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0. Introduction

Computation of differential invariants of (unparametrized) curves was an important topic in XIX-th
century mathematics. Besides Frenet-Serret formulas for Euclidean spaces, curves were extensively studied
in projective spaces. In particular, Klein and Lie derived special ODEs describing projective invariant classes
of curves in the plane [11] and Halphen computed the invariants that govern projective equivalence [9], see
[12] for a modern approach and review. Wilczynski [16] derived a complete set of invariants for such curves
in any dimension, starting from the Laguerre-Forsyth normal form for linear ODEs.

Invariants of curves were derived in various non-metric geometries, for instance in conformal, Grassman-
nian and others [1,7,8]. Fundamental invariants for some classes of curves in generalized flag varieties were
computed by Doubrov and Zelenko [5]. This approach was based on the moving frame method [4,15] and the
theory of parabolic geometries [2]. In particular, it covered general curves in projective spaces and integral
curves in the G = G4 flag varieties for split algebraic G3 = G, namely homogeneous space G/ P with some
parabolic subgroup P.

The goal of this paper is to revisit the case of curves in M = G5/P based on the theory of differential
invariants for which we refer the reader to [14] (we assume the curves are regular, so that its velocity never
vanishes). The algebra of such (absolute rational) invariants depends on the type of 1-jet of a curve, and
we compute the Hilbert function counting the number of differential invariants for every type. Then we
concentrate on the two poles, corresponding to the minimal and the maximal orbits of the action of G on
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JY(M,1) = PTM. For integral curves, representing minimal orbits, we obtain the invariants differently and
more explicitly than in [5]. For generic curves, representing maximal orbits, our results are apparently new.

We give more details to the case M = G5/P; (labelling of the parabolic subgroups corresponds to the
Bourbaki numeration), where our tool is the canonical conformal structure associated to the (2,3, 5) distri-
bution by Nurowski. In the flat case that we discuss, it corresponds to another homogeneous representation
M = S0(3,4)/P; (here P; is the subgroup of Bs naturally extending the previous P;) induced by the
inclusion Gy C SO(3,4). We also discuss differential invariants of curves in other Gy flag varieties with a
different choice of the parabolic, namely Ga/Pi3 and G2/Ps, but since the formulae are large we do not
provide full details of computations.

It turns out that there is a transformation (multiple-valued to one side) between generic curves in G/ P
and G2/ P, based on the twistor correspondence via G2/ Pio and the geometry of those spaces. For minimal
integral curves (no restriction for G3/P; but corresponding to triple root Petrov type in the case Ga/P2)
such a transformation is known as the prolongation, but it does not exist for all curves. The transformation
we propose for generic curves (it is 1 : 1 to one side and 1 : 2 to the other) allows to reduce computation of
invariants to those of Ga/P;.

On historical side we note that two realisations of G5 corresponding to homogeneous spaces G3/P; and
G2/ Py were obtained in 1893 by E. Cartan [3] and F. Engel [6]. An interplay between these models is a base
for the above mentioned correspondence.

We also note that the method developed in this paper is applicable to obtain differential invariants of
curves in curved geometries of type (Ga, P), as we will briefly discuss in the conclusion, though we do not
provide any explicit formulae for those. It would be interesting to extend the results to parabolic geometries
of general type (G, P).

Maple computations supporting the results of this paper, and containing some large formulae, can be
found in a supplement to arXiv:2107.03664.
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1. Invariants of curves in M°® = G4 /Py
Associated with P is the gradation of g = Lie(G2) of depth 3

0=03Bg 2B g1 P gD g1 D g2D 03 (1)

with dim g41 = dimgi3 = 2, dimgso = 1 and go = gl,. The filtration g° = &,>,g; is invariant with respect
to p = g° and its Lie group P; = GLa X exp(p ), which is equal to Stab,(Gz), o = [Py}, for the Go action
on the 5-dimensional homogeneous space M = G2/ P;.

We identify T, M, as well as tangent spaces at other points of M, with m = g/p and it will be convenient
to interpret it as g_ = g_3 @ g_» ® g_1 though the gradation is not P; invariant. Furthermore g~! mod p
defines a G invariant rank 2 distribution IT on M with growth vector (2,3,5), which exhibits ranks of the
derived distributions IT1? = [IT,II] and I3 = [II,11?] = T M.

We use the coordinates (x,%,p,q,z) on M obtained from the model Monge equation y” = (2')? with
local Go symmetry. Namely, denoting ¢y’ = p and y” = ¢ the distribution IT is induced from the Cartan
distribution in jets and has the following expression:
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2
IT = (03 + pdy + q0p + ¢°0, 0y). (2)

The G5 invariant conformal structure [g] is given by the representative

g = ¢*dz? — 2qdx dp + 6pdx dg — 3dx dz — 6 dy dq + 4 dp>. (3)

Let J*(M,1) denote the space of k-jets of unparametrized regular curves (for details on jet-spaces we
refer to [13]). These will be represented as parametrized curves v : I — M modulo the right action of
the pseudogroup Diff},.(R) of reparametrizations. A 0-jet is just v(0) € M, while 1-jet is 4(0) # 0 up to
rescaling. Thus J°(M,1) = M and J'(M,1) = PTM. The fiber of the latter bundle over o € M will be
identified with (T,M\{0})/Rx ~ Pm, on which P; acts.

A general curve, transversal to the foliation {z = const}, can be parametrized as y = y(x), p = p(z),
q = q(v), z = z(x). This introduces an affine chart in J*(M, 1) with coordinates z,y, p,q, z and y;, p;, ¢, i
for 1 < ¢ < k. The action of G5 will be expressed in these coordinates, as well as the invariants of the action.
We note that the orbits of G in J¥(M, 1) are bijective with the orbits of P; on J¥(M, 1), and we begin
with a discussion of k =1 case.

1.1. Action and orbits of P; on 1-jet

It is convenient to describe the action on the vector space m, and then pass to the corresponding projective
space (here when describing the P action we use linear coordinates on m, and then return to the coordinates
on M used before).

A Dbasis ey, e2 of g_1 induces bases e3 = [e1, e2] of g_o and ey = [e1, 3], e5 = [e2, e3] of g_3. Thus we get
a basis of m ~ @;:17391-. This introduces coordinates v; on m considered as a graded nilpotent Lie algebra

U = V1€1 + V2e2 + V3e3 + v4€q + Uses € M,

and hence also on exp(m) ~ M via the exponential map. Note that the unity o corresponds to 0 and
the inverse of g € exp(m) is —g. (The Lie bracket on m induces the group structure on exp(m) by the
Baker-Campbell-Hausdorff formula that is finite due to nilpotency of m.)

In these coordinates the canonical conformal structure (3) has constant coefficients:

<’U, U)> = V1W5 + VsW1 — VW4 — V4Wo + V3W3. (4)

Indeed, this is a unique (up to scale) left-invariant metric on M that is also invariant with respect to semi-
simple part of the reductive component GLs of P; (this preserves the grading on m) and has weight 4 with
respect to its center:

(Ad,(v), Ady(w)) = (v,w) Vg€exp(m) and (Av,Aw)= (detA)*(v,w) VA€ GLy.

To obtain P; action on m = g/p we derive first the action of p using the root diagram of g. We choose
the basis f; of py ~ m* dual to e;: these are the root vectors indicated near the corresponding roots
on the diagram below (gradation is shown by a family of parallel lines). Their commutator relations are

[f1, fa] = f3, [f1, f3] = fa, [f2, f3] = [5.
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Brackets between basis elements in py and m correspond, up to scale, to vector summation of the
corresponding root vectors in the root diagram: [eq,eg] = kagea+s. The factors kyp can be fixed by the
condition that the metric is invariant under p.:

(ady, v,w) + (v,ady, w) = 0.

The diagram implies that g3 = (fs, f5) acts trivially on m and p, acts trivially on g_;. The remaining
commutation relations are as follows.

[fi,e3] = e, [fo,e3] = —e1, [fz,e3] =0,
[fi,e4] =e3, [fo,e4] =0, [f3,e4] = €1,
[fi,es] =0, [fa,es] =e3,  [f3,e5] = ea.

Thus the action of exp(py) is encoded through the action of p = exp(sifi + s2fz + s3f3) with real
parameters si, So, S3 as follows:

p(v17027v33 1)4,1}5) =

1.2 1.2
(”Ul — 5203 + (83 — 5152)V4 — 55505, V2 + 5103 + 55704 + (83 + 5152)V5, V3 + 5104 + 8205,U4,U5)~

With these at hand we can now compute that, under the action of P;, a general point vie; + vaes +
vses + vgeq + vses € m\ {0} can be mapped to one of the following 5 representatives:

o e5Eey if (vg,v5) # (0,0) and 2v1v5 — 2v9v4 + 3 2 0,
es if (vg,v5) # (0,0) and 2vjv5 — 20904 + 03 = 0,
o e3if vy =wv5 =0 and vz # 0,

o e ifvg =04 =v5 =0.
Associated to the conformal structure (4) is the null cone
N = {vie1 + vaes + vzes + vaes + Uses €m | 20105 — 2vov4 + 05 =0} .
Its relation to the distributions IT and II? is the following:
NNIP =1I.

Each of the 5 points above and the singular orbit 0 represent orbits of the action of P; on m. Therefore
there are 5 orbits of the action of P; on Pm.
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The points e5 & e; represent 2 open orbits, separated by the null cone (both orbits connected, the above
3D picture is just an analogy). The other orbits are (projectivizations of) IT\ {0} > ey, II? \ II > e,
N \ II 3 es5.

1.2. Number of invariants

Define s; to be the transcendence degree of the field of rational differential invariants of the G5 action
on J*(M,1). By [14] this value is equal to codimension of the regular orbit of the action, and so s can be
interpreted as the number of invariants of order k. By the preceding computations, s = s = 0.

Hilbert function is defined as hy = s — sx_1 and it can be interpreted as the number of invariants of
pure order k. We will consider curves of a fixed type t of their 1-jet. In other words, we assume that at any
point 1-jet of the curve belongs to the same P; orbit in Pm.

If d; is dimension of the orbit, then such curves are given by 4 — d; equations of the first order.
Geometrically this specifies a submanifold & < J'(M,1) of codimension 4 — dy, and prolongations
EF = Eékfl) c JK(M,1) form a tower of bundles with the rank of mx 1 : EF — EF7! equal to dy.
Because G5 is finite-dimensional, we will occasionally have hy = d; for k> 1.

Let us consider the case of open orbits in J!(M,1). Even though there are two types of such, the count
is the same because under complexification these become one orbit and the action is algebraic. Due to
transitivity we can fix 0-jet to be ag = (0,0,0,0,0) in (x,y,p,q, z) coordinates. A generic 1-jet a1 over ag
can be represented by (y1,p1,4q1,21) = (0,0,0, —1); note that z; = +1 for the other open orbit but we will
focus on the first.

Denote by p(®) the prolongation of the isotropy p of the point 0 = ag in g. The action in the fibers of
T k—1 for k > 1 is affine, so we can restrict to usage of Lie algebras (not groups). Denote the isotropy
subalgebra at the point a; by

stab,, = {v € pM : v(ay) = 0}

and by stab];l its prolongations to k-jets. As an abstract Lie algebra, stab(a;) is solvable and it is defined
by the following structure relations

[51, 52] = S2, [51753} = 83, [81754] = 84,

[s1,85] = 255, [s2,84] = 3s5, [s3,54] = 4s5.
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The action of stanbi1 on 7r2_j(a1) ~ R*(ya,p2, g2, 22) is generated by the following vector fields
apg - ZQaqz =+ 4y26z27 a(IQ7 3227 p28p2 + 2qQan =+ 228z27 3y23p2 + 41723(12

and so the orbits have dimension 3. We have one invariant I} = yo in Wi%(al). Let a2 = (14,0,0,0) €
J2(M, 1) be a point above a; (the expression for I} is invariant only above a;).

The isotropy algebra of as is a 2-dimensional solvable subalgebra stab,, C p). Tts prolongation to 3-jets,
namely to wgé (a2) ~ R(ys, ps, g3, 23), has generators

3y38p3 + (33/22’3 + 4p3)6q3 - 12y2y3GZ3 B y3ay3 + 21738;)3 + 3q38q3 + 223823 5

and so we get 2 independent invariants in 75 % (az2). The isotropy algebra of a generic point in 3-jet is already
trivial, so there will be 4 more independent invariants for every jet of order k > 4.

The count of invariants for other types t of 1-jet is performed similarly, so we omit the details. Summa-
rizing, the Hilbert function hj counting differential invariants is given in the table:

t N\ k 0 1 2 3 4 5 6 7 8 9 10

TM\(NUT®) 0 0 1 2 4 4 4 4 4 4 4 4
N\IT? o 0 o 1 2 3 3 3 3 3 3 3
%\II 0 0 0 0 0 1 2 2 2 2 2 2
m\ {0} 0 0 0 0 0 0 0 0 0 0 1 1

Let us observe from the first two rows that for the corresponding t-types there is dimensional freedom for
the group to act freely on the level of 2- and 3-jets, respectively, yet there appear invariants. The situation
with the last two rows is what could be expected in a general position.

In what follows we will focus on two particular cases: curves with minimal and maximal t-types of 1-jet
(last and first rows) for which we describe the algebra of differential invariants explicitly. These algebras of
differential invariants will be denoted by A, and A, respectively.

1.8. Invariants of integral curves

Consider curves in M tangent to II. For such there are no absolute differential invariants up to jet-order
9, and the first invariant arises in order 10. There are however relative differential invariants: such functions
R of order k satisfy L,R = a(v)R for v € g{>) and a € C*(J*) ® g*. We find those by the method of
Sophus Lie, namely via a computation of the loci where the rank of prolongations egk) € X(J*) drop, for a
basis e; € g.

The integral curves are subject to the constraints

vi=p, p1=¢q 21=q, (5)

their prolongation define the equation &g C J°°(M, 1) with coordinates x,y,p, ¢, 2, gk, k > 1.
The simplest relative differential invariant is go. Next, such invariant arises in order 8, namely

Rs = 196 ¢3¢s — 2352 g3q3q7 — 5040 g3 qags — 3255 q3q3 + 16632 ¢5q3q6 + 59598 43430445
+ 13772 g5 3 — 83160 g3q3qs — 174735 ¢3q5q3 + 297000 gagsqa — 118800 ¢S.

One more relative invariant of order 10 is given by the formula

91
Ryo = 212 RsD, (q2D Rs) — T (q2DxR8)2 +9RZ (13¢5 — 19¢244)-
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The two latter relative invariants have proportional weights (that is, 1-forms «), which makes a combi-
nation of them an absolute differential invariant

3
_ Rip

Lo = —.
10 R;

This is accompanied by an invariant derivation, i.e. a linear map 0O : C°°(J*) — C°°(J¥*1) that satisfies
the Leibniz rule and commutes with the action of Go. We search for it in the form O = hD,, h € C>=(J*),
where

D, = 0y +p0y + q0p + 20, + Z Qi+10q;
i=0

is the operator of total derivative on &. Then the invariance condition
> gl=0 Yveg
applied to  writes for a basis e¢; € g
Lei_k)(h) = hD,(ej(x)).

Finding h from this equation, we get the following invariant derivation (z for ‘integral’):

DZ:q_z’l)

RYSTT

The invariant derivation O, produces the next differential invariant I;; = O,(I19) of order 11, then I =
O,(I11) of order 12, and successively generates all the higher order invariants.

Theorem 1. The algebra A, of (micro-local) differential invariants of integral curves is generated in the
Lie-Tresse sense by I1o and 0O,.

Remark 1. The invariant derivation 0O, has non-rational coefficient. This is sufficient for micro-local in-
variants (defined in open non-invariant sets in jets), however is at odd with the claim that the global
differential invariants are rational in jets [14]. To remedy this one passes to rational invariant derivation
(Tresse derivative associated to I7g)

g = d Iy
' dhip T O,(fo)

- O,.

Then the algebra A, of global differential invariants for integral curves is generated by Ig, I;; = I 9 and
O,. Note that 0,(l109) = 1.

Proof. By the count of invariants there is precisely one independent differential invariant of pure order k
for any k > 10. These are 0¥71°7;y. The micro-local claim follows.

To obtain the algebra of rational differential invariants let us note that the invariants Ef‘llf 11 are affine
in jets of order k > 11. Invariants of order < 11 are algebraically generated by I;o and Ip; since the ideal
generated by them (in the ring of rational functions that are polynomial in jets of order > 9) is radical.
This proves the claim. 0O
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1.4. Invariants of generic curves

Now we consider curves transversal to the distribution and not null with respect to conformal structure
(3). Investigation of curves of both general type t of 1-jets goes parallel, so we may assume that the tangent
X =4 to the curve satisfies g(X, X) > 0 (one has to take another normalization below for ¢g(X, X) < 0).

When the curve is parametrized coordinately v(¢) = (x(t), y(t), p(t), ¢(t), z(t)), its tangent vector

X=0,+ ylay +plap + (J154 + 210, (6)

is given by the truncated total derivative. Recall it is defined up to scale. We are going to exploit the change
of scales in order to construct an invariant frame along the curve.

The metric g in (3) is defined up to rescaling. Another representative of [g] is given by g = e2/g. Let
V,V be the Levi-Civita connections of g, §. They are related as follows:

VxU=VxU+ X(HU+U(f)X — g(X,U)Vf (7)

for X,U € X(M). Therefore VxU is defined up to X, U and Vf. The latter is difficult to control, so we
will apply this formula only for g(X,U) = 0. Also, to obtain invariant quantities we can only differentiate
in the direction of the curve, so X will be taken as in (6).

Since I1?/IT has rank 1, there is a conformal identification IT ~ T'M /1% based on g_1 ~ [g_1,0_2] = g_3
of (1). Since v is a generic curve, its tangent X ¢ I12 has a conformal dual Y € II. For instance, choosing
the vector ez = [0y, 0 + pdy + q0p + q?0.] = 0, + 2q0, € 11* we find a unique Y € II from

[V, e3] = X modII?.

This Y is defined up to scale and satisfies g(X,Y") = 0. Therefore the covariant derivative VxY is defined
up to X,Y and determines unambiguously the subspace

Ilx = (X,Y,VxY) CTM.

Generically Iy has rank 3, IIx mod II rank 2, and IIx modII? rank 1. We change the generator VxY of
HX to

Z €xNII?  such that g¢(X,Z— X)=0.

This Z is defined up to Y and up to scale. However, due to the above relation, X and Z are subject to
rescaling by the same factor. Therefore we have

HX = <X7Y7Z>

and we use Z to fix the scale of Y: the conformal identification [Y, Z] = X mod II? determines Y uniquely.
The Gram matrix of Y, Z, X (in this order) is

0 0 O
0 My A
0 x| A

R4
where 711 = 2Ry, 5 = m and
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Ry = (q¢+2p1)* +6(q1(p — 91) — qp1) — 321,
2 3
Ro=—220° 4 (p —y) (qp2 — 2) + (g +y2) (ap1 — 2) + o121 — *L
are relative invariants of orders 1 and 2 respectively. Their ratio

_a B
24 RS

I 9)

is the first absolute differential invariant in J*(M,1); note that this invariant, when restricted to 75 Hay),
differs from I} of subsection 1.2 only by a power and a factor: 10815 = (I5)2.

As long as 31 # 35, which is generically true, the conformal metric has rank 2 on the 3-dimensional IIx.
Hence II%; has rank 2 and IIx N1l = (V). Choose

Vell suchthat g¢g(X,V—X)=0.
This V is defined up to Y and up to scale with the same factor as X. Therefore we have
Ix +1Ix = (1Y, Z, X).
To complete to a (yet non-canonical) frame we add the vector
W=Vx(Z-X).
Since ¢g(X,Z — X) = 0, this W defined up to scale, and up to X and Z, which in turn is defined up to X

and Y. The vectors X and W are independent mod II?.
The Gram matrix of Y, V, Z, X, W (in this order) is

0 0 0 0 o3
0 0 0 q k}4
0 0 Mo M k?g
0

» M M kJQ
M3 k‘4 ]{?3 k’g k?l

where 3 = 2R; (108]2 — %) is a relative invariant.
Keeping track of the choices, we change our vectors and the Gram matrix changes accordingly. Precisely,
the freedom we have in defining our vectors allows us to make the following transformations:

X ClX,

Y Y,
1%
W

—
—

Z = Z+cY,
— V +ceY,
—

EW + caZ — (cq + crc2k5) X +c5Y

where ks = % + % and we have 5 degrees of freedom given by ¢y, co, ¢3, ¢4, c5. We find ca, c3, ¢4, 5 such
that k1 = ko = k3 = k4 = 0. Under this transformation of our vectors, the Gram matrix of Y.V, Z, X, W
takes the form
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0 0 0 i
0 0 i 0

o O O

0 b i 0
0 s i 0
0

23 0 0 0

It only remains to fix the scale of X and the scale of the metric g.
We fix ¢; by the condition Lx I = 1, that is, by setting

where D, is the operator of total derivative:

oo
Dy =0, + Z(yi—klayi + Pi+10p, + ¢ix10q, + Zi-l-lazi)-
i=0
Then we fix the scale of the metric g = €2/ ¢ by

G(X,X) =1. (10)

This fixes an invariant frame adapted to the distribution and the conformal structure. With this the above
Gram matrix becomes

0 0 0 0 108L,— %

0 0o 0 1 0

0 0 -4' 1 0

0 11 1 0
18— 0 0 0 0

The next step is to generate differential invariants of orders 3 and 4 in J*4(M, 1). In order to do so first note
that the new metric given by (10) involves rescaling depending on 3-jet, and so its Levi-Civita connection
is uncomputable (we can only differentiate along the curve), yet formula (7) applied to U € (X)* has a
well-defined output V xU mod X.

Let w; denote the basis Y, Z — X,V — X, W of (X)*. Then we decompose

4
Vxw; = Zaijwj mod X, 1<17:<4.

j=1

The coefficients a;; are differential invariants. Some of them are constants or expressed through I, some are
related due to the fact that Vxg = 0, but the others will determine 2 differential invariants I3,, I3, of order

3 and 4 differential invariants Iya, Ly, I4e, I14 of order 4 (all rational and independent). The formulae are

4Isps+zs 16p3—24ysqs—323
p) 7
3

) Y3 i

too large to be given explicitly, but in 7, % (az2) the invariants I3,, I3, are equal to
while I4; are affine in y4, p4, ga, 24.
Finally the normalized X yields the invariant derivation (Tresse derivative associated to Is)

which on scalars coincides with Ly = V.
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Theorem 2. The algebra Ay of differential invariants of generic curves is generated in the Lie-Tresse sense
by seven differential invariants I, Is;, I4; and one invariant derivation O.

Proof. By construction the seven invariants generate all differential invariants of order < 4. Invariant deriva-
tion provides independent invariants affine in jets of order k£ > 4 in the totality equal to the number of those
jets. Thus any differential invariant from A, can be rationally expressed through the given generators. O

2. Invariants of curves in N = G2/ Py,
Associated with Pj5 is the gradation of g = Lie(G2) of depth 5

=0 5Dg4Dg3DI2DI-1DGoD g1 D g2 D g3 D gs D g5 (11)

with dim g4+, = dimgy = 2 and dimg; = 1 otherwise. The filtration g’ is introduced as in Section 1 and
it defines the distribution A of growth (2,3,4,5,6) invariant with respect to Ga; the stabilizer of 0 € M is
Pz = (R} x RY) x exp(p+). R

To introduce coordinates on M it is convenient to identify it with the prolongation of (M, II), namely
the P! bundle PII over M: its points are & = (a,£), where a € M is a point and ¢ C Il is a line. Thus we
can use the coordinates (x,y,p, ¢, z,r) for an open chart in M , where the first 5-tuple gives a chart in M
as in Section 1 and the line ¢ has coordinates [1 : r| in the basis (2) of II. This gives the representation

A =10 = (3, + pdy, + @, + ¢*0. + 18y, d,) (12)

where both generators are distinguished: the first by the prolongation procedure described above and the
second as the kernel of the differential of the projection m; : M — M.

This projection relates the derived distributions as follows: 7, ! (IT) = A? and 7 1(I12) = A3. In addition,
the pullback of the conformal structure on M gives a degenerate conformal structure on M with the null
cone N = }(N) =~ N x R in TM.

We parametrize the curves again by x, so the jet-coordinates on JOO(M,l) are (x,y,p,q,2,r) and
(Yk, Dk» @k 2k, Tk ). The null cone is given by the condition Ry = 0 of the Gao/P; case (8). The equation
for derived flag is given by the following conditions

En ={m=rp1=qy=p 2 =7}
Enr ={m=q¢n=p2a=¢}

Ens = {y1 =p, 21 = 2qp1 — ¢*}

Ens = {z1 =2pr — 2rys + 2qp1 — ¢*}

that determine some types of 1-jets; curves with the given fixed type are solutions to the corresponding
prolonged first order systems Eas C J OO(M ,1). There are however more types of 1-jets of curves in M as
we will describe next.

2.1. Action and orbits of Pia on 1-jets

The generators of (12) correspond to a basis ey, ez of g_1 in (11), which generates a basis {e;} of m via
commutation:

[61762] = €3, [61763] = €4, [61564] = €5, [63764} = €6, [62765] = —€g,

U1, 2l = f3, (1, f3l = fa, U1, fal = f5, [f3, fa] = foo [f2, f5] = —fe-
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This and its dual basis {f;} of p; are indicated on the root diagram as before.

From Serre’s relations we find brackets involving go:

[h1,e1] =2e1  [hi,ea] = —3ea [ha,e1] = —e1 [ho,ea] =2e2  [e1, fi] = M
[h1, fi] = =2f1  [h1, fo] = 3f2 lhe, fil = fi [he, f2] = —2f2 [ea, fo] = ho

The remaining structure relations are written basing on the root arithmetic with unknown coefficients,
which are then uniquely determined from the Jacobi identity.
With this knowledge we compute the action of p; on m. This in turn determines the action of p =

exp (22:1 skfk> € exp(py) on v = Zi:l vger (fe acts trivially) as follows:

p(v1, V2, V3,04, V5, V) =
(ful — 5903 + (4s3 — 251)vg + (65183 — 287 )vs + (25353 — 653 + 125954)vg,
vy + 35103 + 65304 + 653vs — (65753 + 25352 + 185154)vs,
v3 + 45104 + 65205 — (289 + 653 + %54)1)6,1)4 + 3s1v5 — (383 + %SlSQ)'Uﬁ,Us — 521;6,1;6).

The group Gy = R4 x Ry action on g_; extends to an automorphism of m. So we derive the action of
Py = Go x exp(p4) on m\ {0} and this yields the decomposition into orbits as follows:

e 3 orbits in TM \ A%: one closed in N and two open separated by N,

« oo orbits in A*\ (A% U Hs): there is an absolute invariant in A*\ N,

3 orbits in H3 \ A3: one closed in N and two open separated by N,

e 2 orbits in A%\ A?: one closed in Hy and one open in the complement,
e 1 orbit in A%\ A,

o 3 orbits in A\ {0}: two lines and the complement.

Here Hy = {a; € A% : ha(a1) = 0} and Hs = {a; € A*: h3(a;) = 0} have the defining equations:

ho = 8pir1 — 8qry — 3¢% + 6rqy — 3r2,
hs = 9p*r1 + Ipqip1 — 9prp1 — Ipaqr + Ipgr — 18priys + 4p} — 12¢p}
+12¢%p1 — Ip1quy1 + Irprya — 44 + 99q1y1 — 9qryr + 9ryE.

We note that hy is a relative invariant in A% and h3 is a relative invariant in A*. Moreover, h3 = Ra|a1,
where Ry is the same relative invariant as in Go/P; (note that the order of Ry drops to 1 when we restrict to
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the prolongation of the equation for A*). Actually, the restriction of I to A%\ N is an absolute differential
invariant, where I3 is the second order differential invariant of generic curves in Ga/P; pulled back to
Go/Prs.

The relative invariant ho comes from a relative invariant for integral curves in Go/Ps.

2.2. Number of invariants

Similar to what is done in Section 1, we compute the Hilbert function hj counting the number of
differential invariants of pure order k, depending on the type t of the orbit of 1-jet, and tabulate it as

follows.

t N\ k 0 1 2 3 4 5 6 7 8 9

TM\(A* U N) 0 0 2 5 5 5 5 5 5 5 5
N\A* 0 0 1 3 4 4 4 4 4 4 4
A*\(A® U N U H3) 0 1 0 3 4 4 4 4 4 4 4
H3\(A®UN) o 0 0o 1 3 3 3 3 3 3 3
(A*NN)\(A%UH;) 0 O O 1 3 3 3 3 3 3 3
(N N Hz)\A? 00 0 0 0 2 2 2 2 2 2
A3\ (A% U H>) o 0 o 1 3 3 3 3 3 3 3
Hy\A? 00 0 0 0 2 2 2 2 2 2
AZ\A 00 0 0 0 2 2 2 2 2 2
A\{0} 00 0 0 00 0 0 0 1 1

Again we consider in more details only differential invariants of curves of constant type with either
minimal (actually next to it: integral) or maximal type t of the orbit in 1-jets.

2.8. Invariants of integral curves

The first absolute differential invariant Iy of curves tangent to A in M =Gy /P12 occurs in order 9. Tt
coincides with the invariant I for curves tangent to IT in G/ P after the change of coordinates r; = ¢;11
Vi. (Recall that the differential equation for A is obtained from that of II by intersecting with ¢; = r and
its prolongation.)

An invariant derivation is

~ ™M =
O, = T/6Dw7
R

where R, coincides with Rs from Section 1.3 after the same change of coordinates, and

oo
Dy = 0y + p0y + q0p + q*0, + r0q + Z 7i410p,
i=0

is the operator of total derivative on Ea.

Thus the algebra of differential invariants ./ZZ is generated similarly to Section 1.3, and this is not sur-
prising: there is a bijection between integral curves of II and those of A = II. Indeed, the prolongation
~F(t) — (y(t),5(¢)) lifts the integral curves of II to the integral curves of A, and the projection gives the
inverse map.

2.4. Invariants of generic curves

We have the same relative invariants R; and Rs as in G5/ P;. In addition, we have the first order relative
invariant
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Rs = 2pr +2qp1 — 2ry1 — ¢° — 21,

that is the pull-back of the contact condition (integral curves) in Ga/Ps.

Some other differential invariants have been computed, like relative invariant R4 of order 2 (in Maple),
but their formulae are long and we describe the algebra Ag of invariants differently.

For a generic curve 4(t) C M its projection ~v(t) = m 04(t) C M is also generic, and hence by the results
of Section 1.4 possesses a frame Y, V, Z, X, W along it. A point 4(¢) over v(¢) can be interpreted as a line
Lty C Iy ). There exists a unique ¢ = o(t) € R = R U oo such that Y + oV € Lot)- T}AliS o is a function
on the curve, and it defines a rational function on the space of jets of generic curves in M, denoted by the
same symbol.

Let us also note that the differential parameter along the curve 4 can be induced from the differential
parameter along its projection . In other words, the invariant derivation O, from Section 1.4 induces the
following invariant derivation in J°°(M,1):

where we use the operator of total derivative

D, =0, + Z(ywlayi + Pi+10p, + Gi+10g; + 2i4105, + Tiﬂ&«i).
=0

Theorem 3. The algebra Ag of differential invariants of generic curves in M s generated by the differential
invariants from Theorem 2, pulled back from J*°(M,1) to J> (M, 1), the invariant ¢ and the derivation 8,.

Proof. A curve 4 C M is uniquely encoded by its projection v C M and its enhancement ¢, equivalently
represented by the function ¢. Hence it suffices to add this invariant to the generating set for A, to generate

Ay, O
3. Invariants of curves in K% = G- /Pa
Associated with P, is the contact gradation of g = Lie(Gs)

0=0299-1D00 D91 D92 (13)

with dimgy; = 4, dimgis = 1 and go = gly. The manifold K = G5/P, possesses Gao-invariant contact
structure D C TK and a field of rational normal curves (RNC) in P D, corresponding to the minimal orbit
of (the reductive part of) the structure group Gy = GLo, also identified with its cone field I' C D (in
projectivization we will write [I]).

In coordinates (z, ¥, p, q, z) on K the contact structure is the annihilator of @ = dz — pdz — g dy and the
rational normal cone (also abbreviated RNC) is given by the following ideal in S®D*:

(3dx dp — dy dq, V3 dx dy — dg®,\/3dp dq — dy?).
In other words, RNC is given by the union of 1-parametric family of lines

I'=|J¢&cD,  where & =((0:+p0:)+rV30,+1°V3(9, +q0:) +1°0,). (14)

reR
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The tangent to the RNC is the hypersurface in D of degree 4 given by
TT = {a(0y +p0d.) + b0y + c(dy + qd.) + dd, : 4(ac® 4+ b3d) = V3 (b*c* — 3a*d® + 6abed) }.
The curves tangent to those varieties are given by the following equations respectively:

Ep={z1=p+qu},

Err ={4 (W} + p1d}) = V3 (Wid — 3p + 6yprar), 21 =p+qu}, (15)
2 3 2
q7 q; q9;
g = = —, = —, 21 = + —— .
r {yl \/§ p1 3\/3 1=D \/3}

Note that in our coordinates (z,y,p, ¢, z) the invariant conformally symplectic structure has the canonical
form w = da = dx A dp + dy A dg, while the RNC has coefficients involving v/3 (if we normalize RNC
standardly, then the symplectic structure has a coefficient 3).

8.1. Action and orbits of Py on 1-jets

The action of py on m = g/p for p = po is nontrivial only on g_s. Moreover gy acts trivially and
parametrizing g; by the coefficients s1, s2, s3, s4 in the basis fi, fa, f3, f4 of g1 dual to the basis e, eq, €3, €4
of g_1 as described on the picture

s

€5
we encode the action as follows:
(v1,v2,v3,04,05) — (V1 + $1U5, V2 + S2U5, U3 + S3U5, V4 + S4Us, Us),

where v; are coordinates on m = g_; & g_o associated to the basis eq,...,es.
The action of Gog = GLy on g_; is given by the matrix

ad V3a’e V3 ac? 3
V3a2b a?d+2abc 2acd+ b2 3cAd
V3ab? 2abd + b%c ad?+2bed /3 cd?

b V3b%d V3 bd? d?

in coordinates (v, v, v3,v4) and it extends to g_o by vs — (ad — bc)3vs.
Hence the action of P, decomposes m into the following orbits

o One orbit in TM\D,
o Two orbits in D\TT,



16 B. Kruglikov, A. Llabrés / Differential Geometry and its Applications 82 (2022) 101889

e One orbit in TT\T,
o One orbit in T'\{0}.

The curves of fixed type t of their 1-jet according to the orbit type as above, are given by the equations
& described in (15).

3.2. Number of invariants
Similar to what is done in Section 1, we compute the Hilbert function hj counting the number of

differential invariants of pure order k, depending on the type t of the orbit of 1-jet, and tabulate it as
follows.

t\ k 0 1 2 3 4 5 6 7 8 9 10

TM\D 0 0 0 3 4 4 4 4 4 4 4 4
D\TT 0 0 0 1 2 3 3 3 3 3 3 3
TT\T 0 0 0 0 0 1 2 2 2 2 2 2
T\ {0} 0 0 0 0 0 0 0 0 0 0 1 1

Again we consider in more details only differential invariants of curves of constant type with either
minimal or maximal type t of the orbit in 1-jets.

3.8. Invariants of minimal integral curves

There are several types t of integral curves for Ga/Ps, we consider those that are tangent to RNC T
The algebra of differential invariants Z, of these curves is generated by

= Ry ~ 72
IlO = =575 and o= ~—Dw7
e L/

where D, is the operator of total derivative restricted to &r,

Rg = 196 s — 3136 g3g3q7 — 5936 g5¢aqs — 3605 g5¢3 + 26208 ¢33 q6 + 83538 ¢3q3qaqs
+ 18252 ¢3q3 — 144144 ¢3¢3q5 — 281853 ¢2¢3q3 + 555984 q5qaqa — 247104 ¢

corresponds to the invariant Rg from the case G3/P;, and similar for EIO (see Theorem 1 and Remark 1).
Explicitly this correspondence will be explained in the next section.

8.4. Invariants of generic curves

For generic curves v C K transversal to the distribution D, the first relative invariant appears in order
1 and it corresponds to tangency with D:

§1 =21 —P—4qY1-

The second order relative invariant ég has more complicated formula, but the most difficult are absolute
differential invariants fga, j:gb, fgc, I~4d of orders 3 (x3) and 4, which together with the invariant derivation
0O, generate the algebra of differential invariants Z,. Below we explain how to obtain an invariant frame
that, in principle, determines all basic invariants.
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It is known [2] that for every contact parabolic geometry, in particular for K = Ga/Ps, there is a
unique (up to projective reparametrization) canonical (distinguished) curve through any point a € K in any
direction v € T, K \ D,. For v(0) = a choose X = 4/(0) and denote this curve by dx. We treat both curves =y
and dx as unparametrized. They have the same 1-jet, and therefore their difference canonically determines
2-jet (x € S?°T}y ® v,, where v, = T, K/(X) is the normal to v at a. The image (x (X, X) € T, K mod X
defines uniquely a 2-plane in T, K, containing X, the intersection of which with D, is a line denoted Y x.

Next we use the projective geometry of P D equipped with RNC [I']. The above construction gives a point
[Tx] € PD. We assume the genericity condition [Yx] ¢ T[I']. In this case there exists a unique bisection
L of [T] containing [Yx], intersecting the RNC in two points A% (there is no canonical way to distinguish
between =, so these points enter non-numerated; in the case [T x] € T[I']\ [I'] they coincide and in the case
[Tx] € [T] there are infinitely many lines L).

Moreover we can introduce two more points % = T A\ TN Ti;?( [['] on the (unique) intersection of the

first and second tangents at the points A} and Ay (or interchange). The corresponding lines in D can
be normalized so that to form a conformally symplectic basis with respect to w. Only one overall scale is
missing to obtain the frame from those vectors jointly with X and to fix the contact form. This can be
normalized via a differential invariant.

The formulae are rather complicated, so instead we show in the next section how to relate the equivalence
problem for generic curves in K = Go/Ps to those in M = Go/P;.

4. Twistor correspondence

The three realizations of Gg, acting on various G5/ P as discussed above, are conveniently related by the
following double fibration (parabolic subgroups P correspond to crosses on the Dynkin-Satake diagrams).

==
— T
=0 ==

The arrows are projections corresponding to the inclusions P; <= Pj3 < P». Below we explain how this
correspondence relates three equivalence problems studied in this paper.

4.1. Correspondence for points

For Gi3/Pj5 we used the nomenclature M because it was the geometric prolongation of M = Go/P;. In
coordinate language the affine chart R®(z,y,p,q,2) of M is covered by the affine chart R%(x,v,p,q,2,7),
where r is such that the point of M is represented by the line ¢ = (02 + pOy + q0p + ¢*0, + rd,) in the
distribution (2). The rank 2 distribution A of G5/ P13 with the canonical split into 1 4 1 line subbundles is
given by (12).

We can also represent G5/ P2 as the geometric prolongation of K = G3/Pa, so that its points b= (b,&)
are lines in RNC &, C Dy, b € K, see (14). In coordinates this gives Gao/Pjs = K with affine chart
R®(z,y,p,q,2,7), and this is naturally equipped with the rank 2 distribution of growth (2,3,4,5,6) that is
canonically split into 1 + 1 lines subbundles as follows:

A= (0, +p8.)+ V30, + 130y +q0.) +130,,0,). (16)

There is a diffeomorphism ¢ : (M, A) — (K, A) that interchanges the first and the second generators of
the distributions. In other words, the vertical line (fiber to ;) in A is mapped to the horizontal line in A
and the horizontal line in A is mapped to the vertical line (fiber to 7,.) in A. This fits the following diagram
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Ga/Pis = (M,A) —5> (K,A)

™ T
Gz/Pl : (M,A) GQ/PQ : (K,D,F)

where m(x,y,p,q,2,7) = (z,y,p, ¢, 2) and 7.(x,y,p, q, 2,7) = (x,y,p, q, z) in the corresponding coordinates.
The required transformation is given by formula

1 2 3 3 2 3
go(xvyapaqwzﬂa) = <__a \/5(2 - q_)7 32 - q_7 \/5(.’1]‘ - g)) G(Z‘p— y) - _(Z +$q2) + %5 Q) .
r r r r r r
4.2. Correspondence for integral curves

Integral curves for (M,II) are given by equation (5) and their prolongations to (M, A) are determined
by the additional constraint » = ¢;. Thus there is a 1:1 correspondence between integral curves of (M, II)
and integral curves of (M, A). The invariant constraint r; = 0 (or 7 = const) determines a 1-parametric
family of integral curves through any point called abnormal extremals for II. They are projections of the
integral curves for the horizontal line distribution given by the first generator of (12).

Minimal integral curves for (K, D,T) are given by equation Er of (15) and their prolongation to (K, A)
are determined by the additional constraint » = ¢; /v/3. Thus there is a 1:1 correspondence between integral
curves of (K, D,T) and integral curves of (K, A). The invariant constraint 7; = 0 (or r = const) determines
straight line generators of the RNC through any point of K. They are projections of the integral curves for
the horizontal line distribution given by the first generator of (16).

This correspondence on the level of jets is summarized in the following diagram, where we denote by j; ,
the lifts defined above, they are right inverse to the projections m; .

N

51'[ 51"

Note that &7 x P! ~ EA ~ & x P! (since any integral curve is uniquely lifted given a point in the fiber)
and & ~ &, which explains isomorphism of the algebras of differential invariants.

4.3. Correspondence for generic curves

The above correspondence cannot be extended to all curves, however we can produce lifts for generic
curves.

On the left side of the double (twistor) fibration the lift is determined from the observation of Section 1.4
that X given by (6) determines Y € II up to scale by the condition ¢(X,Y’) = 0. Setting Y = 0, + pd, +
40, + ¢*0, + rd, this and (3) gives the formula for r, from which we conclude that the lift is given by the
following formula (and its prolongations):

2qp1 — 21 — q2>

x? 772 = x77 72:7
2(@,y,p,q, 2) ( Y,p,q 5 — 1)



B. Kruglikov, A. Llabrés / Differential Geometry and its Applications 82 (2022) 101889 19

On the right side of the double fibration the computation is a bit more involved. First we derive the
formula for distinguished curves in direction g_s. By the mentioned general result [2, §5.3.7], there is a
unique unparametrized distinguished curve of that type in any non-contact direction on T'K. This gives an
invariant section J!(K,1) --» J?(K, 1) defined on a Zariski open set. (An alternative way to check it: the
stabilizer of a generic b; € J' is GLy x Ry that acts on Loy %(b1) ~ R* via an irreducible representation of
G L, that has one fixed point.)

The explicit formula involves matrix realization G C SO(3,4) described in [10] on the level of Lie
algebras; the reference specifies the p; grading but one can also identify ps. The corresponding parabolic
subgroup P; can be coordinized via G Ly xexp(p4 ) and the action of this on m = g_ is then explicitly derived.
The formulae for the distinguished curves (omitted here, see Maple’s supplement) imply the formula for the
above section, or equivalently for a point [Yx]| € PD as defined in Section 3.4:

_ 2\/§q% —9qys — 18y191 + 9 22
Nqy1 +p — 21)

Tx

2v3y? +3 29102 — 3
(8I+p8z)+<q2— VSt + Saait + 2114 Wg) 9,

3(qy1 +p — 21)

2V3p1g? — 3qyiye — 4yiqn — 6yip1 + 3y122>
+ (yo + 9y + qo
(y2 3(qy1 +p—21) 0y + 40:)

N <p 2x/§y‘f’+9qp1yz+18p?—9p1zz> 5
2 .
9Yqy1 +p— #1) b

Next, given a point [a : b : ¢ : d] € PD the RNC secant line through it intersects [I'] at the points
corresponding to the parameter r from (14) so:

. 3ad—bet/(3ad —bo)? —4(vBac — b2)(v/3bd — ¢2)
- 2(v/3ac — b2) .

Equivalently, the points r = /\f( are the solutions of the quadratic equation
(V3ac—b*)r? + (be — 3ad) r + V3bd — ¢ = 0.

This formula for r composed with the formula for Y x (the coefficients a, b, ¢, d are extracted in the order of
appearance) defines two lifts of generic curves from K to K ~ M:

]}(xﬂ%p? q, Z) = (mvyapaqaza)‘g:( © [TX])

This correspondence on the level of jets is summarized in the following diagram:

J>(M,1)
7 Fe
™ o RN T
J=(M,1) J=(K, 1)

The dashed arrows are defined on open dense subsets of their domains, are right inverse to the corresponding
projections, and in addition, 5 is 1:2 map. This can be seen as an analog of the Bicklund transformation,
so that for one (jet of) curve in K we obtain two such in M. This allows to derive the algebra of differential
invariants Z, of curves in G/ P from the results of Section 1 by averaging the invariants thereof on the two
branches 7; o 5.
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5. Concluding remarks

The computations in this paper demonstrate the method of differential invariants for G5 action on curves
in generalized flag varieties. The group is more complicated than the projective group PSL, 1 mentioned
in the introduction, and we address the corresponding challenges.

For (minimal) integral curves the approach is very effective and provides a complete description of the
algebra. This has to be compared with the method of moving frame [4]; a moving frame for this problem
was constructed in [5] but the algebra of invariants was not derived.

A modification of this method, the equivariant moving frame [15], is not applicable as it relies on an
explicit Lie group parametrization, which is non-trivial for G2 (one has to resolve the quadratic and cubic
equations defining the group). We worked mainly with the Lie algebra. Even in this case for generic curves
the direct computations fail, and we had to evoke geometric arguments to arrive to the basic invariants, in
particular exploiting the ideas of moving frames.

The results of this paper concern only curves in homogeneous flag varieties Gy/P, but they can be
extended to more general case of curves in curved M® of type (Go, P1) etc. Indeed in this more general case
the symmetry algebra of such M?® is smaller than Gy yet the invariants can be found by the same method.
In particular, the stratification of 1-jets makes a perfect sense in the curved case and one can derive relative
invariants similar to Ry, Ry in Section 1 (for R; this is straightforward) leading to absolute differential
invariants.

The invariance is meant here in the following sense: If ¢ : M; — Ms is an equivalence between two
different spaces with their (2,3,5) distributions, sending one curve v, C M; to another vo C My then the
invariants are superposed. Since the structural group P; for the Cartan bundle associated to this normal
parabolic geometry [2] was central in our computations, the basic invariants are expected to generalize.

For the geometry of type (G2, P12) the situation is completely similar because it is functorially equivalent
to the geometry of type (G2, P;). However in the curves case (Ga, P2) type geometry fails the twistor
correspondence, so this would require a separate consideration.
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