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Abstract

The problem of equivalency for linear differential operators of the first order is
discussed.
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1. Introduction

In this paper we continue to study invariants and structures on linear dif-
ferential operators. The cases of differential operators of order k > 2, acting in
line bundles, were studied in papers ([1],[2],[3]).

In this paper we study linear differential operators of the 1st order, acting
in sections of a vector bundle 7 : E (7) — M, where dim M = n > 2, dimw =
m > 2.

To illustrate our approach we consider a ”toy case” of the 1-st order operators
, when dim7 =1, dim M = 1.

Let A be such an operator. Then its symbol ¢ € End (7) @ £; = £, is a
vector field on M.

Assume that we have a connection V in the bundle 7 and let Qv be the quan-
tization, associated with V (see, for example,[3] ), i.e., in our case Qv : End (7)®

¥; — Dify (m,m) is the morphism splitting exact sequence 0 —End (7) —
smbl

Dify (m,7) — End (7)) ® ¥; — 0.

Then we get a decomposition A = Qv (0)+0g (V) , where operator oq (V) €
End (7) depends on connection in the following way.

If V = V + « is another connection in the bundle 7, where « is a differential
1-form on M, then og (6) =00 (V)+ (o, 0).

Therefore, if o # 0, we can choose a unique connection V in such a way,
that o¢ (V) = 0. For this connection, we have A = Qv (o) and equivalence of
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operators with respect to group of automorphisms of 7 is equivalent to joint
classification of pairs (vector field, connection).

In the case, considered in this paper, we start with classification of symbols
and find a class of symbols, which we call symbols in general position, such
that they allow us to associate with operator a unique connection (the con-
nection that ”preserves” the symbol in the best way) and therefore transform
the equivalence problem of operators to the equivalence problem of tensors and
connections.

To find invariants of symbols we use the theorem of Procesi ([4],[5]), where
he proved the M.Artin conjecture ([6]) on algebra of polynomial invariants of a
set of linear operators. Applying the Artin’s idea we construct tensor invariants
of symbols (we call them Artin-Procesi invariants) and then describe the field
of rational invariants of symbols. Then, we use these results and ideas of ([3])
on natural coordinates and natural atlases in order to get a local as well as a
global description of regular differential operators of the first order.

The paper is organized in the following way. At first, we discuss Artin-
Procesi invariants of symbols and corresponding conditions of regularity or gen-
eral position. We show that the regularity conditions of symbols provide us
with a series of geometrical structures on the manifold. Namely, they give us a
(pseudo) Riemannian structure on M as well as a canonical frame. Secondly,
we study connections in the bundle 7 and on the manifold, associated with
symbols. On the manifold we take the Levi-Civita connection, associated with
the (pseudo) Riemannian structure. The requirement on connections in 7 to
preserve the symbol is too strong (cf. [3]) and we restrict ourselves by the class
of connections (we call them minimal) that ”preserve” symbols in the best way.
Using the subsymbol of the operator (similar to [3]) we show that among min-
imal there is an unique connection associated with the operator. Existence of
such connection allows us to get local and global description of operators by
using natural coordinates and natural atlases.

2. Differential operators

2.1. Quantizations

The notations we’ve used in this paper are similar to notations that were
used in paper ([3]) .

Let M be an n-dimensional manifold and let = : E (7) — M be a vector
bundle.

We denote by 7: TM — M and 7* : T*M — M the tangent and respec-
tively cotangent bundles over manifold M, and by 1 :R x M — M we denote
the trivial linear bundle .

The symmetric and exterior powers of a vector bundle 7 : F (1) —» M will
be denoted by S* (7) and AF (7).

The module of smooth sections of bundle 7 we denote by C* (), and for the

cases tangent, cotangent and the trivial bundles we’ll use the following notations:
Sk (M) = C> (S*(7)) — the module of symmetric k-vectors and ¥ (M) =



C® (S* (7*)) — the module of symmetric k-forms, €, (M) = C> (A* (7)) — the
module of skew-symmetric k-vectors and Q¥ (M) = C> (A* (7)) -the module
of exterior k-forms, C* (1) = C*° (M).

Let Diffy (7, 7) be the module of linear differential operators of order k,
acting in the sections of the bundle 7. These modules are connected by exact
sequences

0 — Diff,_, (r,7) — Diffy, (r, 7) "3* End (1) ® ), (M) — 0,

where End (7) = Diff( (7, 7) is the module of endomorphisms of C* (), and
mapping smbl assign to differential operator A its symbol smbl (A).

If we consider smbly, (A) as a linear operator smbly, (A) : ©% (M) — End (7) ,
then

smbly, (A) (df*) = %5’; (A) € End (),

where f € C* (M), §; : Diff; (r,7) — Diff;_4 (7, 7), is the commutator
§¢(0)=foO—0Oo f,and df* =df - - - df € ¥ (M) is the k-th symmetric
power of the differential 1-form df € X! (M) .

For the case k = 1, which we’ll consider in this paper, we respectively have:

1. Exact sequences

0 —End(7) — Diff, (7, 7) 281 End (M)®@X (M) =0, (1)

and smbly (A) (df) = 07 (A) € End (7).
2. Any connection V in the vector bundle 7 gives us quantization
Qv : End(m)®X%; (M) — Diffy (n,7), (2)
smbl; o Qy=id,
where
Qv (A®X)=AoVy, (3)
for all A € End (7)), X € ¥;.

Moreover, if V is another connection and

6:V+a,
where o € End (1) @ ©1 (M), Vx = Vx 4« (X), then
Q% :QV+<'705>7

where (,) : (End (1) ® £; (M)) ® (End (7) ® X! (M)) — End () is the natural
pairing: (A® X,BQw) = (w,X) Ao B.
In what follows, we denote by o1 (A) and o (A) (or simply by o1 and o)
the symbol oy (A) = smbl; (A) and subsymbol oy (A) = A—Qv (A) € End (7).
Then symbol o1 does not depend on connection but

05 (&) = 0g (&) = (01 (A) ,a). (4)



Remark 1. The quantizations introduced above are special splitting R : End (7)®
¥, (M) — Diffy (m,7) of exact sequence that satisfy the following condi-
tion:

R(A-B®X)=A-R(B®X),

for all operators A, B € End (7) and vector fields X € ¥, (M) . Namely, Vx =
R(id® X).

3. Pseudogroup actions

We consider two pseudogroups: G (M) — the pseudogroup of local diffeomor-
phisms of manifold M, and Aut(§)— the pseudogroups of local automorphisms
of vector bundle 7 over M.

There is the following sequence of pseudogroup morphisms

1— GL(7) - Aut(r) - G (M) — 1, (5)

where GL (7) C Aut(n) is the pseudogroup of automorphisms that are identity
on M.

We'll consider the natural actions of these pseudogroups on sections of the
bundles and operators. Namely, let ¢ be a local automorphism, ¢ € Aut(n),
covering a local diffeomorphism ¢ € G (M) .

Then we define action of ¢ on sections s € C* (€) as

qﬁ*:sr—)aosodfl,

and

~ ~ —~—1

Gu A p0o Ao

for differential operators.

4. Artin-Procesi invariants of symbols

Let’s fix a point ¢ € M, and let E = 7w, be the fibre of the bundle 7 at the
point a, and let T = T, (M) be the tangent space at the point, dimT = n >
2, dimE = m..

In this section we consider symbols of the 1st order differential operators at
the point as tensors of the type End (F) ® T and classify them with respect to
the natural action of the group G = GL (F) x GL (T).

Remind, that M. Artin made the conjecture ([6]), concerning polynomial
invariants of GL (E)-action on n-tuples (X7, ..., X,,) of linear operators, X; €
End (E) . Namely, he stated that the algebra of polynomial invariants (we denote
it by A (X1, ..., Xp) ) is generated by the polynomials Tr (X, - - - X;, ), associated
with non-commutative monomials Xj, ---Xj;, . This conjecture was proven by
C. Procesi in ([4]) with the important addition that the length of the monomials
could be bounded by 2™ — 1 as well as a description of sysygies.



We’ll apply this result to our case. Namely, we denote by oy € End (F)
the value of symbol o at covector # € T™ and consider linear functions A, ; :

(T*)®k — R, where I = (i1, ..., i) € Sk is a permutation of k-letters, as follows

Ar1 (01 ®---®0;) =Tr (O’gil -~-0’9ik>.

These tensors A, 1 € ((T*)®k> = T®k are obviously G-invariants and we call

them Artin-Procesi tensors.

Remark also that A, = A, ;, when permutation J € Sy, is obtained from
I by a cycle permutation.

The following first Artin-Procesi tensors are extremely important for us:

e In the case k = 1, we have a vector x, € T, where
(0. Xo) =Tr (0p),
for all covectors 6 € T™*.

e In the case k = 2, we have a symmetric 2-vector g, € ST, where
9o (91, 92) =Tr (091092) :
e In the case k = 3, we have two tensors h; € T®3, where

hl,a— (91702,93) = TI‘(0'910'92(793)7
hoo (01,02,05) = Tr(09,00,00,),

and equivalently two tensors

1

hes = 5 (ho1 + hep2) € ST T,
1

ha,a - 5 (ho,l - hng) S A2T X T.

All these tensors are G-invariants.

In what follows we’ll use only symbols in general position, or shortly general
symbols, i.e symbols where the following regularity conditions hold.

1. Vector x, is non trivial, x, # 0.

2. Quadratic form g, € S?T on T* is non degenerated.
The inverse quadratic form on 7 we denote by g;! € S2T*, and the
covector dual to the vector x, with respect to the last quadratic form will
be denoted as X € T*, i.e. Xoldo = Xo» OF Xo )95 = Xo-

3. Denote also by he € S2T the following symmetric bivector

ha (01702) = hU,S (91a027>/(;1)



and let ﬁa :T* — T* be the operator, associated with the pair quadratic
forms g, and g, on T*.
We’ll require that covectors

—~

* * T % T %
€] = Xo, 65 = hoel,...,e;, = hoe, _q,

are linear independent.

Then covectors e* (o) = (ef,...,ef) form a coframe in T* and vectors
e(o) = {eq,...,e,) of the dual basis give us the frame in T. Remark that
both frames are G-invariant.

4. In the similar way each covector § € T™* \ 0 defines also bivector

<0,a (917 92) = hg’,a (91, 92, 9) S AQT.

Denote by ¥, C T* the variety of covectors § € T* where operator gy has
eigenvalues of multiplicity greater the one. Then the last condition that o
is in general position requires that ¥, # T™ and (y, does not vanish on
the complement of 3.

Definition 1. A symbol tensor o € End (F) ® T, when m > 3, is said to be in
general position if the above conditions hold. In the case m = 2 general position
requires the first two conditions and that (x5, Xxo) # 0,2, # T*.

Remark 2. In the case m = 2 the G-invariant frame consist of vectors e; = x,
and the vector ey orthonormal to e; with respect to metric g 1.

Let o be a general symbol then, using the invariant frame e (o) , we represent

o in the form
n
g = E 0; @ €4,
i=1

where o, € End (E).
Remark that G-invariance of the frame reduce G-equivalence of symbols to
GL (E)-equivalence of n-tuples of operators (o1, ...,0p) .

Proposition 1. Let o be a general symbol. Then n < m?, and o € End (E) is
a scalar operator if and only if commutators [o;,a] =0, for alli=1,...,n.

PROOF. Assume that operators o; are linear dependent, i.e. Aio; = 0, for

1

(2

some \; € Rsuch that Y A\? # 0. Then oy = 0, for § = > N\ef # 0, and
‘ ]

n

i=1 i
9o (0,0") =0, for all 8" € T*. Therefore, 6 € ker g, and g, is degenerated.

Let’s now [0, = 0, for all i = 1,..,n. The 3rd condition of generality o
states that there are covectors 1,60y ¢ X, such that [og,,00,] # 0. Condition
[0:,a] = 0, for all i, gives [og,, ] = [0g,,a] = 0. Therefore operator a has the
same eigenvectors with operators og, and oy,, that possible only when « is a
scalar operator.



Corollary 2. The stationary algebra Lie of a general symbol consist of scalar
operators and codimension of G-orbit of such symbols equals to

v=(n-1)(m*>-n-1).

Take now Artin-Procesi tensors A, ; € T®* k = |I|, for general symbol o,
and write down them in the invariant frame e (o) :

Ao = Z A (o) e,
7

where J = (ji, ..., jx) and e/ =¢e;, @ -+ @ ej,.

Then coefficients A7 (o) are rational functions on End (E) @ T and G-
invariants. We call them Artin-Procesi invariants of the symbol.

We have the algebraic G-action on End (E) ® T. Therefore, due to Rosen-
licht theorem ([7]), there are v Artin-Procesi invariants aq, .., a,, which are al-
gebraically independent and all rational G-invariants (in particular all Artin-
Procesi invariants) are rational functions of them.

In this case we call a1, .., a, basic Artin-Procesi invariants.

G-orbits G (o) C {ay = consty, .., a, = const, } such that differentials day, .., da,
are linear independent at the points of the orbit we call regular as well as the
symbol o itself.

Remark that G-orbits are connected and therefore the manifold {a; = consty, .., a, = const, }
in the last case is a finite union of regular orbits.

Example 3. The following invariants might be used as basic:

1. Forn=2
Ifl) = Trai,[i(m = Troé,i =1,...m,
I, = Tr(aia%), 1<4,5<m—1.
2. Forn >3
]1-(]6) = Tra,i, k=1,.n,i=1,....m,
= Tr(aiai), 1<i,j<m-—1,
g = T (01020£> Ck=3,.mj=1,..,m—1.

Summarizing we get the following.
Let 0 € End (F) ® T be a general symbol. Then

1. Tensors
Ayr=Tr (geil ...09%> e el

are GL (E) x GL (T)-invariants.



2. The conditions that o is in general position are conditions on tensors A, ,

with |I| < 3. Under these conditions the symbol o determines GL (E) x
GL (T)-invariant coframe e (o) in the tangent space T.

Coeflicients Ail of the tensors A, ; in the frame e (o) are GL (E) X
GL (T)-invariants of symbols. These invariants are polynomials over the
field R (det g, ')

The maximum dimensional GL (E) x GL (T)-orbits in End (F) ® T have
codimension v = (n— 1) (m? —n —1). The GL (E) x GL (T)-action is
algebraic and, due to the Rosenlicht theorem ([7]) the field of rational
GL (F) x GL (T)-invariants has transcendent degree v. We call GL (E) x
GL (T)-orbit (and its elements) regular if there are basic invariants ay, .., a,
such that their differentials are linear independent at the points of the or-
bit.

5. Connections, associated with regular symbols

Let 0 = o1 (A) be a regular symbol and let V.. be the Levi-Civita connection
in the tangent bundle 7 (M), associated with the metric g = g,.

Let V be a connection in the bundle 7. We’ll use the same notation V for the
associated connection in the bundle End (7) , where Vx (4) = VxoA—AoVy,
forall X € ¥, (M), A € End (7).

Let V¢ = V ® V., be the connection in the bundle End (7) ® ¥1 (M) equals
to the tensor product of the connection V in the bundle End (7) and the Levi-
Civita connection in the tangent bundle 7(M).

The covariant differential dye : End (7) ® X1 (M) — End (1) ® 31 (M) ®
QY (M) = End (7) ® End (1) , applying to the symbol o, gives us a tensor

dyeo € End (1) @ End (7).

Remark that for another connection V in the bundle 7 such that

Vx —Vx =a(X) € End(n),

where a € End (7) ® Q! (M), we have

dg.0 —dyeo = [o, 0],

where by [a, 0] € End (7) ® End (7) we denoted the natural pairing

[,] : End(7) ® Q' (M) x End (1) ® £1 (M) — End (7) @ End (1)

[A0, B X]=[A,B]® (#®X) € End (7) ® End (1)

Indeed, let 0 = 3;A; ® X;, where A; € End (7), and X; € ¥; (M) . Then

and

V& (0) =% (Vx (4) @ X; + A; @ Vex (X;))

Ve (0) = i (Vi (4) © Xi + 4, @ Vex (X)) =
= V5 (0) + Bila (X), Al © X, = V5 (0) + [, 0] (X).



Proposition 4. Operator D (o) = (Tr ® id) (dv<o) € End (1) does not depend
on choice of connection V.

Let now o be a general symbol and let o = )", 0; ® e; be its decomposition
in the invariant frame. Remark that dg.o = dveo if and only if [a, 0] = 0 or if
[, 0] = 0, for all 4, j, where a = Zj a; ® ef. Therefore, each operator «; is a
scalar operator o; = A; id. In other words,

dg.0 =dyeo &V -V =id® ),

where A € Q! (M) is a differential 1—form such that (), e;) = A;.

Denote by W (¢) C End (7)) ® End (7) the affine subbundle generated by
tensors dy.o, computing for all connections V¢. The fibres of this bundle iso-
morphic to sl (7) ® End (1), where

sl(m) ={A € End (7)] TrA =0}.

Let’s consider End () ® End () as Euclidean bundle with respect to inner
product (A® a,B®b) = Tr (AB) - Tr (ab), where A, B € End (7) and a,b €
End (7).

A connection V we call minimal if tensor dy.o orthogonal to W (o) with
respect to the above inner product.

Proposition 5. Let o be a symbol in general position. Then, for any connection
V in the bundle w, there is and unique tensor a € sl(7) ® QY (M), such that

(dyeco + [, 0],8l () @ End (1)) = 0. (6)

PROOF. Let E;; = e; ® ] be the elementary operators in the invariant basis in
T and let
dyeoc —id® D (o) = Zdij ® Eij,
,J

for some d;; € sl(m), and
0:Zai®ei, a:Zaj@)e;,

where «; € sl (7).
Then @ equivalent to the following linear system of n (m2 — 1) equations

dij — aj, 03] =0, (7)

with respect to n (m? — 1) unknowns ;.

As we have seen above the stationary Lie algebra of the symbol consists of
scalar operators. It means that the homogeneous system of has the only
zero solution.



The above theorem states the existence of minimal connections and, as we
have seen, any two minimal connections differ on tensors of the form oo = id® A.

Let Ry (o) € End (1) ® Q2 (M) be the curvature tensor of minimal connec-
tion V. Then (see, for example, [§]) we have

Rg (0) — Ry (0) =id @ dA,

if V-V=id® A
Therefore, the tensor

R%(0) = Ry (o) — %m ®ch(V),

where ch (V) = Tr (Ry (o)) € Q2 (M) is the first Chern form, does not depend
on choice of minimal connection V.

This tensor is also G-invariant of the symbol.

On the other hand,we have (4))

0o (6) —00(V)=0_»,

for given operator A € Diff; (m, 7) and minimal connections V and V .

Therefore, subbundle Wy (A) C End (), generated by operators g (V),
taking for all minimal connections V, is an affine bundle isomorphic to 7* by
the injection A € Q' — o € End ().

We say that a minimal connection V is associated with operator A if the
operator oo (V) is orthogonal to Wy (A).

To find this connection we should find differential form A such that

Tr ((o0 (V) — o) 06) = 0,

for all § € Q' (M) .

Remark that the last system has a unique solution because quadratic form
9o (A, 0) = Tr (o0p) is non degenerated.
Finally we get the following result.

Theorem 6. Let A € Diffy (w, ) be a differential operator with general symbol
o € End (1) ® £1.. Then there exists and unique associated connection V> in
the bundle m which is minimal and the operator og (VA) € End(7) in the
decomposition

A = Qya (o) + 09 (V2)

satisfies the following conditions:
Tr (00 (VA) . 09) =0,

for all differential 1-forms 6 € Q' (M) .

10



Corollary 7. Let A € Aut (7) be an automorphism, transforming operator A €
Diff; (7, 7) to operator A’ € Diff (7, 7), Ax (A) = A, and let A = Qya (o) +
o (VA) and A" = Qgar (0') + 09 (VA') be the decompositions with respect to
the associated connections.

Then A, (0) = o', A (V2) = VA, and A, (00 (V2)) = a0 (V2).

PROOF. The statement follows directly from the fact that any automorphism
A € GL () preserves the inner product structure in End (7).

This corollary shows that the decomposition with respect to associated con-
nection behave in the natural way under transformations from the pseudogroup
Aut (7). It is allow us to extend Artin invariants of symbols to Artin-Procesi
mvariants of operators.

Namely, let A € Diffy (r, 7) be a differential operator with regular symbol
at a point a € M. Then the decomposition of the symbol

o=;0; Qe;

in the invariant frame e (o) and operator o gives us the Artin-Procesi invariants
of operators as elements of algebra A (cg,01) .
Moreover, the curvature tensor

Rya (0) € End (1) ® Q* (M),

computing for the associated connection V4 in the bundle 7 is an Aut(n)-
invariant of the operators as well as the closed Chern differential 2-form

ch (A) = Tr (Rya (0)) € Q* (M),

which we call Chern invariant of the operator.
Coefficients of the form in the invariant frame

Chij (A) =ch (A) (ei7 ej)

are scalar Aut(n)-invariants of the the operators.

6. Equivalence of regular differential operators

A differential operator A € Diffy (r,7) is said to be regular at a point
a € M if its symbol ¢ € End(7) ® ¥; (M) is regular at the point and
among Artin-Procesi invariants ay, ..., a,, of the operator, defining the GL () x
GL(T) —orbit of the pairs (og,0), there are n = dim M invariants, say
ai,..,an, such that differentials of functions a; (A),..,a, (A) are linear inde-
pendent at the point a € M.

In this case there is a neighborhood ¢ € U C M such that GL (m) X
GL (Tp) —orbits of the pairs (oq (b),0 (b)) € End (7)) @ End (7)) ® T}, are
regular and are defined by values the same basic invariants a4, ..., a,,, and fur-
thermore functions a1 (A), .., a, (A) are local coordinates in U.

We call such local coordinates natural.

11



Remark 3. The regularity of symbol requires that m? > n+1, and the number
Vg of basic Artin-Procesi invariants of operators equals

1/0:V+m2>n.

Let’s ay, ..., a,, be the natural coordinates then all basic Artin-Procesi invari-
ants a;j (A) , 1 < j < vy, are functions of a; (A),..,an (A) in U :

7] (A):Fj(al (A),..,an(A)), 7’L+1§j§yo, (8)

for some functions Fj.

All rational G-invariants of the pairs (g, o) are rational functions of basic
Artin-Procesi invariants (a1, .., a,, ) and, due to , their values in the neighbor-
hood U are also functions of (a; (A), .., a, (A)) completely defined by functions
F;.

Let’s ¢y : U — Dy C R™ be the natural local chart,

¢u (b) = (a1 (B) (), ., an (A) (b)),
and let Fyy : Dy — R¥0™" be the function given by , and
chy (A) = du. (ch (A)) € Q* (Dy) .

The data (¢, Dy, Fu, chy (A)) we call model of the differential operator in
neighborhood U.

Theorem 8. Let differential opertors A and A’ has the same model in a simply
connected open set U.

Then there is and a unique automorphism Ay € GL (my) of the restriction
bundle ™ on domain U such that Ay. (A) = A.

PRrOOF. Condition that two operators have the same model means that the
pairs (0g,0) and (o), 0’) belong to the same G-orbit at any point a € U. There-
fore, there are the above automorphisms A;;. Moreover, if V is the connection,
associated with operator A, then V' = Ay, (V) is a minimal connection for A’
because Ay, preserves the inner structure in End (7) ® End(T") and transforms
o to o’

Let ,

VA =V +id® A
for some differential 1-form .

Then, ch (A") = ch (V') +dX = ch (A) + dA, and d\ = 0. Therefore, A = df
in U.

Finally, (By) (V) = V&', where By = e~f Ay, and therefore By, (A) = A/,
Corollary 9. Let differential opertors A and A" has models (¢py, Dy, Fy, chy (A))
and (¢pur, Dy, Fyr, chy (A")) in open sets U C M and U' C M defined by the
same basic invariants a1, ..,a, and functions Fj.

Let U C U and U’ C U’ be open and simply connected domains such that

ouU (ﬁ) = ¢y (ﬁ) C Dy N Dy, and where chy (A) = chyr (A).

Then there is an automorphism Aﬁ’ﬁ 1wy — mg such that (Aﬁ’ﬁ)* A=A

12



Let now A be a differential operator regular on the manifold M, i.e.regular
at all points of the manifold. We say that an atlas {(¢ye,Dye)} given by
models {(¢pye,Dya, Fyo,chya (A))} is natural if the sets of basic invariants
(af, ..., al) are different for different c.

The following result follows directly from the above theorem.

Theorem 10. Two linear differential operators A, A" € Diffy (7, 7) on a man-
ifold M are Aut (7)-equivalent if and only if a natural atlas for operator A is
the natural atlas for A', i.e. they have the same models.
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