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Abstract
The problem of local feedback equivalence for 1-dimensional control
systems of the 1-st order is considered. The algebra of differential invari-
ants and criteria for the feedback equivalence for regular control systems
are found.

1 Introduction

In this paper we study the problem of local feedback equivalence for 1-dimensional
control systems of 1-st order.

As in paper ([8]) we use the method of differential invariants. To this end
we consider control systems as underdetermined ordinary differential equations.
This gives a representation of feedback transformations as a special type of Lie
transformations, and we study and find differential invariants of these represen-
tation.

Remark also that from the EDS point of view the case of control systems
considered here is equivalent to the case of second order systems considered
in ([8]), but from ODE point of view they have different algebras of feedback
differential invariants.

To find a structure of the algebra of feedback differential invariants we first
find 3 feedback invariant derivations. Then the differential invariants algebra
is generated by two basic differential invariants J and K of orders 2 and 3
respectively and by all their invariant derivations.

This description allows us to find invariants for the formal feedback equiva-
lence problem.

To get a local feedback equivalence we introduce a notion of regular control
system and connect with such a system a 3-dimensional submanifold ¥ in R'4.

The main result of the paper states that two regular control systems are
locally feedback equivalent if and only if the corresponding 3-dimensional sub-
manifolds ¥ coincide.


http://arXiv.org/abs/0812.1351v1

2 Representation of Feedback Pseudogroup

Let _ _
x = F(z,u,u), (1)

be an autonomous 1-dimensional control system of the 1-st order.

Here the function x = z (t) describes a dynamic of the state of the system,
and u = u (t) is a scalar control parameter.

We shall consider this system as an undetermined ordinary differential equa-
tion of the first order on sections of 2-dimensional bundle 7 : R® — R , where
7 (z,u,t) — t.

Let £ C J'(m) be the corresponding submanifold. In the canonical jet
coordinates (¢, x,u,x1,u,....) this submanifold is given by the equation:

x1 = F(z,u,u1).

It is known (see, for example, [6]) that Lie transformations in jet bundles
J¥ () for 2-dimensional bundle 7 are prolongations of point transformations,
that is, prolongations of diffeomorphisms of the total space of the bundle 7.

We shall restrict ourselves by point transformations which are automor-
phisms of the bundle 7.

Moreover, if these transformations preserve the class of systems () then
they should have the form

D (x,u,t) = (X (z),U (z,u),t). (2)

Diffeomorphisms of form (@) is called feedback transformations. The cor-
responding infinitesimal version of this notion is a feedback vector field, i.e. a
plane vector field of the form

Xap =a(x) 0y +b(z,u)0y.

The feedback transformations in a natural way act on the control systems

ft :

where @) : J (1) — J' () is the first prolongation of the point transformation
o.

Passing to functions F, defining the systems, we get the following action on
these functions:® : F —— G, where the function G is a solution of the equation

X, G=F(X,U UG + Uyui). (3)

The infinitesimal version of this action leads us to the following representa-
tion Xqp — X of feedback vector fields:

—

Xap = 0y +b 0y + (urby + f by) Ouy +ax f Oy. (4)



In this formula )/(a\ p is a vector field on the 4-dimensional space R* with
coordinates (u,u,u1, f), and this field corresponds to the above action in the
following sense.

Each control system (Il determines a 3-dimensional submanifold Ly C R%,
the graph of F':

Lrp={f=F(z,u,u1)}.

Let A; be the 1-parameter group of shifts along vector field X, ; and let B, :

R* — R* be the corresponding 1-parameter group of shifts along )?a\ b, then
these two actions related as follows

L =B, (Lp).

Ay (F)
In other words, if we consider an 1-dimensional bundle
k:R* - R3,

where k((u,u,u1, f)) = (u,u,u1), then formula @) defines the representation
X +—— X of the Lie algebra of feedback vector fields into the Lie algebra of
Lie vector fields on J (k) , and the action of Lie vector fields X on sections of

bundle x corresponds to the action of feedback vector fields on right hand sides

of (@)

3 Feedback Differential Invariants

By a feedback differential invariant of order < k we understand a function
I € C* (J*k) on the space of k-jets J¥(k), which is invariant under of the
prolonged action of feedback transformations.
Namely,
—(k
X" =o,
for all feedback vector fields X p.
In what follows we shall omit subscript of order of jet spaces, and say that a
function I on the space of infinite jets I € C™ (J*k) is a feedback differential
invariant if

=)

Xap (I)=0,

(), . . . .
where X, ~ is the prolongation of the vector field X, ; in the space of infinite
jets J®k.

In a similar way one defines a feedback invariant derivations as combinations
of total derivatives
d

d d
V—AE—I—B%-FCCI—UI,

A,B,C € C™ (J®k),



which are invariant with respect to prolongations of feedback transformations,
that is,

X V=0

for all feedback vector fields X p.

Remark that for these derivations functions V (I) are differential invariants (
of order, as a rule, higher then order of I) for any feedback differential invariant
1. This observation allows us to construct new differential invariants from known
ones only by the differentiations.

Recall the construction of the Tresse derivations in our case. Let Jy, Jo, J3 €
(Ohad (J kli) be three feedback differential invariants, and let

~ dJ; dJ; dJ;
dJ; = d d
J dzr T du ut duq

du1

be their total derivatives.
Assume that we are in a domain D in J*k, where

(/l\Jl A\ &\Jg A\ C/l\Jg # 0.
Then, for any function V € C*° (J ! Ii) over domain D, one has decomposition
dV = MdJy + AadJz + AsdJs.

Coefficients A1, A2 and A3 of this decomposition are called the Tresse derivatives
of V and are denoted by
N = DV
' DJ;’
The remarkable property of these derivatives is the fact that they are feedback
differential invariants (of higher, as a rule, order then V' ) each time when V is
a feedback differential invariant.

In other words, the Tresse derivatives

D D and D
DJ,’ DJs DJs

are feedback invariant derivations.

4 Dimensions of Orbits

First of all, we remark that the submanifold {f = 0} is a singular orbit for
the feedback action in the space of O-jets J O%. The generating function of the
feedback vector field X, ; has the form:

¢a,b = amf - af;v - bfu - (ulbu + fb;v) fzu

and the formula for prolongations of vector fields ([6]) shows that in the space
of 1-jets J'k, in addition, we have one more singular orbit { f,, = 0}. In similar



way, we have one more singular orbit {f,,,, = 0} in the space of 2-jets. There
are no more additional singular orbits in the spaces of k-jets, when k > 3.
We say that a point x3, € J¥k is regular, if f # 0, fu, # 0, fu,u, # 0 at this
point.
In what follows we shall consider orbits of regular points only. .
It is easy to see, that the k—th prolongation of the feedback vector field X, s
depends on (k + 1)-jet of function a (x) and (k + 1)-jet of function b (z,u) .
Denote by V¥ and WZ; the components of the decomposition

= (k) ; 9t tib
Ko = X dV@vie 3 W

0<i<k+1 0<i+j<k+1

Then, by the construction, the vector fields V;*,0 < i < k + 1, and WZ;-,O <
i+j < k+1, generate a completely integrable distribution on the space of k-jets,
integral manifolds of which are orbits of the feedback action in J*x.

Straightforward computations show that there are no non trivial feedback
differential invariants of the 1-st order.

Let Ok41 be a feedback orbit in J¥*1, then the projection Oy = kg1 (Ors1) C
J*k is an orbit too, and to determine dimensions of the orbits one should find
dimensions of the bundles: kgy1k @ Or41 — Ok. To do this we should find

——(k
conditions on functions a and b under which Xa_,b( ) =0 at a point z € J*x.

— (k-1
Assume that Xa_,b( ) = 0 at the point z_1 € Jk=1k . Then the vector

field )/(;b(k) is a K,k—1-vertical over this point.
Components
dk o 0
dridul Of,,;

of this vector field, where 0;; = (z,....,x,u...,u), i + j = k, and components
—— ——
i-times j-times
dk ¢ 0
driduiduy Of,,’
where 7;; = (z,....,z,u...,u), 1+ j = k — 1 depend on
—— ——

i-times j-times

8k+1 b
Oxioud’
and
dFtla
dpk+1
respectively.
All others components
dk ¢

__ 4% 0
dzdusdut Of,



are expressed in terms of k-jet of b (z,u) and k-jet of function a (z) .

It shows that the bundles: kjx—1 : Op — Ok_1 are (k + 3)-dimensional,
when k > 1.

Feedback orbits in the space of 2-jets can be found by direct integration
of 12-dimensional completely integrable distribution generating by the vector
fields Vil,O <3 <3, and Wilj7 0 <i4 7 < 2. Summarizing, we get the following
result.

Theorem 1 1. The first non-trivial differential invariants of feedback trans-
formations appear in order 2 and they are functions of the basic invariant

P fum
(ulfUI - f) ’31
2. There are
k(k+1)
2

independent differential invariants of pure order k.

-2

3. Dimension of the algebra of differential feedback invariants of order k > 2,

is equal to
k3 n k? 5k 41
6 2 3 '
4. Dimension of the reqular feedback orbits in the space of k-jets, k > 2, is
equal to

(k+1)7* 23k 5

5 T3 Ty
5 Invariant Derivations

We’ll need the following result which allows us to compute invariant derivations.
Assume that an infinitesimal Lie pseudogroup g is represented in the Lie
algebra of contact vector fields on the manifold of 1-jets J! (R™).
Moreover, we will identify elements g with the corresponding contact vector
fields , i.e. we assume that elements of g have the form Xy (see [0]), where f is
the generating function.

Lemma 2 Let z1,..,x, be coordinates in R™, and let (1, ...,Zpn, U, p1,..,Pn) be
the corresponding canonical coordinates in the 1-jet space J* (R™).

—~  d
V=§AiE

is g-invariant if and only if functions A; € C® (J®°R™), j =1,..,n, are solu-
tions of the following PDE system:

Xf<Ai>+ii<af>Aj—o, )

Then a derivation

dx; \ Op;



foralli=1,..,n, and Xy € g.

Proof. We have ([6]):

" of d
r= gapidxi,

where
delf o
~ dx® Ops

E; =

is the evolutionary derivation, ¢ is a multi index and {p,} are the canonical
coordinates in J*R".

Using the fact that evolutionary derivations commute with the total ones
and the relation

[V, X5 =0,
we get
N L. -~ Of d
0 = ZAJd:E’ f_z7d9€z
j=1 1=1
d d (0f\ d of dA; d
; £ ( J)dxj + — ( da; (8]91-) dz; +5pi dz; d:vj>
. d (0f d
= —g Xf(As)-l‘;AJ%(aps) dx.
]

In our case we expect three linear independent feedback invariant deriva-
tions. To solve PDE system (B we first assume that the unknown functions
are functions on the 1-jet space J'R3. Then collect terms in (&) with a,a’,a”
and b,b,, by, by, by and by, , we get the system of 8 differential equations for
3 unknown functions. Solving the system we found two independent invariant
derivations. The last one we get in a similar way by assuming that the unknown
functions are functions on the 2-jet space J2R3.

Finally, we have 3 feedback invariant derivations:

_ ulfu1 _fi f_ulfu1 i
Vio= fu, du b 12, f”dul’
_ fd
VQ - fu1 dula
d f d
<facfu1 +fu— 2w — fou + 1 fuy _ff ) i
fulul 31 “ duy



These derivations obey the following commutation relations

Vo, V4] = J Vi
V3, Vi] = KV,
[V3,Vo] = —V34+JVi+LV,

where K and L are some differential invariants of the 3rd order (see below).

6 Differential Invariants of the 3-rd Order

Theorem 1 shows that there are four independent differential invariants of the
3-rd order. We get three of them simply by invariant differentiations:

Vi(J),V2(J),Vs(J).
The symbols of these invariants contain:
e symbol of V5 (J) depends on fu,u;u,
e symbol of V1 (J) depends on fu v u; and fuu, s
e symbol of V3 (J) depends on fu,uyursfuugus @04 fruyu, -

It shows that these differential invariants are independent.

The similar observation shows that the differential invariant L, which ap-
pears in the commutation relations, is a function of J, V1 (J),Va (J), Vs (J),
and the differential invariant K is the forth independent invariant. It has the
following form:

2 2
K = —ulfw + 2u =% — 24
f.ful fu12
+fuuu1_2fufw+ffmu (fuuul_2fufac)
—uq
fus f
Cc1 Co Cc3 Cq4 Cs Ce

- + + - + + ,
fu1fu1u12 ffu1u12 fu1u12 ffu1u1 fu1fu1u1 fu1u1

where



c1 = —f fufwu Fururwr — U1 fufuuy Fuguru, + fgfmulula

C2 = Uy (fufulfumm - fq%fuluun — faofufur furusus + fmfu12fuu1u1)
+u12qu1 (= fus fuwnur + fufururun) 5

C3 = ffxulfuulul + fzfufululul - fufuu1u1 - fzfulfuulm

Fu1 (fufwus Fururur = Fus Fruy Fuuyuy + Fuuy Funyun) 5

ca = =1 (2 fu, fofuuy = Fur fufeuws + Fufuns + fur o+ fu* Frou)
+U12 (fulf uuuy fufuu1u1 + fuu12) s

s = [ fulouruwr = f Four Fuus + Fufuur + 01 (Fufurrus = Frun”)

c6 = fuu = fufous + 2 fofuuws + fur fou = [ f 2w

+uq (fulf Tuu; f wuuy t fzulfuul - fufxulul)'

7 Algebra of Feedback Differential Invariants

By regular orbits we mean feedback orbits of regular points.
Counting the dimensions of regular feedback orbits shows that the following
result is valid.

Theorem 3 Algebra of feedback differential invariants in a neighborhood of a
reqular orbit is generated by differential invariant J of the 2-nd order, differential
inwvariant K of the 3-rd order and all their invariant derivatives.

8 The Feedback Equivalence Problem

Consider two control systems given by functions F' and G. Then, to establish
feedback equivalence, we should solve the differential equation

F(X7 U7 UIG (Iauvul) + Uuul) - Xx G(Iauvul) =0 (6)

with respect to unknown functions X (z) and U (z,u).
Let us denote the left hand side of (@) by H. Then assuming the general
position one can find functions X, X,, U, U,, U, from the equations

H=H, =H?=HY =1 =0.

Remark, that the above general conditions are feedback invariant, depends
on finite jet of the system and holds in a dense open domain of the jet space.
Therefore, it holds in regular points.

Assume that we get

U=A(z,u,u1),U, = B(x,u,u),
U, =C(z,u,u1),X =D (z,u,u1),
X' =FE (z,u,u1)



Then the conditions

Ay, =By, =Cy, =Dy, = E,, =0,
D,=E,=0

and
B=A,C=A,E=D,

show that if (B has a formal solution at each point (2, u,u1) in a domain then
this equation has a local smooth solution.

On the other hand if system F' at a point p = (2°,u°, u?) and system G at a
point p = (2%, %, u}) has the same differential invariants then, by the definition,
there is a formal feedback transformation which send the infinite jet of F' at the
point p to the infinite jet of G at the point p.

Keeping in mind these observations and results of theorem [3] we consider
the space R3with coordinates (z,u,u1) and the space R' with coordinates
(7, J1, J2» 3> J115 J12, 413, J22, Jo3, Jask, k1, k2, k3) .

Then any control system, given by function F (z,u,u), defines a map

0

oF : R? — R14,

by
j = JF k=K,
ji o= (Vi) k= (V&))"
g = (Vv

where 4,7 = 1,2,3, and the subscript F' means that the differential invariants
are evaluated due to the system.
Let
$:R? - R?

be a feedback transformation.
Then from the definition of the feedback differential invariants it follows that

ocpo® = TF(p)-
Therefore, the geometrical image
Yp=1Im(cp) C R"

does depend on the feedback equivalence class of F' only.
We say that a system F is regular in a domain D C R3 if

1. 4-jets of F belong to regular orbits,
2. or (D) is a smooth 3-dimensional submanifold in R, and

3. three of five functions j, j1, j2, j3, k are coordinates on Y.

10



Assume, for example, that functions ji, jo,j3 are coordinates on Y r. The
following lemma gives a relation between the Tresse derivatives and invariant
differentiations Vi, Vg, V3.

Lemma 4 Let
D D D

DJy’ DJ;’ DJs
be the Tresse derivatives with respect to differential invariants J; = V; (J).
Then the following decomposition

D
Vi = ZJ: Rz‘jD—Jj (7)

with feedback differential invariants R;; of order < 4 is valid.

Proof. Applying both parts of () to invariant J, we get
Vi(Jk) = Rix

which is a feedback differential invariant of order < 4. m

Theorem 5 Two reqular systems F and G are locally feedback equivalent if and

only if
Yr =Y. (8)

Proof. Let us show that the condition [l implies a local feedback equivalence.
Assume that

JE =G (I, Ja, Js) I =55 (D1, Ja, Js)
K =kF (1, Jo, J3) , K = kF (1, Jo, J3)

on g, and

J¢ = §C (I, Ja, J3), IS = §S (T, J2, J3)
K% =k% (J1, Jo, J3) , K& = k& (J1, Ja, J3)

on Xg.

Then condition § shows that j7 = jG,jZ—J; = jg, kF = kS and kT = kC.

Moreover,as we have seen the invariant derivations Vi, Vs, V3 are linear
combinations of the Tresse derivatives with coefficients which are feedback dif-
ferential invariants of order < 4.

In other words, the above functions j¥, k¥, jf; , kZF and their partial deriva-
tives in ji, j2, j3 determine the restrictions of all differential invariants.

Therefore, condition 8 equalize restrictions of differential invariants not only
to order < 4 but in all orders, and provides formal and therefore local feedback
equivalence between F' and G. ®
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