys might lead to stress concentration points that can lead to
overstressing.
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The Procedures 1 - 3, described in subsection 5.2, all try to obtain the maximum / minimum
capacity of a dam. In Procedure 1, the water level is increased until failure. This will move the
resultant force of the water further away from the toe (in the vertical direction) and accelerate
the overturning movement in the dam. On the other hand, if the dam has a sloping upstream
face, increasing water level will also increase the deadweight of water that will contribute to the
stability. This is avoided in Procedure 2 (push-over), where only the horizontal component of
the "driving" forces are increased. As seen from the last case study by Malm et al. [55], this
procedure gives a combined failure of overturning and sliding. By using Procedure 3 (reducing
the friction angle in the dam-foundation interface), the most likely failure to occur is sliding. This
method does not alter the loads in any way.

The main reason for all these procedures is to find the capacity of the dam, but for Procedures 1
and 2 the loads are changed in a somewhat unnatural way. In Procedure 1, there is a risk for
ending up with a headwater level far above the crest of the dam. In Procedure 2, the increase of
the horizontal component can be viewed as increasing the density of the water, which might
result in a very dense water. Both the water level and density of water are known parameters,
but if unknown, it is easy to measure. Procedure 4 (the use of the resultant forces), does not
require any changes in the loads. However, then the maximum capacity of the dams is not
obtained.

As shown by the reviewed case studies from the literature, several numerical methods can be
used to assess the crack propagation in concrete dams. For an engineer considering these types
of problems one important task will be to validate the numerical method which can be chosen
to model the problem at hand. One of the main aims of this paper is that it can be used as a
basis when doing this crucial choice.

Finally we remark that another approach to tackle problems of the type described in this paper
is to use Fourier based methods. A recent review article on this subject is that by A. Singh and N.
Grip [57], where also a fairly complete list of references are included and a concrete case study
from a bridge in Sweden is presented.
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1 Introduction
Let g € (1,+00), r € (0,+00) and o € R. Moreover, let L,,(logL)* denote the Lorentz—
Zygmund space, which consists of all measurable functions f on [0, 1] such that

H

1
Hf”q,r,oz = {/(; (f*(t))r(l + | lnt‘)ar . t571 dt} < 400,

where f* is a nonincreasing rearrangement of the function |f| (see e.g. [1]).

If « =0, then the Lorentz-Zygmund space coincides with the Lorentz space:
Lgy g, (logL)* = Ly, g,- If & =0 and q1 = g2 = g, then L, 4,(logL)* space coincides with
the Lebesgue space L,[0,1] (see e.g. [2]) with the norm

1 ;
I1fllg = (/0 [f(x)|qu> , 1<g<+oo.

Moreover, L [0, 1] denotes the space, which consists of all measurable function on [0, 1]
such that

IIflloo := €588 sup[f(x)‘ < 00.
x€[0,1]

We consider an orthogonal system {¢,} in L,[0, 1] such that

lgulls <M, neNl, (1)

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

.
@ SPrlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.
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and

DY =1, pa= lal* ) @
>
=

k=n

n
D
k=1

Mn = Sup=

s

for some s € (2, +00]. Here M,, + and M,, > 1 (see [3], [4, p. 313]).

An orthonormal system {u,} is called uniformly bounded if there is a constant M > 0
such that |4, < M, Vn € N. Note that any uniformly bounded system {u,} satisfies
condition (1) but the reversed implication is false.

For one variable function Marcinkiewicz and Zygmund [4] proved the following theo-

rems.

Theorem A (see [4]) Let the orthogonal system {@,} satisfy the condition (1) and 2 < p <.

If the real number sequence {a,} satisfies the condition

o0
P-25%5  (p-2)5=1
Zla”\pMn 203 ¢ oo,

n=1

then the series

> aupul)
n=1

converges in L, to some function f € L,[0,1] and

. 1
14
-2) 55 (o)=Ll

11y < Cps (Z la, P ME 252 0 2)52) .

n=1

Theorem B (see [4]) Let the orthogonal system {¢,} satisfy the condition (1), and 3 =
W < p < 2. Then the Fourier coefficients a,(f) of the function f € L,[0, 1] with respect to the
system {@,} satisfy the inequality

oo 2t A\’
<Z|an(f)|”Mn Sanﬂ> < Cpsllf -
n=1

Nowadays there are several generalizations of Theorems A and B for different spaces
and systems (see e.g. [5—8] and the corresponding references).

Here we just mention that Flett [8] generalized this to the case of Lorentz spaces and
that Maslov [5] proved generalizations of Theorem A and Theorem B in Orlicz spaces.

The problem concerning the summability of the Fourier coefficients by bounded or-
thonormal system with functions from some Lorentz spaces were investigated e.g. by Stein
[9], Bochkarev [10], Kopezhanova and Persson [11] and Kopezhanova [12] (cf. also Persson
[13]).

Moreover, Kolyada [6] proved the following improvement of Theorem A.
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Theorem C (see [6]) Let an orthogonal system {¢,} satisfy the condition (1), let the se-
quence {a,} € L and p, = (Y jo, Iaklz)%, 2<g<s<+oo.lf

1

O g2 Nk
Aga) =D 1un™ (o= pla) | <+oo,
n=1

then the series y | anp,(x) converges in the space L, to some function f € L, and the

Jollowing inequality holds: ||f||; < CgsAy(a).

This result was further generalized by Kirillov [7] as follows.

Theorem D (see [7]) If2<q<s, r>0,8 = "2 4 the sequence {a,) € I, satisfies the

q(s=2)
following condition:
1 1
o] r o] 2
Q@) = (Z(p; —p,',+1)//«i> <00 (un =uY, = (Z aklz) )
n=1 k=n

then the series y oo, an,(x) converges in space L, [0, 1] to some function f and the inequal-
ity Ifllgr < CyrsS2q.r(a) holds. (Here v, and p, are defined by (2).)

The following well-known lemma is used in our proofs.

LemmaE Let 0 < p < 00, and {ai}i2, and {bi}32, are non-negative sequences.

0 I
Y an<Ca, k=0,12,..., ®3)
n=k
then
0o n p %)
Zan (Z bk) <Cp Zanbﬁ.
n=0 k=0 n=0
(i) If
k
Y an<Cap k=012.., @
n=0
then

00 00 P 00
> an (Z bk) =CPP Y anbh,
k=n

n=0 n=0
where C is a positive number independent of n.

In this paper we both generalize and complement the statements in Theorems A-D in
various ways and always to the case with Lorentz—Zygmund spaces involved. In partic-
ular, in Sect. 2 such a generalization of Theorem D (and, thus, of Theorems A and C) is
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proved (see Theorem 2.1). In Sect. 3 such a complement of Theorem B to the case g < 2 is
given (see Theorem 3.1). Finally, in Sect. 4 we present and prove some further results for
uniformly bounded systems and give some concluding remarks. In particular, we compare
our results with some other recent research. For the reader’s convenience we also include
a proof of Lemma E in the Appendix.

2 Generalization of Theorem D
In this section we state and prove the following generalization of Theorem D.

Theorem 2.1 Let2<g<s<+0o,a €R,r>0andé = ';Ef:zz)).lf{an} elyand

- 1
25 ar r
Qyrala) = [Z(p; —pha)id <1 S In p,,,) ] < +00,

n=1

where p, and |1, are defined by (2), then the series

D anpn(x)
n=1

with respect to an orthogonal system {@,}2,, which satisfies the condition (1), converges to
some function f € Ly (logL)* and ||fllgre < CQRqra-

Corollary 2.2 For the case o = 0, Theorem 2.1 coincides with Theorem D.

Proof Since the sequence {j1,,} is increasing, let us define the sequence {v, } in the following
way (see [7]):

v =1, V1 =minf{k e N: e >2p,,}, n=1,2,3,....
Then Mv, g e 2“1)”’ Myyyp-1 < 2/’Luy,v n=12,....
_2s
Lets, = anr

viy1—1

=) ap®

k=v;

Sa@) =Y wx) and  Ry(x) =f(x) - Sy(x).

k=1

Since ¢, |, 0 for n — +00, by the property of nonincreasing rearrangement of the function
(see [14, p. 83]), we get

WFIL e = Z (f** ) (1+ne)) a7 de

tnsl

<c{2/ (S=®) (1 +1ne))“ s~ dt
tpsl
+Z/

tnsl

(RE()) (1 + [Ine))™"¢ 'ldti| Clh + 5] (5)
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and, moreover,

kk 1 u ¢ £
S < ;121/0 W (y) dy.

By applying Holder’s inequality we obtain

t
_1
[ worar<eto

Therefore,

n
1
SO <08 Pyt

j=1
By using this estimate we find that

n

X [tn ' 1.1
hi= Z (Z p"/’“"/ﬂl) (1+1ne)) "¢ de
n=1

Insl \ j=1

(v ' o 3-H  rd-b
<CY Do pypyar ) (L+1el) (6" =25 ).

n=1 \ j=1

Thus, by taking into account the definition of ¢, we can conclude that

ar 7r2(s—q)
q(s-2)
) [T (6)

2s |
n v
s—2 Hron

00 n r
= z(z pu) (1+
n=1 \ j=1

Since for any & > 0 the function ¢t~ In¢ |, 0 for £ — +00, according to the definition of the

numbers v,, we see that
o0

ar _r 2(s—q)
Z <1 + ) Lo q(s-2)
k=n
0

1+|Zn ar_(As=g) _ 2s=q)

< < + |s,2 o, | ) Mv:( 6= —€%) Z Zf(k—n)r(q(;g) —sa).

= e
sy, fen

2s

—Inu,
s—2 Ho

Now choose the number ¢ such that Zg:’g —¢ea > 0. Then

o k(2 ea) _ N o125 o)
> 2 a2 <N gD T ¢ oo,
ken 1=0

Hence,

i<1

2s

In
) Ky,

2s
sog M

ar _r 22541; ar _r ZEs—q;
762 762
) Mg <C (1 + > oy .
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Therefore, by Lemma E, we have

ar _r 2(s—q)
i | q(s-2)
n [y, M,

-2

0 n
Z (Z pl}jﬂv,+11> (1 +
=l \ j=1

oo

2s ar _ 2s—q)
<C) (bt L+ | —Inp, W,
<CY (Puythys- 1)( = nun) 1y,
n=1
Thus, from (6) it follows that
o0 28 ar
r 8
L < c;(pvnum (1 =y I, ) 1, @)
where § = rzg ? Since p, — 0 for n — +oo, it yields p], = Z,ﬁn(pzk - p},,,)- Therefore,

by changing the order of summation, we get

k

ar oo
) lii,, = Z(p'ck _'O'r’kn)Z(l +

k=1 n=1

2 ar
_lnl’l’l)n ) H’i . (8)
s—2 "

2s |
= Inu,
s_2 M,

o0
chn (1 +

Since 8 > 0 and w,,,, > 2/1,,, we have Zﬁzl us, < C;L‘f,k. Hence, by again using Lemma E,
from (8) it follows that

25 ar 5
2 ) ©

> 2s
> o <1+ — Inpu,y,
" s—2

n=1

ar 00
) u=eXm(1e
k=1

By now combining inequalities (7) and (9) we obtain

I <C2pvk<1+

k=1

or
lnu,,k ) u‘f,k. (10)

Next we estimate /. By using Holder’s inequality we find that R}*(¢) < Ct~ 3 |IR|l2- There-
fore,

12<CZ||RI|/ (1+Ine) ¢ D g

tn+1

) tn
<SR, (14 e | £GP gy
2

n=1 tn+l

2S or
s
EIUMVM > Wy, (11)

o0
<o, (10

n=1

Next, by repeating the proof of Eq. (9) we obtain

> (12

) W < CZP»(

or
5 N 5 Iy ) 183, (12)
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By combining the inequalities (11) and (12) we have

or
I < CZka (1 ) lnu,,k ) 1, (13)
k=1
Moreover, in view of inequalities (10) and (13), from (5) it follows that
ar
W < Cvak<1 = = Inp, ) 1, (14)

in the case « > 0. Since @ > 0 and u,, 1, we see that

oo ar
r r k) 2s
Z(pn - pn+1)”’n <1 +— lnMVI)
s—2
n=1
00 Vir1—1 ar
-3 3 (1 2
k=1 n=vg
oo 2% ar Vk+1—1
> uh, (1 to g ln““’k) > (ol =)
k=1 n=vg
o ar
2s r r
= Zﬂik<1+ S_Zlnu"k> ('OVk _pvk+1)'
k=1
Hence, from the inequality (14) it follows that
o0 28 or
Wl <CY (0% = ppor)its <1 t 5 1“#:«) (15)
n=1

in the case « > 0.

Let « < 0. Then, for any number ¢ > 0, the function y*(1 + Iny)"™

increases on (1,00).
Therefore, by taking into account that x, 1, we obtain

oo

28 ar
> (o~ p;+1)ui<1 = lnﬂn>
s—2
n=1
00 Vky1—1 ar
DI I TV (R
k=1 n=vg

oo ar Vk+1—1
= Do g ) X G 16
n=vg
Choose ¢ > 0 such that § — ¢ > 0. Since ,ui’g 4, according to the inequality (16), we have
o ar o0 ar Vk+1—1
2s 2s
2 (on= o), (1 +—;n un> > i, (1 = lnuvk> > (Pn=r)
n=1

n=vg

in the case « < 0. Therefore (15) holds also for case @ < 0 and the proof is complete. [
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Corollary 2.3 Let {¢,};°, be an uniformly bounded orthogonal system and let 2 < q < +00,
aeRandr>0.

If

00 T
rq-2)
Qyr(a) = <Z(P; = pp)n T (L+1In n)‘") <00,

n=1

where p, are defined by (2), then the series .-, a,,(x) converges to some function f €
Ly, (logL)* and |fllgra < C- Qra-

Proof Since {¢,};°, is an uniformly bounded orthogonal system, we have s = +00. There-

fore

rs(q-2) r(q- 2)‘

m
§—+00 q(s —-2) q

Now, given that M,, <M, pu,, < /nM, n € N, we have

> s 2s ar > g2
Z(pz—pzﬂ)un<1+ S_—Zlnun> <CY (pp=ppa)n @ (L+Inm)™ 17)
n=1 n=1

ifa > 0.

If « < 0, then we choose a number ¢ such that 0 < ¢ < (qf;Z). Then, by considering the
function (1 + In£)“¢* 4 on [1,+00), we can verify that the inequality (17) holds also for
a < 0. Consequently, by Theorem 2.1, the statement is true. O

3 A complement of Theorem B. The case g < 2
In this section we prove a result which was formulated but not proven in [15]. It may be

regarded as a complement of Theorem B relevant for a more general situation.

Theorem 3.1 Lets € (2,+00], ;3 <q<2,r>lL,a cRandé = %. Iff e Ly (logL)*,

P

then the inequality

1
¥

0o fvps1-1 %
|:Z< Z d/%(f)) (1 +10g//¢w,)m/'¢(3,,i| = Cllf llgra

n=1 k=vy

holds, where ., are defined by (2) and a,(f) denote the Fourier coefficients of f with respect
to an orthogonal system {¢, )52, satisfying condition (1).

Remark 3.2 Theorem 3.1 was formulated, but not proved, in [15]. Here we present the

details of the proof.

Proof Choose an increasing sequence {v,} of natural numbers such that v; = 1, v,41 =
min{k : pux = 20, ), 1 =1,2,3,.... Then p,, ; > 24y, fy,,;-1 < 2/4y,. Since the system
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{¢u} is orthogonal we have

Zak(f)bk@'
k=1

1
’/0 fx)g(x)dx

for any function g € Ly (log L)™¢, % + % =1and % + % =1.Let

=

00 [Vps1-1 3 -
by = |:Z< Z ai(f)) (1 +logp,un)'°‘uin:|
n=1 \ k=vy,
r=2
2

Vps1-1
x ( > |“k(f)2) (1 +log u,,)™ i, ax(f)

k=vy

(18)

for k =v,,..., V1 — 1, m=1,2,..., and consider a function g € Ly (log L)~2 with Fourier

coefficients by (g) = by. Then

3> alf)big)

n=1 k=vy,

00 Vp1-1 ‘

1
’ /0 Fx)gl) dx

1

00 [fvpy1-1 3 v
[Z( > ﬂﬁ(f)) (1+loguw)""uin} . (19)

n=1 \ k=vy

Taking into account that 77" = r + r/, by Theorem 2.1 and (18), we have

1
7

o0 [vg+1-1 %, slg'=2)
||g|q/,,/,_asc:2<2 hﬁ@)) (1 +logpu,,) " iy }

n=1 \ k=v,

00 [Vps1-1 3 ’71/
C[Z( > a,%(f)) a +10ng”)muin}
n=1

k=vy,

00 fnmi-1 L D-2)
x iZ( > ai(f)) (Z ai(f))

n=1 \ k=v, k=vy

stg-2)
(s-2)q" / (s-2)
o (14 logpey,)" o,

1
, s@'-2) s s(g=2) ./ ¥
X (1 +1og pay,)™ %y,

=

00 fups1—1 %
= C|:Z< Z a,z((f)) (1 +10g/,c\,”)’°‘;4€ni|
n=1 \ k=vy,

r 1
5

00 Vpe1—1 2
X |:Z< Z a,f(f)) (1+loguu”)’”‘uin:| =C.

n=1 \ k=vy
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Thus, the function gy := C™'g € Ly ~(log L)~ and ||goll¢,,~« < 1. Next, by the property of

the norm in the Lorentz—Zygmund space and using equality (19), we get

Ilf”q,r,a

=

X

sup
geLq/J/ (logL)™
gy o<1

1 1
/ f(x)g(x) dx / f(x)go(x) dx
0 0

-

00 [vpi1-1 2 %
cl[z< 5 azm) uz‘n} |

n=1 \ k=vy

The proof is complete. O

4 Further results and concluding remarks

In this section we first prove some results which are closely related to but not covered
by the results in the previous sections (Propositions 4.1 and 4.2). After that, we present
some results of a similar kind (see [11, 12] and Theorem F) and in remarks we point out
how these results can be compared with our results in some special cases when such a

comparison is possible.

Proposition 4.1 Let {¢,}32, be an uniformly bounded orthogonal system and 2 < q < +00,
acRandr>1.1f

o0
Qqrala) = (Z \anlrn’(l'é'%)(l +1n n)‘") <00,
n=1

then the series Y o, anpn(x) converges to some function f € Ly, (logL)* and ||f|lgre <
CQqrula).

Proof Since p, | 0 when n — +00, we can choose numbers n; =1,
. 1
Hgs1 =minyn eN:p, < Ep"k , k=1,2....

Therefore, if @ > 0, it yields

o0 oo

rig-2) r(q-2)
E (op—ppey)n @ (1 +Inn)* = E (me-1)"2 (1+ lnnk)"”(p;ki1 — o) (20)
n=1 k=2

For any numbers k = 2,3,..., the following inequality holds:
Priy = P < Py <2 (0 1) - (1)

s 1 1
Since Pryq = 3Py = 3 Pm-1, W€ have

1 > 3
2 2 2 2
Pr-1 = Py Z Prp1 — (59@4) = 3 Pm-1 (22)
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By using (21) and (22), we can obtain the following inequality:

5 M1l
p,:kl—pnk<2’( ) (Z an|) (23)

n=nj—1

Therefore, from (20) it follows that

00 r(q 2 o) q npp1—1
Z(p;—p;“) 7 (1 +Inn)*" an— 1+lnnk Z |au)? (24)
n=1 k=2 n=np—1
when o > 0.
If a < 0, then we can choose a number ¢ which satisfies 0 < & < £=. We note that (1 +
Inn)*n® 4 and we obtain the following inequality:
e rg-2)
32 (o= p)n o (s )™
n=nj_y
ng—1
r r -2 —re a_ e\’
=3 (- ) (@ s )
n=ny_1
r(q-2) el
<=1 % "((L+In0m - D) 0u = 1) Y (05— opea)
n=n_1
= (ny - 1) 5 (1 +In(my - 1))° (,o,:ki1 - p;k). (25)

By now combining the inequalities (20), (23) and (25), we conclude that (24) holds also for

the case o < 0.
r

If r > 2, then, by using Holder’s inequality with 6 = £

5 (% + = =1, we obtain

1
0
1

Mgy 1 -1 g1 -1 ! W\
3wl s 3 i) (30 b)) (26)
n=np-1 n=np—-1 n=ng—1

Since 2 < g, we have 1 + 0’(% -2(1- é)) = 0’(% —1) <0. Therefore,

g1 -1

, iyl "
3 G201 SCr,q/ 2 G-20-1) 4
n=ng-1 n=1
C, (1 _oq_1
< (g — 1) 020 27)
oRI-1-1)-1

for k =2,3,.... From inequalities (26) and (27), we can derive the following inequality:

npp1—1 ngp1—1 H
> lanl = Cln =17 2“)< 2l H) o

n=ng—-1 n=ng—1

for k=2,3,..., in the case of 2 < r < 00.
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Now, by combining (26) and (28), we obtain the following inequality:

> r(g=2)

> (05 = ppa)n T (Lt Inm)

n=1

nd r(g-2)
< 0= (1 I (g - 1)F02070) Z a0 (29)
k=2

n=ni—-1

in the case of 2 < r< 00,0 <& < 0.
Since

fa-2 +f(172<175>)—0
2gq 2 q o

it follows from (29) that

00 o0 Mgp1—1
2 _1

Z(p;—p;+1)ny(gz)(1+lnn CZ Z " n 1 + Inm)*” (30)

n=1 k=2 n=np-1

inthe case 2 <r<00,0<a < 00.
Furthermore,

00 Miyp1—1

33 Janlwt D71+ Inm)®”

k=2 n=np-1

o -1 00 Miy1—1

<Z Z |a,| " ri-g-1 (1 +Inn)® +Z Z |a,|"n r-g)- Y1 +Inn)*

k=2 n=np_y k=2 n=ny

<2Z|a =071 4 Inn) (31)

in the case 2 <r <00, 0 < & < 00.

If & < 0, then we choose a number ¢ which satisfies 0 < € < %. By using the Holder

inequality, we obtain (0 = %, § + 7 =1)

1
F

A1 -1 gy1—1 7 Mg -1
Z |an|2<<z s r(1- *)89 1) (Zn 0—21 )+s)> . 32)

n=ng—1 n=ng—1 n=ng—1

According to the choice of the number ¢ it shows that

1 (2
1+0 <—72<17—>+8>=9 (—71+5><0‘
6 q q

Therefore (as in the case of « > 0) we obtain the following inequality:

! /(1 _2(1-L)se) BT ST S
>y At <, a2 gy
n=np-1 =
G (1 _g1-1
< lr,q (nk_1)1+9(0 2(1 q)+s) (33)
0'2(1-2)-1-¢)
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for k =2,3,.... Thus, in view of (32) and (33), the following inequality holds:

Hjp1-1 . Mp1-1 2
3 Janl? < Clo— )7 G200 (3 g, ryri-p-so
n=ng-1 n=np—-1

for the case of 2 < r < 00, @ < 0. Hence, we can consider the function (1 + Inn)®x2 1, and
from the inequality (24), we obtain the following inequality:

o0
rg=2)

D (Ph=pha)n T (L Inm)

n=1
00 ngy1-1
Zl+lnnk— (g — 1)2° Z |a,|"n r-g)-1
k=2 n=nj-1
00 Mgs1-1

<CY Y an™ D1+ Inm)” (34)

k=2 n=np—-1

for the case of 2 < r < 00, @ < 0. Thus, it follows from inequalities (30), (31) and (34) that

r(
S (6= A 5 (1 < Y a4 T
n=1 n=1
and the proof is complete. ]

Our next result reads as follows.

Proposition 4.2 Let {¢,}3, be an uniformly bounded orthogonal system, 2 < q < +00, & €
Randr>0.Ifla,| | 0,n— oo, {a,} €ly and

Z|a 7271 4 Inn)™ < +oo,

then the series Y o, ann(x) converges to some function f € Ly, (log L)* and

o0
1
Wllgra < C3Y " lanln™ 07 (1 + Inm)™r

n=1
Proof It is easy to see that

oo

Hg-2)
(o= ) T (L+ logn)™
n=1
i kr(q 2)
<CY 27 A+ R (0hs — P

T
L

00 co 2V-1
:CZ 2q (1+k'ﬂ<z Z |ay| ) (35)

k=1 v=k |=pv-1
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Since 2 < g < 00, we have
szT 1+0* <2 % (1), v=12....

Therefore, by Lemma E, we obtain

00 oo 2V-1
> 1+k>w(zz ar)

k=1 v=k J=pv-1

00 2k_1 3
Z Y14k (Z | ) (36)

k=1 J=0k-1

Moreover, since |a,| | 0, n — 00, it yields

k-1
(Z|a1|2> < (@i lagal, k=12....

2k-1
Thus,
ok 1 5 00 .
sz—?— 1 +k)‘”< > |a,|2> <CY "R R |aya | (37)
k=1 J=ok-1 k=1

Furthermore, since the sequence {|a,|} is monotonic, we can easily verify that

2k-1_1

1

3 lal'n DN 4 m)® = Claya 2700 (14 0, k=2,3,....

k-2
Therefore, it follows from inequality (37) that

2k_1 00 .
ZZ s 1+ k)"”( Z |a1|2> < C{ lar|” + Z D1 4 ) (38)

_gk-1 n=1

Now, from the inequalities (35), (36), and (38) we can deduce that

> rg-2)

(P =pfa)n T (14 logn) < CZ N L I
n=1 n=1
Therefore, in view of Corollary 2.3, the statement in the proposition holds. ]

Remark 4.3 We may ask wether it is possible to generalize the results obtained in
this paper to more general Lorentz—Zygmund type spaces by replacing the weight
(1 + |In¢])*"¢74-1 by a more general weight A(£). Of course, we must still have some con-
trol of the growth properties of the weight. Below we will just briefly describe one such a
possibility namely the quasi-monotone weights, used in recent work of Kopezhanova and
Persson (see [11, 12]).
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Let 0<r<o00,0< B <ooand A = A(f) be a positive function defined on (0, o0). Consider
all functions f for which

Wiy = {/01<f*(:)m(%>)ﬁ%}% < oo,

Note that if A(y) = yl_%(log(Zy))”‘, « € R, then, for ¢ € (0,1], the function tk(%) =t
log %)“. Therefore

' @ g\ 7
Iflla, = {/0 (f*(t))ﬂt% <1+10g %) Tt}

so that Ay is just the Lorentz—Zygmund space L, g(log L)*.

Q-

1+

We consider the following classes of functions B = | s, Bs and A = | ;. As:

Bs = {A : )L(y)y'%"S 1 and A(y)y 1** | on [l,oo)},
As = {A :A(y)y’%"s 1 and A(y)y 1" | on [l,oo)}.

The following result was proved by Kopezhanova and Persson (see [11, Theorem 2] and
[12, p. 45]).

Theorem F Let 0 < B < 00, and assume that the orthonormal system ® = {@ ), is uni-
formly bounded.
(@) If A(t) belongs to the class A, then

= 7
(Z(aflk(n))ﬁ i) <alfllagwy

n=1

where {a};} is the nonincreasing rearrangement of the sequence {|ay|}32, of Fourier
coefficients of f with respect to the system ®.
(b) IfA(t) belongs to the class B and f = > o | @nn, then

x B
Fllaye < (Z(a:w))"l) . (39)

n
n=1

Here the constants c; and ¢, do not depend on f .
In the case of A(y) = ylf% (log(2y))%, & € R, from part (b) of Theorem F we obtain the

following assertion.

Corollary 4.4 Let 0 < 8 < 00, and assume that the orthonormal system ® = {@i}32; is
bounded. If2 < q < 00,0< B <00, and f = Zz‘il auPn, then

1

o0 _l - B
I llg.pe < C(Z(a:)ﬁnﬂ(l 271 +lnn)”‘"> .

n=1
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Proof For the function A(y) = ylfé(log(Zy))"‘ € B there exists a number § > 0 such that
Ay) € Bs. If % - é — 68 >0, then )»(y)y'%"s = y%_é_s(l +logy)* 4 on the interval [1,00).
Hence 2 <g < oo.

Further, the function A(y)y~** = ysi% (1 +1logy)* | on the interval [1,00) if § — % <0.

)
logy)* € Bs. Therefore, by using (39), we see that the statement holds. O

Thus, there is a number § € (0, min{% 1_ é}) such that the function A(y) = yl_é(l +

Remark 4.5 Obviously, Proposition 4.2 is more general than Corollary 4.4. We also note
that in the case when the sequence {a,})°; is non-negative and decreasing the assertions
of Proposition 4.2 and Corollary 4.4 coincide.

Remark 4.6 In [12] (see Theorem 2.1, Theorem 2.3), theorems on the convergence of se-
ries of the Fourier coefficients of a function from the generalized Lorentz space Ag(})
with respect to regular systems are proved. It is known that a regular system is uniformly
bounded (see [16, p. 117]). Therefore, the assertions of Theorem 2.1 and Theorem 3.1
of this paper do not follow from the results of [12]. Since ||f|ls < ||f|l> for the functions
f € Ls[0,1], if orthogonal system {¢,} satisfies the condition (1), then {g,} is uniformly
bounded.

Appendix: Proof of Lemma E
The proof of Lemma E is a consequence of a well-known inequality of Leindler [17]. For
the reader’s convenience we present a proof which is similar to but simpler than that in
the research report [18] by Johansson.

(i) If0<p<1,then

n p n
(Tn) <2
k=0 k=0

By using this inequality, changing the order of summation and taking into account the
condition (3) we get

inthecaseO<p<1.

Let 1 < p < 0o. The following inequalities are proved in [17]:

00 n p 00 o0 p
len (Z bk) Spp Za;{:p <Z “k) bnr (4'0)
k=0 n=0 k=n

n=0

00 oo pr 9] n r
Z ay, (Z bk> <p’ Z al? <Z ak) b,. (41)
k=n n=0 k=0

n=0

Now it is easy to verify that condition (3) and inequality (40) imply statement (i) also in
the case of 1 <p < o0.
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(ii) If 0 < p < 1, then

00 p 00
Zbk SZb‘;
k=n k=n

Using this inequality, changing the order of summation and taking into account the con-

dition (4), we obtain

00 00 p 00 00 00 k 00
2|2 obe| =D and b= b ) a=C) ady
n=0 k=n n=0 k=n k=0 n=0 k=0

inthecaseO<p<1.
If 1 < p < 00, then statement (ii) follows from (4) and (41).
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Abstract. We consider some mathematical aspects of the torsion problem for anisotropic periodic plate structures where the
underlying material is monoclinic. In particular we show in detail how the weak formulation of the problem is derived and
express the torsional rigidity in terms its solution.

Keywords: anisotropic periodic plate structures, monoclinic materials, torsional rigidity
PACS:  02.30Jr, 87.10.-e, 81.40.Jj, 87.10.Pq.

INTRODUCTION

We consider a periodic plate structure of the type principally illustrated in Figure 1. The plate structure is assumed
to be a connected set bounded by an upper s* and lower surface s~ which are non-intersecting and periodic in the
x-variable with period 2xg. In Figure 1 we have included a period of the structure in the xz-plane, denoted Y, given by

Y ={(x2):—x <x<xp,5 (x) <z<sT(x)}.

The boundary dY of Y can be divided into the upper and lower surface denoted dYy and the vertical sides denoted
dY,. In order to find the effective stiffness parameters of the plate we may deform the structure in such a way that the
corresponding displacement-vector u = u(x,y,z) takes the form

u=v+w,

where w = w(x,y) is quasiperiodic in the x variable and v is a predescribed function which describes the averaged
(or homogenized) displacement corresponding to the particular effective parameter we want to compute. Then, by
comparing the resultant forces or moments per unit length with the average elongation, curvature or relative twist
angle, we find the corresponding effective stiffness parameters.

In this paper we focus on the torsion rigidity per unit length D,,, which is found by twisting the structure as
illustrated in Figure 1 and comparing the torsion moment per unit length with the relative twist angle 7. In this case
the predescribed function v takes the form v = [—Tyz, —Txz, Txy| and w = [0, T (x,z),0].

10th International Conference on Mathematical Problems in Engineering, Aerospace and Sciences
AIP Conf. Proc. 1637, 976-981 (2014); doi: 10.1063/1.4904671
©2014 AIP Publishing LLC 978-0-7354-1276-7/$30.00
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FIGURE 1.

The periodic plate-structure.

SOME REMARKS ON MONOCLINIC MATERIALS

We recall that the stress-strain relation for a general anisotropic linear elastic material can be expressed in matrix form
as follows:

o1l Ciimt Cnz Cnzz Ciz Cnizz Cuns el
(05} Coirt G Gz Coiz Gz Coonz (2]
033 | | Ga3ir Gazz Gazzz Gz G333 Gasnz e33
on | | Cait Cimz Cisz Cip Cix Cis Y2
023 Cuir Cun Cazzz Casiz Gozos Cosns %3
o13 Ci3ir Cis2 Cizzz Ciziz Cizs Ciais %13

o C e

Here, the indices 1, 2 and 3 refers to the x, y and z direction, respectively. The stiffness matrix C is symmetric. Let us
now consider an orthonormal coordinate system with basis vectors

ny = (111,112,113

n; = [nzl ,n227n23]

n; = [n31,n32,133] -

A vector with coordinates x = (x,x2,x3) (relative to the usual coordinate system) will then have coordinates x' =
(), x5, x5) (relative to the new coordinate system) given by the relation

X ny npo n3 Xy
Xy | = na nyp nx X2
x5 n3 n3y N3 x3

It is possible to show that the following relation holds between the strain e = [e;1, €22, €33 Y12, }‘23‘}/13]T , Yij = 2eij (in

T
the usual coordinate system) and ¢’ = [631,612276,33,'/12, Y3 )/13] , }{ ; = 2¢}; (in the new coordinate system):

e =Tee,
where
2 2 2
ny i, nis nyjn2 nian3 nin3
2 2
1) ny ny3 na1n nna3 na1ny3
3 5 b)
T, = 13 132 n33 n31n3; n32n33 n31n33
.=
2n11n21 2nppny 2mp3no3 nygnop +npiniy Mooz +noon 3 npng3 +naings
2ny1n31 2np;nzy 2n3n33  Moihaz +N3inoy N33 N3Ny Mpings -+ n3ings
2nin31 2nppnzy 2ni3n33 npnz2+n3inge npnaztnzn Rpns +n3ings
977
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Moreover, we can obtain a similar relation between the corresponding stresses ¢ and ¢” :

where T is obtained from T, by changing the factors of 2 in T, symmetrically about the diagonal, i.e.

nil niz n?

n%] I’l%z }’l%}

T, = 31 3 33
ninyr nh2y Mi3N23
n21n31 NNz N23N33
ninzy N3y Ni3ns3

¢ =Tso,

2ny1n12

2na1n2;

2n31n32
nyny +nang
na1n3p +n3in
nihz +n3ing

2n1on13

2naon73

2n3n33
niang3 +nng3
n2n33 +n3ano3
n1an33 +n3ni3

2nn3

2na1n23

2n31n33
nyngs +nang3
n21n33 +n31n3
n1n33 +n3ing3

Moreover, it can be shown that T;! = T Concerning these facts we refer to e.g. [1, p. 212]. Letting

o'=C¢,

denote the stress-strain relation in the new coordinate system, we therefore obtain the following relation between the

new and old stiffness matrix:
o

G

Cl

c=T1rcr,=| /3

e Ci

G
o

/ /
111 C} 122 C} 133
211 C%222 C%233
311 C%SZZ C%333
211 C} 222 C} 233
311 C3322 C%333
311 C] 322 Cl 333

In particular, if the new coordinate system is a reflection of xz plane, i.e.

then

Ts =

Hence,

n = [17070]7

np = [0,—1,0}

n3 = [0,07 1].,
1 00 O
01 0 O
001 O
00 0 -1
00 0 O
00 0 O
Ci122 C/ll33

/
Gy Gy
Gy G

/ !/
_C}222 _C/|233 CI%IZ
_C2322 _€2333 _C/'2312

/
C1322 Cl333

gmz gilzs gém
nglz ngzs Cg213
C;312 C§323 C§313
C,1212 C}223 C}213
C%312 C;323 Cgm
1312 “1323 “1313
0 0
0 0
0 0
0 0
-1 0
0 1
*2112 *gim gim
_nglz _ngzs C;zm
S3312 _C;sza C;313
C/1223 C}213
2323 2313

/
Cl312 C1323 C1313

From this we see that C is invariant under this transformation (meaning that C = TZCTe) provided that C is of the

form
Cin

Coi1
C3311
0
0
Ci311

126

Chiz Cnzz 0 0 Cis
Copn Gz 0 0 Cui
Cy3p Cazzz 0 0 Gz
0 0 Cin Cins 0
0 0 Cxpi Cpxs O
Cin Ciz 0 0 Cii3
978
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Materials with this property is called monoclinic. The set of all monoclinic materials is closed under pure rotation
about the y-axis. Indeed, putting

n; = [cos 6,0,sin 6]

n = [07 1>O]
n3 = [—sin6,0,cos 0],
we obtain that
”%1 0 ”%3 0 0 nini3
0 1 0 0 0 0
T, — n%l 0 n§3 0 0 n3jn33
¢ 0 0 0 ni N3 ’
0 0 0 n3y  ns3 0

2npnz; 0 2ni3n3z 0 0 npnzz+n3ings

and by performing matrix multiplication, we easily find that the zero-elements of (1) are kept under the transformation
C=TICT,.

THE TORSION PROBLEM FOR MONOCLINIC MATERIALS

In the modelling of the torsion problem we assume that the material is locally monoclinic of the form of (1). As
mentioned in the introduction, we assume that the displacement is of the form

u= [uy,uz,u3] = [—72y,70(x,2), T3], ®)

where @(x,z) = ©(x,z) — xz. Moreover, we assume that no body forces are present, i.e. that the following equations of
elastic equilibrium are satisfied (see also [2], [3] and [4]):

961] 9612 (9(713

ox + dy + 9z 0
dop | doxn | don

ox dy dz 0 @
doiz | dox | d03

dx dy dz

Both the upper and lower surface of the plate are free from external stresses. This implies that all three components of
the stress vector on these surfaces vanish, i.e. we get the following boundary conditions

o111+ 0O1np + 01313 =0,
O12ny + Oponp + 0313 =0, )
o131 + O3z + 03313 = 0,
where (nj,n2,n3) is the outward normal of the boundary. By (2) the components of the strain vector are: e;; =
duy/dx =0, eyp = duz/dy = 0, e33 = duz/dz = 0,12 = du1 /Iy + duy /dx = —124 TdQ/dx, Y23 = dup /dz +

duz/dy =1x+1d@/dzand Y13 = du; /dz+ duz/dx = —Ty+ Ty = 0. Using that the underlying material is monoclinic
we therefore obtain from the stress strain relation that

011 = 0y = 033 = 013 = 0.

Hence, (3) and (4) are satisfied if
div [612, 623]T =0

and
[612,023]" -n =0, )
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on the upper and lower side Yy, where n = (n,n.) is the two dimensional outward normal of the surface and

[612,623}T =TA (grad(p+ ([*Z,X]T> s
where A is the out-of-plane shear stiffness matrix

A Ci1i2 Cinz
Coaiz Gz |-

We will also assume that the average value of the stress vector [612,623]T -n on any plane with normal vector
n = (ny,n;) = (1,0) vanish (otherwise there would be non-zero average shear deformations in the xy-plane), i.e. that

/ Gradz = 0. (©)
Y,

Since, @ = ® —xz where ® = ®(x,z) is quasiperiodic in the x-variable (with period 2x¢) the above partial differential
equation can be written as
divA (grada) n ([72z,0}r) -0,

on Y together with the boundary condition
A (grada)+([721,0]T> n=0 %)

on the set dY; and the condition (6), i.e.
T _
/BYV (A (gradw+ ([—22,0] ) n) dz=0 )

on the vertical sides of @Y. This problem can only be understood in classical sense in parts of ¥ where the shear
stiffness matrix A = A(x, z) is sufficiently smooth. More generally, we have to use the following weak problem:

/ A (gradw n [—2z,0]T) -gradv dxdz =0, Vv € W, ©)
Y

where W denotes the space of quasiperiodic functions, i.e. the completion, in usual Sobolev space H'(Y), of the set of
smooth functions v of zero average ( [y v(x,z) dxdz = 0) of the form v(x,z) = w(x,z) + kx, where k is a constant and w
satisfies the periodicity property w(xo,z) = w(—xo,z).

This formulation can be derived from the classical formulation e.g. when Y is divided into open connected subsets
Si, UL 1§,- =Y, with sufficiently smooth boundaries (e.g. Lipschitz), such that the shear modulus matrix A = A(x,z) is
x-periodic and possesses smooth components on each set S;. In this case

diV[O’lz,GB]T =0on S,‘, (10)

in classical sense. Moreover, on a point of the common boundary between S; and S with normal ' (pointing out of

S:), the normal component ([0}, 623]T) -n' on the set S;, denoted [[0'127 0‘23]T ~n’} , equals that on the set Sy, which is
1

}T

the negative value of the normal component [G12, 023 -n¥ on the set S; where n¥ = —n' (the normal is pointing out of

Sk), i.e.
[[01270'23]T -Vli]i = — [([0’127 023]T ‘nk]k on 8S,~ﬁask. (1 ])

Multiplying the equation (10) with an arbitrary function v, which is smooth on Y, we obtain by the Green formula that

/S [612,623]T~gradv dxdz = /85 ([61270‘23]T-ni>vds.

Using this and (11) we find that

m
/1/[0'12,0'23]T-gradvdxdz:Z/s [012,0'23}T~gradvdxdz:
‘ i=1"9i
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/()Y ([G]z,GQﬂT »ni) vds.

The latter integral vanishes. In order to see this, we first note that

/.BYJ ([612, 623]T -ni) vds = 0,

]T is periodic since it is constructed by partial derivatives of a quasiperiodic function. Since

by (5). Moreover, [012, 023

([612,623]T n> V= ([6]2, 623]T -n) kx + <[612, 0'23]T n) w

/ayv <<[612’623]T n) kx) dz= kx/ay\, ([612» ox)” ”) dz=0

by (8) and ([612, 023]T -n) w has opposite value on opposite sides of the boundary 9Y, (due to the periodicity), we see
that

and

l,; ./8s,- ([Glz, o) -ni) v dxdz = 0.

Thus we conclude that
m
/ [612, (723]T . gradv dxdy = Z/ [0'12, (723]T . gradv dxdy = 07
Q i=175i

which gives (9).

The problem (9) admits a unique solution within an arbitrary additive constant (this fact is easily seen by the Lax-
Milgram Lemma), under the assumption that A : ¥ — R?*? has Lebesgue measurable components and that there exist
constants @ > 0 and 8 < o such that

alE <& -Alxy)E <BE] (12)
forall & € R%.

The total moment per unit length M,, about the y-axis of the stress vector [012, 022, 623]T applied to the surface Y,
is given by

1
My = — / (—012z+ O23x) dxdz.
2xo Jy
Finally, we have found the expresion for the torsion rigidity per unit length Dy in terms of the solution @ :

MXZ, 1
T 2x7T

ny = /Y ((612,623)T (7Z,X)T> dxdz =

s (4 et (2200) (2.9t
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