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SYMMETRY GAPS FOR HIGHER ORDER ORDINARY DIFFERENTIAL EQUATIONS

JOHNSON ALLEN KESSY AND DENNIS THE

ABSTRACT. The maximal contact symmetry dimensions for scalar ODEs of order > 4 and vector ODEs of order
> 3 are well known. Using a Cartan-geometric approach, we determine for these ODE the next largest realizable
(submaximal) symmetry dimension. Moreover, finer curvature-constrained submaximal symmetry dimensions are
also classified.

1. INTRODUCTION
Consider a system of m ordinary differential equations (ODEs) of order n + 1 given by
(1.1) vt :f(t,u,u’,...,u(")),

where u is an R™-valued function of ¢, and u*) is its k-th derivative. We will focus on the geometry of such
ODE:s under local contact transformations, which by the Lie-Béicklund theorem agrees with the geometry under
local point transformations when m > 2 (vector ODEs).

For almost all (n,m), the trivial ODE u(®+) = 0 is maximally symmetric among (LI) and the dimension
of its Lie algebra of (infinitesimal) contact symmetries is given by

10, ifm =1, n =2 (scalar 3rd order);
(1.2) M :=< (m+2)? -1, if m > 2, n=1 (vector 2nd order);
m?+ (n+1)m+3, ifm=1,n>3 and m,n > 2 (higher order cases).

In contrast, all scalar 2nd order ODEs are locally contact equivalent to the trivial ODE «” = 0, which admits
an infinite-dimensional contact symmetry algebra. Under point transformations, v’ = 0 has point symmetry
algebra of dimension 2t = 8 and is maximally symmetric.

In all cases with a finite maximal symmetry dimension, a natural classification problem is to determine the
next largest realizable (submaximal) symmetry dimension &. There is often a sizable gap between 9t and S,
so this is referred to as the symmetry gap problem. For ODE, examples of this are & = 3 for scalar 2nd order
(mod point), G = m? + 5 for vector 2nd order, and & = 5 for scalar 3rd order — see [[L1] for details on these
cases where the underlying geometric structure is a parabolic geometry (see below). For all other cases among
(L2), the geometry is non-parabolic, and we will prove that:

Theorem 1.1. Fix (n,m) with m = 1,n > 3 or m,n > 2. Among the ODEs (L) of order n + 1, the
submaximal contact symmetry dimension is

(1.3) 6:{9ﬁ—1, ifmzll,ne{4,6};
I — 2, otherwise.

M—2m +2, if me {23}

M—-2m+1, ifm>4.

The results for scalar ODEs are classical [13] (see [16, p.205] for a brief summary) and were based on
[16, Thm.6.36] and the complete classification of Lie algebras of contact vector fields on the (complex) plane.
This requires classifying the fundamental differential invariants for each such Lie algebra of vector fields as
well as investigating their Lie determinants (see [16, Table 5]). However, attempting to apply such methods for
vector ODEs in order to prove Theorem [LI] is not feasible: classifications of Lie algebras of vector fields in
general dimension are far from complete (particularly, in dimensions four and higher), and the computations
would be extremely tedious even if such lists were available. Different techniques are required to address the
vector cases.

This corrects a recent conjecture [[1, §10] for & when m,n > 2, stated as
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Our approach is based on a categorically equivalent reformulation of ODEs £ given by (mod contact)
as regular, normal Cartan geometries (G — &, w) of type (G, P), for some appropriate Lie group G and closed
subgroup P C G (see §2.1.2)). The construction of such canonical Cartan connections w for ODE was discussed
in [3LI6LOL[10]. The trivial ODE corresponds to the flat model (G — /P, w¢ ), which has symmetry dimension
dim G, and more generally dim G bounds the symmetry dimension of any Cartan geometry of type (G, P), so
M = dim G.

Parabolic geometries are Cartan geometries modelled on the quotient of a semisimple Lie group by a para-
bolic subgroup. For this diverse class of geometric structures, significant progress on the symmetry gap problem
was made in [[11]. In particular, a universal algebraic upper bound il on & was established, effective methods
for the computation of il were given in the complex or split-real settings, and in almost all of these cases it was
shown that & = 4 by presenting (abstract) models.

Our approach for ODEs is to adapt certain key features from the parabolic study to our specific non-parabolic
setting. The main ingredients for establishing & < il are harmonic curvature k7, which is a complete obstruc-
tion to local flatness, and Tanaka prolongation, both of which have parallels in the ODE setting. The key
technical fact underpinning our & < $l proof is that k7 # 0 is valued in a certain completely reducible P-
module, which was established in [3], Cor.3.8], so only the action of the reductive part Gy C P is relevant. (In
fact, the strategy of our proof is a simplified version of that given in [12]], which yields a stronger statement
than the approach from [[11] — see Remark 2.121) Our upper bound result is formulated in Theorem 2. 111

By complete reducibility, the codomain of xz can be identified with a certain proper Gg-submodule E C
H i (g—, g) of a Lie algebra cohomology group. This effective part IE has already been computed in the literature
by Doubrov [6,[7] for scalar ODEs, Medvedev [14] for vector 3rd order ODEs, and by Doubrov—Medvedev
[9] for vector higher order ODEs. In §3] we summarize their classifications in Tables 2] and 3l organized as
irreducible G-submodules U C [E, and use these to efficiently compute the corresponding restricted quantities
$ly, from which 4l can be obtained via (2.29).

We note that the aforementioned upper bound proof also yields the finer results Gy < iy, where Gy is
analogous to & but with the additional constraint that k77 # 0 is valued in U C E. Thus, we can consider
the finer symmetry gap problem of determining Gy for a fixed U. For ODEs that are parabolic geometries,
such constrained problems were resolved in [[11]]. In our non-parabolic setting, using the known fundamental
(relative) differential invariants for higher order ODEs derived in [6,9,[15.[17,[19], we exhibit realizability of
iy in §]by finding explicit ODE realizing these symmetry dimensions and with xz # 0 concentrated in U. In
addition to proving Theorem [L.I we obtain the following curvature-adapted result:

Theorem 1.2. Fix (n, m) withm = 1,n > 3 or m,n > 2, and consider ODEs of order n + 1. Let U be
a Go-irrep contained in the effective part E C HJQr (g—,9). Then Gy is given in Table[ll

[ n m Gyirep UCE &y || n m Go-imep UCE Sy=4Uy |
>3 1 W, M — 2 = Sy, >2 >2 Wit M —2m+ 1
(8<r<n+1) (2<r<n+1)
3 1 B3 M —3 =y, — 1 >2 >2 wr M — 2
3 1 B4 M — 2 = g, (3<r<n+1)
4 1 B M — 1 = Up, 2 =2 By M—m
>4 1 Ay M — 2 = Uy, 2 >2 Al M —2m + 2
5 1 As M—3 =4, —1 >2 >2 Al M —2m + 1
>6 1 As <M -3 =4y, — 1 >3 >2 AY M—m—1
6 1 Ay M—1 =y,
>7 1 Ay M—-3=4Uy, —lorM—-4

(Recall M = m? + (n + 1)m + 3 from (L2).)

TABLE 1. Curvature-constrained submaximal symmetry dimensions for ODEs of order n + 1

We note that all vector cases and most scalar cases satisfy Gy = iy. The exceptional scalar cases are:
(n,U) = (3,B3),(> 5,A3) or (> 7,A4). The assertions Sy < iy here can be deduced from the known
classification of submaximally symmetric scalar ODEs (see [16, p. 206]). In Appendix [Al we outline an
alternative algebraic method for establishing these Gy < Ly exceptions.
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2. AN UPPER BOUND ON SUBMAXIMAL SYMMETRY DIMENSIONS

We begin by reviewing the Cartan-geometric perspective on ODEs, and then use it to prove an upper bound
formula for submaximal symmetry dimensions (Theorem [2.11)).

2.1. Canonical Cartan connections.

2.1.1. ODE:s as filtered Gg-structures. Consider the space J" (R, R™) of (n + 1)-jets of smooth maps from
R into R™, with the natural projection 7+ : J**{(R,R™) — J*(R,R™) and denote by C' the Cartan

distribution on it. Denoting u, = (ul,...,u"™), we let (t,ug,uy,...,u, 1) be standard (bundle-adapted)
local coordinates on J"+1 (R, R™), for which the Cartan distribution C' is given by
(21) C: <at +1118u0 4+ ... +un+16un,(9un+1>.

(Here, 110y, is our compact notation for 3 /" | ufdy,a, etc. and dy,, .,

We will consider (L) up to contact transformations. These are diffeomorphisms ¢ of J"*1(R, R™) that
preserve the distribution C, i.e. ¢.(C) = C. By the Lie-Bicklund theorem, such transformations are the
prolongations [[16] of contact transformations on J! (R, R™). Moreover, for m > 2 they are the prolongations
of diffeomorphisms on J°(R,R™) = R x R™ (point transformations). At the infinitesimal level, a contact
vector field ¢ is a vector field whose flow is a (local) contact transformation. Equivalently, L:C' C C, where
L is the Lie derivative with respect to §.

Rephrased geometrically, the (n+1)-st order ODE (L) is a hypersurface £ = {u,, 1 = f} in J*"1(R,R™)
transverse to the projection map 7", So, &€ can be (locally) identified with its diffeomorphic image in
JT(R,R™).

Definition 2.1. A contact symmetry of the ODE £ C J""1(R, R™) is a contact vector field ¢ on J" 1 (R, R™)
that is tangent to £.

refers to 6u711+1, . ,&gﬂ.)

We associate £ with a pair (£, V') of subdistributions of C' described below:

e the line bundle E over £ whose integral curves are lifts of solution curves to (L.1));
e the rank m Frobenius-integrable distribution V' := ker(dn1|¢).

As proven in [10, Thm 1], the pair (E, V') encodes £ up to the contact transformations and therefore defines a
geometric structure associated to .

Equivalently, a contact symmetry of the ODE £ C J"+1(R,R™) is a vector field £ on £ such that L:ECE
and L¢V C V. In standard local coordinates,

(2.2) E= (4% =0+ w0y +  +Uy0u, , +f0u,), V= {(0u,)-

In the sequel, we shall refer to % as the total derivative.
The distribution D := E @ V C T¢E is bracket-generating and its weak-derived flag defines a filtration on
the tangent bundle T'E:

(2.3) TE=D " '>5...oD 25D},

where D™! := D and D™/~! := D™/ 4 [D~7, D~ '] for j > 0. Then (€, {D’}) becomes a filtered manifold,
since the Lie bracket of vector fields on & is compatible with the tangential filtration { D7}, i.e

(2.4 [0(DY),T(D7)] c T(D™).
From (2.2), we can moreover verify that
25) [P(D'),T(DI)] € T(DminEd) 1),

which is a stronger condition if ¢, 7 < —2.

Furthermore, (I.I)) admits an equivalent description as a filtered Gg-structure described below. The associ-
ated graded to the filtration (2.3) is given by

—1
gr(T€) := EB gr;(T€), where gr,(T€) = DIig/DITIE.
j=—n—1

For z € &, the Lie bracket of vector fields induces a (Levi) bracket on m(z) := gr(7,£) turning it into a
nilpotent graded Lie algebra (NGLA) with m;(z) := gr;(T:€). It is called the symbol algebra at z. For
distinct points z,y € £, m(x) and m(y) belong to the same NGLA isomorphism class. Let m be a fixed NGLA
with m = m(z),Vz € £. Since D is bracket-generating, then m is generated by m_1.
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For z € &, denote by Fy, (z) the set of all NGLA isomorphisms from m to m(z) and Fi(€) := (J,cg Far ().
Then Fg,(£) — £ is a principal fiber bundle with structure group Autg,(m) consisting of all graded automor-
phisms of m. In fact, Autg,(m) — GL(m_y), since m is generated by m_;.

The splitting of D implies a splitting of m_;. Let Gy < Autg,(m) be the subgroup preserving this splitting
of m_;. There is a corresponding proper subbundle Gy — &, which is a principal fiber bundle with reduced
structure group Gg = R* x GL,,. This realizes the ODE as a so-called filtered G-structure [[2, Defn 2.2]. We
immediately caution that not all filtered G-structures arise from ODE (see Remark 2.4).

2.1.2. The trivial ODE. Consider the trivial system of m > 1 ODEs u,4+; = 0 of order n + 1. Throughout,
we will restrict to the higher order cases m = 1,n > 3 and m,n > 2. The contact symmetry vector fields for
the trivial ODE were given in [3) Section 2.2]. Abstractly, the contact symmetry algebra g has the structure

(2.6) g:=qxV, where q:=slpxgl, V=V,W

Here, V,, is the unique (up to isomorphism) slg-irrep of dimension n + 1 and W = R™ is the standard
representation of gl,,,. The trivial ODE admits the maximal symmetry dimension among (L) for fixed (n, m),
c.f. Corollary Consequently, we denote:

2.7 M :=dimg =m? + (n+ 1)m + 3.

We work with the following basis for g. Let {w, } be the standard basis for W = R™, let gl,,, = gl(IW) be

spanned by {e¢}, where efw. = §%wp, and let id,, := > 7, e?. Letting {z,y} be the standard basis for R?,

a=1"~a*
consider the standard sly-triple
(2.8) X=x0y, H=2x0,—y0y, Y =y0.,

and consider the weight vectors for V,, given by
1 .

2.9) E; = _—'m"ﬂyl, 1=0,...,n.
i

Following [6,9]], we give g the structure of a Z-graded Lie algebrag =g_,,_1 @ ... ® g1, where
g1 =RY, go=RH®gl,, g-1=RX®RE,W),
gi=RE, 1 QW, i=-2...,—n—1.

We note that g_ = m, the symbol algebra defined in §2.1.11

The splitting on g_; reflects the splitting on the distribution D = E ¢ V from §2.1.11 Note that g is
reductive and g_ is generated by g_;. Alternatively, introducing the grading element

(2.10)

@.11) Z.— —%(H+(n+2)idm),

the eigenspaces of adz € gl(g) are precisely g; = {z € g : [Z,x] = iz} for all i € Z. We visualize this as in
Figure [Tl

—n—1 -n -2 —1

FIGURE 1. Grading on g, with basis specified in the scalar case

We also endow g with the corresponding filtration g := > j>; 9j> and let

(2.12) pi=g=(HefY), pp:=g" =(Y).

Let gr; : g° — g'/g""! denote the natural quotient and let gr(g) := €D, gr;(g) denote the associated graded,
which is isomorphic as a go = gry(g) module to g as a graded Lie algebra.
At the group level, let

e m=1:G=GLyxV, and P = STy C GLo, the subgroup of lower triangular matrices;
e m>2:G=(SLyxGL,,) x Vand P = STy x GL,,.
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In either case, let G := {g € P : Adg(go) C go}. We note that the filtration on g is P-invariant.

2.1.3. Cartan geometries. All ODEs (1)) are filtered G-structures, and these admit an equivalent description
as (normalized) Cartan geometries of type (G, P). We describe the precise setup in this section.

Definition 2.2. A Cartan geometry (G — M, w) of type (G, P) consists of a (right) principal P-bundle G — M
endowed with a g-valued one-form w € Ql(g ,8), called a Cartan connection, such that:
(1) Forany u € G, w,, : T,G — g is a linear isomorphism;
(ii) w is P-equivariant, i.e. Rjw = Adg-1 ow forany g € P;
(i) w(Ca) = A, where A € p, where (4 is the fundamental vertical vector field defined by (4(u) :=
4 ‘t:O u - exp(tA).

Because of (i), the tangent bundle of G is trivialized, i.e. TG = G X g, and the P-invariant filtration on g
induces a corresponding filtration of T'G:

(2.13) T 'G>...>oT7'¢>T% > T'G.

Let us also note the following consequence of (ii). Fixing u € G, consider a P-invariant vector field n €
(TG)? with A := w(n,) € p, and let f be a P-equivariant function on G. Then:

Q1 N0 =G| fueep(dn) = G en-an- fw) = -4- f).

The Klein geometry (G — G/P,w¢), where wg is the Maurer—Cartan form on G, is called the flat model
for Cartan geometries of type (G, P). Given a Cartan geometry, its curvature form K € Q2(G, g) is given by

(2.15) K(&m) = dw(§,n) + [w(&),w(n)],

which is P-equivariant and horizontal, i.e. K(C4,:) = 0,A € p. By horizontality, it is determined by the
P-equivariant curvature function x : G — /\Q(Q/p)* ® g, defined by

(2.16) k(A B) = K(w '(A),w"Y(B)), ADBEcag.

For (G, P) from and the filtration {g’} introduced there, we say that a Cartan connection w is regular if
r(gt, g) C gt for all 4, j. Equivalently, « has image in the subspace of A%(¢/p)* ® g on which the grading
element Z acts with positive eigenvalues (degrees).

For normality of w, we follow the description in [3, §3]. Let us denote by C*(g,g) := /\2 ¢g* ® g, and
consider the P-invariant subspace

(2.17) Chor(g,9) = {1 € C¥(g,0) s av =0,VA e p} = NF(spp)* @ g.

Both of these inherit filtrations from the filtration on g. Their associated graded can be identified with C*(g_, g),
i.e. the cochain spaces for a complex C*(g_, g) with the standard differential O for computing Lie algebra co-
homology groups H*(g_, g). There is an inner product (-, -) on g whose extension to C*(g, g) is such that the
adjoint 0* of the standard differential J; on C*(g, g) (with respect to (-, -)) restricts to a P-equivariant map
O  N¥(efo)* @g — N1 (9/p)* @ g. (See [3l Lemma 3.2] for details.) In terms of this map §*, we say that w
is normal if 0*x = 0. From [3, Thm.2.2] (see also [6,9,[10]), we have the following important starting point:

Theorem 2.3. Fix (G, P) as above. There is an equivalence of categories between filtered Gy-structures and
regular, normal Cartan geometries of type (G, P).

Remark 2.4. A regular, normal Cartan connection associated to an ODE satisfies the strong regularity
condition x(g?,g/) C gt/ n gmin(id)—1 ;5 3], Rem 2.3]. Consequently, not all filtered Go-structures
arise from ODE. For example, in [3] §3.5] there is a G-invariant filtered G-structure with the same symbol as
that of an 11th order scalar ODE, but it is not realizable by any such ODE.

Since (0*)? = 0, then for regular, normal Cartan geometries one obtains the (P-equivariant) harmonic
curvature function
ker 0
(2.18) Kg: G — ——,
im 0*

which is valued in the filtrand of positive degree (by regularity). It is a fundamental fact that xz completely
obstructs local flatness [2]], i.e Ky = 0 if and only if the geometry is locally equivalent to the flat model, which
corresponds to the trivial ODE. Furthermore,

Lemma 2.5. The P-module lfgg: is completely reducible, i.e. g' acts trivially.
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Proof. See |3, Corollary 3.8]. ]

The above complete reducibility property will be important in subsequent sections. Consequently, only the
Go-action on Ifgg: is relevant. Identifying A%(s/p)* ® g = A?g* ® g as Go-modules, and defining the
Laplacian operator [] := 0o 0* + 3" 0 0 on /\2 g° ® g, we have a Hodge decomposition and the following Gg
isomorphisms:

ker 0*
—_— ker 9* _ kerd
(2.19) /\29*_ RgE imd* Gker0®imd, ker[d= irerf@* ~ irerfa = H%*(g_,9).

ker 9
Regularity of w and complete reducibility imply that the codomain of sz can be identified with the subspace
H?(g_,g) C H%(g_,g) on which Z acts with positive eigenvalues.
Not all filtered GGo-structures are realizable by ODE, so some of H i(g_ , 8) is extraneous for ODE.

Definition 2.6. LetE C H i (g—, g) denote the effective part, i.e. the minimal Gy-submodule in which ks is
valued, for any regular, normal Cartan geometry of type (G, P) associated to an ODE (for fixed n, m).

This important submodule has already been computed in the literature [6,(7,9,/14]. All irreducible compo-
nents are summarized in Tables 2land 31

2.2. ODE symmetries viewed Cartan-geometrically. Given a Cartan geometry (G — M,w) of type (G, P),
an (infinitesimal) symmetry is a P-invariant vector field on G that preserves w under Lie differentiation. The
collection of all such symmetries forms a Lie algebra, which we denote by

(2.20) inf(G,w) == {€ e T(G)F : Lew =0} .

Proposition 2.7. Let (G — M, w) be a Cartan geometry of type (G, P) and fix u € G arbitrary. Then:

(i) The map & — w(&,) is a linear injection from inf (G, w) into g. Let f(u) denote the image subspace.
(ii) Equipping §(u) with the inherited filtration §(u)* := f(u) N g* and bracket

2.21) X, Vi) == [X, Y] — 6()(X,Y), VXY €f(u),

we have that (f(u), [, Js()) is a filtered Lie algebra isomorphic to inf(G,w).
(iii) The associated graded Lie algebra s(u) := gr(f(u)) is a graded Lie subalgebra of g.
(iv) so(u) C ann(km(u)) C go.

Proof. The statements (i)—(iii) were proved in [5, Thm.4] for bracket-generating distributions that lead to par-
abolic geometries of type (G, P). Although (G, P) there refers to the parabolic setting, the same proof works
for our (G, P) considered here. For (iv), let A € p with A € {(u), and let 1) be a symmetry with w(n,) = A.
Use with f = kp to obtain A - kg (u) = 0. Since ll‘re;g is completely reducible, this statement only

depends on A mod f! € 5¢(u), so (iv) follows. O

Corollary 2.8. Up to (local) contact transformations, the trivial ODE for m = 1,n > 3 or m,n > 2 is
uniquely maximally symmetric.

Proof. Given an ODE (1), let (G — M, w) be the corresponding regular, normal Cartan geometry of type
(G, P). Fix any v € G. By Proposition 2.7 (iii), s(u) C g, so diminf(G,w) = dims(u) < dimg. The
trivial ODE in particular has symmetry dimension 97 = dim g, so this is indeed maximal. Now supposing
diminf(G,w) = dim g, we must have s(u) = g, so go = so(u) = ann(xg(u)) follows from Proposition
(iv). In particular, the grading element satisfies Z € so(u). Since ky(u) € H2(g—,g), then kg (u) = 0, so
kg = 0 and the geometry is flat. Thus, the ODE is locally equivalent to the trivial one. O

2.3. An algebraic bound on submaximal symmetry dimensions. Fix (G, P) as above. We define the sub-
maximal symmetry dimension & by:
S := max {diminf (G,w) : (G — M,w) regular, normal of type (G, P)

2.22
( ) associated to an ODE, with ki # 0} .

Following [11]], we define:

Definition 2.9. Let g be a graded Lie algebra with g_ generated by g_;. For ag C g, the Tanaka prolongation
algebra is the graded subalgebra a := pr(g_, ap) of g with a_ := g_ and aj, defined iteratively for & > 0 by
ap :={X € gr : [X,9-1] C ax_1}. Given ¢ in some gp-module, let ann(¢) C go be its annihilator and define
a® = pr(g_, ann(@)).
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In terms of the effective part E C H i (g—, 0), we define
(2.23) 4 := max {dim a®: 04 ¢ e E} .

Clearly 4 < dimg. (Otherwise a® = g for some 0 # ¢ € E, and so Z € ann(¢). But necessarily Z acts
non-trivially since ¢ & H_%(g_, g), which is a contradiction.) We will show that & < 4l.

Lemma 2.10. Let (G — M, w) be a regular, normal Cartan geometry of type (G, P). Let u € G be arbitrary.
Let € € inf(G,w) withw(&,) € g* Cpandn € T(T1G)P. Then:

(2.24) [w(éw), w(n)] - ku(u) = 0.

Proof. Fix u € G as above with A := w(&,) € g and B := w(n,) € g~!. Since ¢ is a symmetry, then
0= (Lew)(n) =dw(&,n) +n-w(&) =& wn) —w([ n]). Evaluation at u now yields

(2.25) w([&; ) (u) = (§-wn))(u) = —[A, B] € p,

using P-equivariancy of w(n) and (2.14).
Since £ is a symmetry, then £ - k = 0 and £ - ky = 0. We get the prolonged equation
(2.26) 0=n-(& ru)=E& (n-ku)+n & kn.
Now evaluate at u:
e Since 7 is P-invariant and kj; is P-equivariant, then 1 - k7 : G — 11‘2"3: is P-equivariant. Thus,
(¢€-(n-ky))(u)=—A-(n-rg)(u) = 0 using 2I4) and Lemma2.3] (since A € gt).
e Since [¢, n] is P-invariant with w([£,n])(u) € p, then

(2.27) 0% (1, - k) (w) B w((g,m) (@) -k (w) B2 —[4, B - ki (u).

0

Theorem 2.11. Let (7w : G — M, w) be a regular, normal Cartan geometry of type (G, P) associated to an
ODE. For any u € G, we have s(u) C a1 W) Moreover, & <4 < dimg.

Proof. Fix any u € G. We have sg(u) C ann(kpy(u)) from Proposition 2.7(iv), so for the first claim it
suffices to prove that s1(u) C a'fH(u). Suppose s1(u) # 0, then we must have s;(u) = RY. Pick any
B € g1 Let¢ ¢ inf(G,w) and n € T(T7'G)" with w(&,) = Y and w(n,) = B. Then @24) with
A =Y implies that [Y, B] - k(u) = 0, hence Y € a#") and the first claim follows. We deduce that

dim inf(G,w) = dims(u) < dima®# (™ < §I, since kp is valued in the effective part E. We conclude that
6 < U < dimg. O

Remark 2.12. In the parabolic setting, the analogous statement s(u) C a*# (4) was proved in [11} §3] on an
open dense set of so-called regular points (using a Frobenius integrability argument). This was strengthened
to all points in [12] using the fundamental derivative and calculus on the adjoint tractor bundle. Our proof in
this section is adapted from the latter, but can be formulated and proven more simply since the positive part
g+ = g1 consists of only a single grading level (with dimension one).

Let O C E be a Go-invariant subset. We define S analogously to & from ([2.22)), but with the additional
constraint that x g is valued in ©. We also set {p := max{dima® : 0 # ¢ € O}. The same argument as in
Theorem 2. 11 allows us to conclude:

(2.28) So < Uo.

Of particular interest to us will be the case where O C E is a Gy-irrep U, so that Sy < LUy.
Suppose that E = @, U; is the decomposition into Gg-irreps U;, which exists since Gy is reductive. From
the definition of {{ and tly,, we remark that the following equality is immediate:

(2.29) H = max Hy,.

A priori, the corresponding statement & = max; Sy, may not hold, in particular when &y, # Uy,. Fur-
thermore, submaximally symmetric models may exist with kg not concentrated along a single irreducible
component.

3. COMPUTATION OF UPPER BOUNDS

In this entirely algebraic section, we compute 4 and iy for each go-irrep U C E C H _%(g, ,8). In view of
Theorem these provide upper bounds on the respective submaximal symmetry dimensions & and Gy.
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3.1. Bi-gradings. In (2.10), we introduced a go-invariant splitting on g_;. Such splittings similarly arise for
parabolic geometries (with respect to non-maximal parabolic subgroups). Analogously as in that setting [11],
we refine the grading to a bi-grading. Define Z1,Z5 € 3(go) with Z = Z; + Z5 (see (2.11))) by

1
(3.1) 21:—§(H—|—nidm), Zo = —id,, .
We refer to the ordered pair (Z1,Z5) as the bi-grading element, and then the joint eigenspaces g, = {z €

g : [Z1,2] = ax, [Z2,2] = bz} define the bi-grading g = @(mb)ezz gap- Note that go = goo and g1 =
9-1,0 ® go,—1, and we visualize the bi-grading as in Figure 2|

(—1,0) (0,0) (1,0)
@ @

(-n,—=1)  (—n+1,-1) (-1,-1) (0, —1)
FIGURE 2. Bi-grading on g

The bi-grading on g induces a bi-grading on cochains and cohomology (since 0 is go-equivariant), in partic-
ular on the effective part E C H2(g_, g). Given (a,b) € Z* letE,, = {¢ € E: Z1 - ¢ = a¢, Zy - ¢ = b}
be the corresponding joint eigenspace.

We note that Z5 acts on A?(8/p)* @ g with eigenvalues (Zo-degrees) 0, 1 or 2. We will refer to the Go-irreps
in E of positive Z-degree as C-class modules and those with zero Zs-degree as Wilczynski modules (see §4]
for this terminology).

Definition 3.1. Let Ec C E denote the direct sum of all C-class modules and W C E the direct sum of all
Wilczynski modules in E, i.e. E =W @ E¢.

Remark 3.2. In the articles [6,[7./914] computing the effective part [E, the gradings on go-submodules of E were
explicitly stated, but bi-gradings were not used. However, these can be easily deduced from the cohomology
results there (in particular, their realizations as (harmonic) 2-cochains) using the fact that V' and q have Zo-
degrees —1 and O respectively.

3.2. Prolongation-rigidity. In view of it is important to understand when the Tanaka prolongation alge-
bra a® has non-trivial prolongation in degree +1.

Lemma 3.3. Let 0 # ¢ € E. Then a‘f # 0 if and only if ¢ lies in the direct sum of all E,j, for (a,b) that is a
multiple of (n,2).

Proof. Note that a‘f # 0 if and only if a‘f = g1 = RY. Since [Y, 907,1] = 0, then this occurs if and only if
[Y,X] =—-H € ag := ann(¢). From @G.I), we have H = —2Z; + nZy, so H € ann(¢) if and only if ¢ lies in
the direct sum of the claimed modules. O

Definition 3.4. We say that a go-submodule O C E is prolongation-rigid (PR) if a‘f =0forany 0 # ¢ € O.

3.3. Scalar case. For scalar ODEs, the effective part & C H i(g_, g) (Table 2) was computed by Doubrov —
see [6L Prop.4] for a summary and [7] for details. (Bi-gradings are asserted using Remark [3.21) Since g is
spanned by Z; and Z,, then all gg-irreps U C E are 1-dimensional.

Lemma 3.5. Consider the effective part E for scalar ODE of order n + 1 > 4. Then:

(a) E is not PR if and only if n = 4 or 6. In particular, (n,U) = (4,Bg) and (6, A4) are not PR.
n+4, if (n,U) = (4,B¢) or (6,A4);
n+ 3, otherwise.

(C)ﬂ:{m—1:n+4, ifn=4,6;

(b) If U C E is a go-irrep, then Uy =

M —2=n+3, otherwise.
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| Type n  go-irep U C E Bi-grade |

Wilczynski > 3 W, (r,0)
(3<r<n+1)

C-class 3 Bs (1,2)

3 By (2,2)

4 Bg (4,2)

>4 Ao (1,1)

>5 A?; (2’ 1)

> 6 A4 (3’ 1)

TABLE 2. Effective part E C H2 (g_, g) for scalar ODEs of order n + 1 > 4

Proof. Part (a) directly follows from Lemma [3.3] and Table 2l For part (b), recall that dimg_ = n + 2 and
dim ann(¢) = 1 for 0 # ¢ € U since U is irreducible and Z ¢ ann(¢) (by regularity). Thus, dim aﬁo =n+3,
so 4y = n + 3 when U is PR and 4y = n + 4 when U is not PR (when (n, U) = (4,Bg) or (6, AZ)). Part (c)
now follows by using (2.29). O

Lemma 3.6. Consider the effective part E for scalar ODE (L1) of order n+1 > 4 and Ec = @, U; C E, the
direct sum of all C-class modules U;. Then, for 0 # ¢ € E¢ such that dim a® > n + 3, we have ¢ € U; C E¢
for some 1.

Proof. Suppose that for 0 # ¢ € E¢, dima® > n 4+ 3. Since dim g_ = dim a® = n+ 2, then ag = ann(¢) is

a non-trivial proper subspace of gg. Since dim gy = 2, then dim ag = 1. None of the bi-grades for the C-class

modules in Table 2lis a multiple of any other, so dim ag = 1 forces ¢ € U; C E¢ for some 1. O

3.4. Vector case. For vector ODEs, the effective part E C Hi (g—,g) (Table[3) was computed by Medvedev
[15]] for the 3rd order case, and Doubrov—Medvedev [9] for the higher order cases. (Bi-gradings are asserted
using Remark[3.2]) We have gy = span{Z;, Zs} @ sl(WW), so any go-irrep U C E is completely determined by
its bi-grading and highest weight A with respect to s[(W) 2 sl,,,. The latter can be expressed in terms of the
fundamental weights A1, ..., A\,,,—1 of sl,,, with respect to the standard choice of Cartan subalgebra and simple
roots. We note that some of the modules appearing in [9,/15] are not gg-irreducible, so we have decomposed
them here into their trace-free and trace parts. We also define W, := W 4+ W and A, := AL + AL

| Type n_ go-irrep U Bi-grade s[(W)-module U sI(W) h.w. A |

Wilczynski > 2 wtt (r,0) sl(WW) A+ A
(2<r<n+1)
> 2 Wer (r,0) Rid,, 0
(3<r<n+1)
C-class 2 B, (2,2) SZW* 21
> 2 Agf (1, 1) (52W* ® W)o A+ 20 0—1
>3 Al (1,1) W Am—1

TABLE 3. Effective part E C H_%(g,, g) for vector ODEs of order n + 1 > 3 with m > 2

Lemma 3.7. Consider the effective part K for vector ODE of order n + 1 > 3 with m > 2. Then:

(a) Eis not PR if and only if n = 2. When n = 2, AYf and B, are not PR, while W' and W' are PR.

(b) If U C E is a go-irrep, then Ly is given in Tabled]

(c) U=M—-2=m?+ (n+1)m+ 1L
Proof. Part (a) directly follows from Lemma [3.3]and Table 3l Let us prove part (b). In order to compute i,
it suffices to maximize dim ann(¢) among 0 # ¢ € U. (If U is not PR, then a‘f = RY forall 0 # ¢ € U.)
Since U is gg-irreducible, the maximum is achieved on any highest weight vector ¢ (and indeed, along the

SL,,,-orbit through ¢¢). Let u C sl[(W) = sl,,, be the parabolic subalgebra preserving ¢ up to a scaling factor.
Since Z; and Z3 also preserve ¢g up to scale, then we obtain

(3.2) dim ann(¢g) = 1 + dimu.
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Type n go-irrep U CE max dimann(¢) Is UPR? Uy
0£¢€U
Wilczynski > 2 wtt m? —2m + 3 v M —2m + 1
(2<r<n+1)
>2 wer m? v M — 2
(3<r<n+1)
C-class 2 By m2—m+1 X M—m
2 AY m? —2m + 3 X M — 2m + 2
>3 Al m? —2m +3 v M —2m + 1
>3 AY m?—m+1 v M—m —1

(The contact symmetry dimension of the trivial ODE is 9t = m? + (n + 1)m + 3.)

TABLE 4. Upper bounds Ly for vector ODE of order n + 1 > 3 with m > 2

For each gp-irrep U C E, the highest sl,,,-weight A and parabolic u C s, is given below.

U Wi W By A AY
(3.3) A AL+ A=t 0 2A0m—1 M +2M—1 Am—1
u Pim—1  Sbn  Pm1 P1m—1 Pm—1

The subscript notation for parabolics is the same as that used in [11]. (We caution that p ornamented with
subscripts here is not related to P for the trivial ODE.) Concretely, each such u is a block upper triangular,
trace-free m X m matrix with diagonal blocks of size:

e 1,m—21forpy,m1,s0dimu=m?—1-2(m—2)—1=m?—2m+2;

e m—1,1forp, 1,s0odimu=m?—1—(m—1)=m?—m.

Using dimg_ = 1+ (n + 1)m and (3.2), we obtain dim aﬁ%. When U is PR, this equals L. When U is not
PR, we must augment it by one. Part (c) now follows by using (2.29). O

4. SUBMAXIMAL SYMMETRY DIMENSIONS

For higher order ODEs, we review the known local expressions for k7, labelled here by:

o W,: Generalized Wilczynski invariants (with Z2-degree 0);
e A. B.. C-classinvariants (with Z-degrees 1 and 2 respectively).

These correspond to the gg-irreps W,., A,., B, C E introduced earlier in §3.3] and (The expressions for
these invariants were computed with respect to some adapted coframing. If a different adapted coframing is
used, these expressions would transform tensorially according to the structure of the indicated modules.) For
each irreducible gg-submodule U C E, we use these differential invariants to exhibit explicit ODE models with
abundant symmetries having x non-zero and concentrated in U C E.

For all vector cases and most scalar cases, these exhibited models realize Sy = Ly, cf. Tables Bl [6] and [7]
The contact symmetries of the given ODE models are stated in terms of their projections to (¢, u)-space, i.e.
JO(R,R™), in the case of point symmetries, or in terms of their projections to (t,u,u;)-space, i.e. J* (R, R™),
in the case of genuine contact symmetries. In exceptional cases (where Gy < Lly) are discussed and we
conclude the proofs of Theorems [I.1]and

4.1. Generalized Wilczynski invariants. Consider the class of linear ODEs of order n + 1:

“4.1) Up4+1 + Rn(t)un + ...+ Rl(t)ul + Ro(t)u =0,
where R;(t) is an End(R™)-valued function. The invertible transformations
4.2) (t,u) = (A(t),u(t)u), where A:R —R*, p:R— GL(m),

constitute the most general Lie pseudogroup preserving the class (@.I). Using (4.2), any equation (.]) can be
brought into canonical Laguerre-Forsyth form defined by R,, = 0 and tr(R,,—1) = 0.

As proved by Wilczynski [[19] for m = 1 and Se-ashi [17] for m > 2, the following expressions
-1

B B k+1(2r—kz—1)!(n—r—|—k)! (k—1) B
4.3) @r_];( 1) I Ry =2 n+1,

<
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are fundamental (relative) invariants with respect to those transformations preserving the Laguerre—
Forsyth form. These invariants are called the Se-ashi—Wilczynski invariants and r is the degree of the invariant.
We remark that:

e If all R; are independent of ¢, then all ©, are constant multiples of R, 1.
e For m = 1 (scalar ODEs), we have R,,_1(¢) = 0 and this forces O3 = 0.

The generalized Wilczynski invariants WV, directly generalize the Se-ashi—Wilczynski invariants to non-
linear ODEs. We refer to the corresponding modules W, as being of Wilczynski-type. (Similarly for trace or
trace-free parts.)

Definition 4.1. For (I.1I), W, are defined as ©, evaluated at its linearization along a solution u. Formally,

W, are obtained from (4.1]) by substituting R,.(¢) by the matrices < gf b) and the usual derivative by the total

derivative.

It was proved by Doubrov [8] that VV,. do not depend on the choice of solution u and are indeed (relative)
contact invariants of (LI). Table [3exhibits constant coefficient linear ODE with kfy # 0, im(ky) C U and
contact symmetry dimension realizing 4y, so Gy = Ly for modules U of Wilczynski type.

| n [ m] U |ODEwithim(ky) CU| Symdim | Contact symmetries |
>3 1 W, Up4+1 = Upt+1—r M —2 O, Uy, 8k0y
(3<r<n+1) ({sk }Zii solns of Up41=Un+1—r)
Z 2 Z 2 W;.r u%_,’_l - ugl+1_7, mt - 2 8t, uaaub, Sk;au(l
(3<r<n+1) (1<a<m) (1<a,b<m; {sk}Z;rll solns of Uy 4+1=Un+41—r)

at7 aua7 tiaua7 ubaua7
(1§a,b§m7 a#2,b#1, 1<i<n)
t0; + ruto, 18 1+ u?0,2,

tka 1 —|— 8 2,
>2>2| WY ul gy =ul 60 | M—2m+1 mou + Gy
(2<r<n+1) (1<a<m) (n+1<k<n+r)
for 2 < r < n in addition:
20,2
(0<t<n—r)

(The contact symmetry dimension of the trivial ODE is 9 = m? + (n + 1)m + 3.)

TABLE 5. Constant coefficient linear ODEs realizing Sy = LUy for U of Wilczynski type

4.2. C-class invariants. As formulated in [3]], an ODE (L)) is of C-class if the curvature of the corresponding
canonical Cartan geometry satisfies (X, -) = 0. This can be characterized at the harmonic level in terms of the
generalized Wilczynski invariants W,. Necessity of all W, = 0 follows from [3, Thm.4.1], while sufficiency is
established in [3, Thm.4.2]. Here, we abuse the terminology and refer to the modules A,., B, and corresponding
invariants A,., B, as being of C-class type (despite the fact that they are defined in general, even for ODE that
are not of C-class).
Below are the C-class invariants of (LI):
e Scalar case: The C-class invariants of u,4+1 = f(t,u,uq, ..., u,) were computed by Doubrov [6] (see
also [9, Example 6]):

n=23: Bz = fsaa3,
3d
4 dt

n=4: Bs= foza — §f333 - §(f34) mod  (Az, Ws),
n > 4: -’42 = fnn,

n=3: By= faz+ = (f33) + f3f333+ — f333,

“4.4)

n(n )
n>6: Ay = fn,1 n—1 mOd <A2,A3,W3>.

n>5: A3 = fppn-1+ 2dtfnn7

Here, f; .= 8 , see (2.2) for 4 Z» and (Z) denotes the differential ideal generated by an invariant 7.
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e Vector case: For m > 2, the C-class invariants were computed by Medvedev [15] for n = 2 and by
Doubrov—Medvedev [9] for n > 3. Letting tf refer to the trace-free part, we have:

n>2: (Ag)gcztf <ﬂ> ,

b
ouy, Ous,

(4.5) N
OHZ' 0 0 o d 0 afe
=2: (B .= — c __ Ht_ _H—l_ H—l_ 2H_1H,1
' (Bul oui +6u3 A Qusdt™® s (; @ 3ug> T2ty
where
m 2 ra m a a m a .
46 Hl=_ " A of* daf  1{~0[*0f)
6(m + 1) = dug du} dm =\ Quf  dtdug 3 4 dus dug

Tables [6l and [7] respectively exhibit scalar ODEs and vector ODEs with kz # 0, im(kz) C U and contact
symmetry dimension realizing Gy = y for modules U of C-class type. These ODEs are examples of C-class
equations since all YW, = 0. These scalar ODEs are well-known and stated for example in [16, pp. 205-206],
but their harmonic curvature classification was not given there. We remark that for the ODE in the first row of
Table[6] the xp-classification is deduced from the invariants when n = 3. For n > 4 however, im(ky) C Ag
cannot be asserted by using the invariants alone since Bg and A4 were computed only up to a differential ideal
containing 4s, and we have Ay # 0 for this ODE (and A3 = 0 for n > 5). However, since the ODE admits an
(n + 3)-dimensional contact symmetry algebra, then by Lemma[3.6 the conclusion im(kz) C Ay follows.

| n | U | ODE with im(ky) C U | Symdim | Contact symmetries |
3 B4 at, au, t@t, u@u,
Ny 1Unt1 — (N 4+ 1D (up)? =0 M—-2=n+3 t20; + (n — 2)tud,,
>4 | Ay tOu, ..., 1720,
8,5, au, t@t, u@t, t@u,
4 | Bg | 9(uz)?us — 45uguzuy +40(uz)®> =0 M—1=38 Oy, tudy + u?dy,

t20; + (n — 3)tud,
Bt, au, t@t - ’LLlaul,
t0y + Ouy, t20y + 2t0y,,
10 U3)3U7 — 70(U3)2U4u6 udy + ulaul, 2u1 0y + u%@u,
6 | Ay | —49(u3)?(us)? + 280us(ug)?us M—1=10 t20; + 2tud,, + 2udy, ,
—175(ug)* =0 (2tuy — 2u)0; + tuldy, + uldy,,
(2t2uy — 4tu)0; + (t2u? — 4u?)0,
+(2tu? — duuy)o,,

TABLE 6. Scalar ODEs realizing Gy = Uy for U of C-class type

4.3. Exceptional scalar cases and conclusion. By Theorem 2.11] we have Sy < Uy and & < 4. The upper
bounds were computed in Lemma[3.53]and 3.7 from which we obtain (using ([2.29)):

(e {zm—1, ifm =1, n € {4,6);

4.7 .
9N — 2, otherwise.

These are realized by ODE in Tables[3land[6l so & = 4 and Theorem [L.1]is proved.
Let us now turn to completing the proof of Theorem The equality Gy = Ly has already been established
for all vector cases and most scalar cases. The following scalar cases remain:

(4.8) (TL,[U) = (3’183)’ (Z 5’A3)a (2 7, A4)’

for which Uy = 9 — 2 = n + 3. (The (6,A,) case was treated in Table [6l) Excluding n = 4 (for which
G = 8) and n = 6 (for which & = 10), we already have & = n + 3 for scalar ODE of order n + 1 > 4.
From [[16} p.206], which relies on results of Lie [[13[], all submaximally symmetric ODE are either linear (but
inequivalent to the trivial ODE u,, 11 = 0) or equivalent to either:

4.9) Ny 11 — (0 +1)(up)®> =0, or 3uguy — 5(uz)? = 0.
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| n | U | ODE with im(ky) C U | Sym dim | Contact (point) symmetries |
2 ]:84 ata tat7 ulau‘h )
(n—l— 1)u1u“ N Oya, U0, tulo b, 10,1, 10 b,
Uy =~ | )P —m, n=2 (1<a, b<m, b1, 1<i.<n—1. j#n—1)
-l M-—m—-1, n>3 20 + (n — 2)tu'd,
(1<a<m) m ua
+(7’L - 1)t Za:Q U= Oys,
>3 | AY for n = 2 in addition: u! Yot uOya

8157 auca tiau27 tjaua7 ubaua7
(1<a,b,c<m, a#2, b#1, 1<i, j<n,i#n)

ut = (u%)25% M—2m+2, n=2 toy — (n — 1)u1(3u1, 2u1(3u1 + u23u2,
(1a<m) M—2m+1, n>3 2tu?d,1 + L,

for n = 2 in addition:

3t20; + 2(u?)20,1 + 6t Y0 | uOye
(The contact symmetry dimension of the trivial ODE is 9t = m? + (n + 1)m + 3.)

TABLE 7. Vector ODEs realizing Gy = LUy for U of C-class-type

We exclude the linear cases, for which all C-class invariants vanish. The first ODE in (4.9)) has already appeared
in Table [6] (associated to (3,B4) or (> 4, Ay)). The second ODE in (4.9) has xj concentrated in B4 (using the
known relative invariants in §4.2)). We conclude that

(4.10) Gu<n+2<iUy=n+3

for all cases in except possibly the (6, Ag) case. The latter case is resolved in (Theorem [A.7)) and
indeed also holds in this case.

Let us now exhibit model ODEs with kg # 0, im(xy) C U and all W, = 0 (ODE:s of C-class type). The
assertions W, = 0 and im (k) C U are established using Definition 4.T]and the differential invariants from §4

e (3,B3): The ODE uy = (u3)¥ for k # 0,1 has the 5-dimensional contact symmetry algebra:
4.11) Or, Oy, t0y, 20y, (k— 1)t + (3k — 4)ud,.

Generally, both Bs and B, are nonzero. Requiring By = 0, i.e im(ky) C Bj forces k = %ﬁ.
Thus, Gp, =5 < Up, = 6.

e (> 5,A3): Consider the following ODE (obtained as S,,+1 = 0 from [16] p. 475]):

(4.12) (n — 1) (Un—2)*tnr1 — 3(n — 1) (n 4+ 1)tp_2Upn_ 11, + 20(n + 1) (up_1)> = 0,
which has the following n + 2 contact symmetries when n > 5:
(4.13) Oy, Ou, 0y, by, t0y, ..., t"730,, t20;+ (n— 3)tud,.

(Sidenote: when n = 4 the ODE (.12) recovers the submaximally symmetric model from Table [6] in
the (4, Bg) case, which admits eight symmetries: those in (£13) and additionally ud; and tud; +u>2d,.)

We have As = 0 (and W, = 0), but A3 # 0. When n = 5, the invariant A4 does not arise, so
in this case we can assert that im(kp) C As and G, = 7 < Uy, = 8 (using (4.10)). For n > 6,
since A4 was computed only up to the differential ideal (A3, A3, Ws), then the formula given in (4.4)
for A4 is ambiguous, and so we cannot directly use it on ({.I12). From (4.IQ), we can only assert
Gupy, <n+2< Uy, =n+3forn > 6.

e (>7,A4): The ODE u,, 1 = (u,_1)? admits the following n + 1 contact symmetries:
(4.14) Opy  Ou, 10y, ..., 1720y, td+ (n—3)ud,.

We confirm that it has vanishing As, A3, W3, so the formula for .44 is unambiguous and 44 # 0, i.e.
kg #Z0and im(ky) C Ay. Hence,n+1 < Gy, <n+2 < Uy, =n+3.
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This completes the proof of Theorem[I.2l We remark that for (n, U) = (> 6, A3) or (> 7, A4), we currently
do not know of any ODE of order n + 1 with kg # 0 and im(ky) C U that has contact symmetry
dimension n + 2. (See Remark [A.8|for further discussion.) Determining Sy for these cases remains open.

APPENDIX A. EXCEPTIONAL SCALAR CASES

Fix (G, P) as in and the effective part E C H2(g_,g) as given in §3.3and Let U C E be
a go-irrep. Recall from §l that for ODEs of order n + 1 with kK # 0 and im(kg) C U, an algebraic
upper bound Ly on the submaximal symmetry dimension Gy is realizable for all vector cases and the majority
of scalar cases. Among the remaining scalar cases (n,U) = (3,B3),(> 5,A3) or (> 7,A4), we asserted
that Gy < Ly for all of these in §4.3] except for (6, A3), based on the known classification of submaximally
symmetric scalar ODEs as described in [16, p. 206]. In this section, we outline a Cartan-geometric method
for establishing Gy < Uy for the exceptional scalar cases, and in particular establish G, < s, forn = 6

(Theorem [A7).
A.1. Local homogeneity and algebraic models.

Lemma A.1. For regular, normal Cartan geometries of type (G, P) and a go-irrep U C E, suppose that Sy =
My. Then any geometry (G — M, w) with kg valued in U and dim inf(G,w) = Uy is locally homogeneous
near any u € G with ki (u) # 0.

Proof. Fix u € G. By Theorem 111 s(u) C a*# (). Then by definition of $i,
(A.1) Sy = diminf(G,w) = dims(u) < dim a*# @) < gl
So, Gy = Ly implies s(u) = a®#() 5 g The result then follows by Lie’s third theorem. O

It is well known that a homogeneous Cartan geometry (7 : G — M, w) of fixed type (G, P) can be encoded
by algebraic data [4, Prop 1.5.15]. Fix u € G and let F° C F denotes stabilizer of a point 7(u) € M and let f°
and f denote the Lie algebras of F'* and F respectively. Then the induced F-action on M is transitive. Any F-
invariant Cartan connection is completely determined by some distinguished linear map w : f — g (an algebraic
Cartan connection of type (g, P)). In particular, | is a Lie algebra homomorphism, so ker(w) C i is an
ideal in f. Since the action of F on F'//F° can be assumed to be infinitesimally effective (i.e. {* does not contain
any non-trivial ideals of f), then without loss of generality we can restrict to injective maps w. Consequently,
we can identify f with its image w(f) in g. Analogous to [18 Defn 2.5] and in light of the fact that canonical
Cartan connections for ODEs satisfy the strong regularity condition (Remark [2.4), any homogeneous Cartan
geometry arising from an ODE can be encoded as:

Definition A.2. An algebraic model (f; g,p) of ODE type is a Lie algebra (f, [-, -];) satisfying:

(A1) § C gis afiltered linear subspace such that f = g N f and s := gr(f) withs_ = g_;

(A2) § inserts trivially into k(X,Y) := [X,Y] — [X, Y], ie. 5(Z,:) =0 VZ €

(A3) 0"k =0 and k(g’, g/) C g' Tt N gminGi)—1 g ;.

Recall from that kK := k mod im 0%, where 0 is the adjoint of the Lie algebra cohomology
differential with respect to a natural inner product on g.

Proposition A.3. Let (f;g,p) be an algebraic model of ODE type. Then
(a) (f,[-,]s) is a filtered Lie algebra.
(b) 0 k=0 ie [Z,k(X,Y);=r(Z,X];,Y)+r(X,[Z,Y]), VX,Y € fandVZ € {°.
(c) s C afH,
Proof. This is the same as for corresponding statements in the parabolic geometry setting [18, Prop 2.6].  [J

Fix (G, P) and denote by N the set of all algebraic models (f; g, p) of ODE type. Then N:
(1) admits P-action: forp € P and f € NV, p - f := Ad,(f). All algebraic models belonging to the same
P-orbit are considered to be equivalent.
(2) a partially ordered set with relation < defined as follows: for f,? € N regard f < ?if there exists an
injection | < ?of Lie algebras. We will focus on maximal elements f (for this partial order).
Remark A.4. By [11, Lemma 4.1.4], to each algebraic model (f;g,p) of ODE type, there exists a locally

homogeneous geometry (G — &,w) of type (G, P) with inf(G,w) containing a subalgebra isomorphic to f.
Moreover, if f is maximal, then it is isomorphic to inf(G,w).
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At the level of vector spaces, f C g can be understood as the graph of a linear map on s into some subspace
s C p with g = s @ s as follows. Choosing such a graded subspace s, we can write

(A2) fr=@+D@) :zes),

i
for some unique linear (deformation) map ® : s — s+ satisfying D(z) € s+ N g*! for x € 5;. For 7 :=
x + D (x) € f, we will refer to € s as the leading part and D (z) as the tail.

Lemma A.5. Let T € {° and suppose that s and s+ are adp-invariant subspaces. Then T -® = 0, i.e
ad7 o® = ® o adrp.

Proof. Recall 5,51 C g are graded. Given z € s;, we have z + D(z) € f and [T,z + D(z)]; € §. Since
T € f°, then x(T,-) = 0 and therefore [T,z + D(z)]; = [T,z + D(z)] = [T,z] + [T,D(z)]. By ady-
invariancy of s and s, we have [T,z] € s and [T,D(z)] € s* N g, The uniqueness of ® then implies
[T,9(x)] =D([T, z]). O

A.2. Realizability of a curvature-constrained upper bound. From Sy = Uy implies local homo-
geneity (Lemma[A.Tl) and then the problem of realizability of LIy reduces to that of existence of an algebraic
model (f; g, p) of ODE type with kg # 0, im(xy) C U and dim f = Uy. Recall from §3.11and §3.3¢
e basis for g = (sly x gl}) x (V, ® R): X, H,Y (standard sly-triple), Ey, .. ., E,, (for sly-irrep module
V) and id;. And Z1,Z5 are the bi-grading elements.
e U C Eis one-dimensional with bi-grade (a,b) = (1,2),(2,1), (3,1) for B3, Ag, A4 respectively. Thus,
for any 0 # ¢ € U, we have ann(¢) = (T := bZ; — aZs). Since U is prolongation rigid (Lemma [3.3)),
then a‘f = 0forany 0 # ¢ € U. So, a:= a® = g_ @ ann(p) C g, is a graded subalgebra of dimension
n + 3.

Proposition A.6. Fix (n,U) = (3,B3), (> 5,A3) or (> 7,Ay4). If there exists an algebraic model (f;g,p) of
ODE type with kiy #Z 0, im(kg) C Uand dim§ = Uy = n+3 = M — 2, then fixing 0 # ¢ € U and using the
P-action § — Ad,, f, we may normalize to § = a® as filtered vector spaces.

Proof. Suppose such an algebraic model with s := gr(f) = a® exists. Let T € 0 with leading part 7T, so
T :=bZy — als + AY. We use the P, - action to normalize A = 0:

(A.3) Adexp(tY) (T) = exp(adty)( ) T + [tY T] 91 [tY, [tY, f]] +--=bZy —aZy+ (A — bt)Y.

For our cases of interest, (a,b) € {(1,2),(2,1),(3,1)}, so b # 0 and choosing t = 3 A normalizes T = T'. So,
T = bZy — aZy € §° and by property (A2) of Definition [A2] we have [T',]; := [T, -]. Consequently, s and

= (Z4,Y) are adp-invariant graded subspaces of g, so by Lemmal[A.3 the deformation map ® : 5 — s+
satisfies T - ® = 0.

We claim that © = 0. Equivalently, for X E; € f with leading parts X, E; respectively, we claim that X =X
and E; = E;. First focus on X and E,, whose tails are valued in 5= = (Z;,Y). Recall from Figure [ that
X, E,,Z1,Y are of bi-grades (—1,0), (0, —1), (0,0), (1,0). Letting w™ and w* denote dual basis elements to
E,, and X respectively, the eigenvalues of T' = bZ; — aZs acting on

(A4) WRZ, W'Y, w*®Z;, VY

are —a, —a+b, b, 2b. None of these are zero, so the condition T"- D = 0 forces D(X) =0 =D(FE,) and hence
X = X and E = F,. Any ODE with kj concentrated in any of the C-class modules B3, Ag, A4 is of C-class,
so (X, -) = 0 (see discussion in §4.2) and [X, -]; = [X,-]. Since X, E,, € f, then f > [X, E;]; = [X, Ej] = E;_4
inductively from ¢ = n to ¢ = 1. Thus, E; = E; Vi, s0® = 0 and f=s5=a’ O

A.2.1. Non-existence of algebraic models for the exceptional scalar cases. We prove that for (n, U) = (6, As),
there are no algebraic models (f;p, g) with kg # 0, im(ky) C Ag, and dim§ = 4,,. Thus, Ly, is not
realizable, i.e. G, < Ua, (Theorem [A7). From §2.1.3] kg := x mod im 9* with 9*k = 0, but the
determination of 0* is rather tedious, requiring specific information about the inner product on g. We have not
provided details of this in our article since for our purposes here they can be completely circumvented. Namely
in the proof of Theorem[A.7] instead of showing that “normal filtered deformations” provided by x do not exist,
we show that arbitrary “filtered deformations” do not exist. In a similar manner, Gy < Ly can be established
for (n,U) = (3,B3), (5,A3), (> 7,A3) or (> 7,A4).
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Theorem A.7. There are no algebraic models (f;g,p) for seventh order ODEs (1) with ki # 0, im(kp) C
Az and dimf = Uy, = 9. Thus, Gy, < 8.

Proof. Note that n = 6. Fix 0 # ¢ € Az (bi-grade (2,1)), a := a®, and ag = (T), where T = Z; — 2Z,.
Assume there is an algebraic model (f;g,p) of ODE type with s := gr(f) = a. By Proposition we
may assume that § = a. Let {w?, ..., w" wX} denote the dual basis to {Ey, ..., F,,X}. We note that any
B € A%(9/p)* @ g has Zy-degree at most 2. Since f* - k = 0 (Proposition [A.3](b)) and k(X -) = 0 (the ODE is
of C-class), then « is a linear combination of the 2-cochains below:

| Bi-grade | 2-cochains |
AW ®E), WwAW®E, JLAWCRQE, w AW E,
VAR RE], wWAwW® Es, wl/\w5®E2, w2/\w4®E2,
WAWRE;, WwWAWP®E; WAw®E; w?Awde Ey,
WA RE;, wWWAWSRE;, wAw®@E; w!Awd® Eg
(4,2) WIAWERX, WA RX, PAWTRX, WALRT, BALRT

(2,1)

We observe that all such 2-cochains are regular and satisfy the strong regularity condition, i.e. x(g’, g/) C
gi+j+1 ) gmin(i,j)—l \V/Z,]

Next, we show that the Jacobi identity for (f,[-, -J;) forces x = 0. For all z,y, z € §, define
(AS) Jacf(ﬂf, Y, Z) = [CE, [y’ Z]f]f - [[x’ y]f? Z]f - [y’ [CE, Z]f]f

For any y, z € f, a direct computation shows that 0 = Jac/(X,y, z) = (X - k)(y, ). Expanding this gives many
conditions (see the Maple file accompanying the arXiv submission of this article) and this leads to:

m:)\[(wo/\w4—w1/\w3)®E0+(w0/\w5—w2/\w3)®E1
+ WA+l AW’ —W? AW @By + 2w AW — Wi Awh) ® B3
+ 2w Aw® —w? Aw®) ® By + (WP Aw® — w? Aw®) ® Es]
+ p( Awb — WP AW F W AWt @ X

(A.6)

Then Jac/(Es, Ey, Fg) = 0 implies A = 0, while Jac/(Ey, Es, E5) = 0 then forces 1 = 0, and hence x = 0.
Thus, an algebraic model with 0 # kg C Az with dim f = {,, does not exist. O

Remark A.8. Fix (n,U) = (> 6,A3) or (> 7,A4) and recall from Table [2] that the bi-grades (a,b) for the
C-class modules Ag and A4 are (2,1) and (3, 1), respectively. Then from §4.3] we have

(A.7) Gu<n+2<iyp=n+3=9M-2.

For0 # ¢ € U, we have a := a® = g_ @ ann(¢p) = g_ @ (T := bZy — aZs) C g, which is a graded
subalgebra of dimension n + 3. If there exists an ODE whose associated Cartan geometry (G — M, w) satisfies
0 # kg (u) € U, Yu € G, then from Theorem we have the graded Lie algebra inclusion

(A.8) s(u) ca™W =qa  VYueg.
By (A.D), this inclusion is proper and a priori we do not need to have g_ C s(u). If the contact symmetry

dimension is iy — 1 = n + 2, then there are three possibilities to investigate:

(i) inhomogeneous case: s(u) = (Ey, ..., E,, T);
(ii) inhomogeneous case: s(u) = (Ey, ..., E,—1, X, T);
(iii) homogeneous case: s(u) = (Ep, ..., E,, X) =g_.

Thus, identifying Gy is more difficult and at this point we can only assert that:

(A9) Gp; <n+2, n+1<6,y, <n+2.
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