On the spectrum of convolution operator with a potential
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Abstract. This paper focuses on the spectral properties of a bounded self-adjoint operator in
Lz(R%) being the sum of a convolution operator with an integrable convolution kernel and an
operator of multiplication by a continuous potential converging to zero at infinity. We study both
the essential and the discrete spectra of this operator. It is shown that the essential spectrum of
the sum is the union of the essential spectrum of the convolution operator and the image of the
potential. We then provide a number of sufficient conditions for the existence of discrete spectrum
and obtain lower and upper bounds for the number of discrete eigenvalues. Special attention is
paid to the case of operators possessing countably many points of the discrete spectrum. We also
compare the spectral properties of the operators considered in this work with those of classical
Schrédinger operators.
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1 Introduction

In this work we study the spectral properties of a non-local self-adjoint operator £ in Ly(R?) of the
form
Lu = Au+ Vu, (Au)(z) == /a(:c —y)uly) dy, (1.1)
Rd
where A is a convolution operator with an integrable kernel a(-), and V' is a potential being a bounded
continuous real-valued function that tends to zero at infinity. Our goal is to characterize the structure
of the essential and discrete spectra of this operator.

In recent years there is a growing attention to non-local convolution type operators with integrable
kernels. This is stimulated by a number of interesting and non-trivial mathematical problems appearing
in the theory of such operators on the one hand, and by various important applications of this theory
on the other hand. Among the applied fields in which zero order convolution type operators are of
essential importance we mention population dynamics, ecological problems and porous media theory.
In particular, in the population dynamics models the operators defined in (1.1) with a non-negative
function a(-) can be used to analyse the spread of infections or the growth of biological populations of
plants or animals.

A rigorous mathematical theory of population dynamics relies on the so called contact model in
continuum, see e.g. [10, 14, 17]. This model deals with a birth and death process that describes the
evolution of stochastic interacting infinite-particle systems in terms of birth and death rates. The
function a(-) is called the dispersal kernel, it defines the distribution of a position of a newly born
particle in the configuration.



The evolution of the first correlation function denoted by u(x,t) and being the density of a popu-
lation is described by the following Cauchy problem:

ou

i Lu—{a)u, u=u(t,z), zeRY ¢>0, uw(0,2) = ug(x) = 0, (1.2)
where (a) = [ a(z)dz. The potential V(z) in (1.2) is a real-valued function defined as the difference
RA

between the birth and death rates at a point z € RY. In spatially inhomogeneous environments the
birth and death rates are functions of the position in the space and thus the potential V (z) need not
be equal to a constant. It is assumed that at infinity the birth and death rates coincide so that V(z)
tends to zero as |z| — co.

This gives rise to an interesting mathematical question that reads: find a class of potentials V (+)
and dispersal kernels a(+) for which the operator £ — (a) has a positive spectrum and thus the density
of population shows an exponential growth everywhere in the space. The problem of the existence of
positive eigenvalues has been discussed in [1, 11, 13], and the structure of the principal eigenfunction
has been investigated in [12]. Also, in [13] a possible location of the essential spectrum of the operator
L — (a) was studied.

It is known, see, for instance, [2, Theorem 19.1], that in the region z < v/t the large time asymptotics
of the fundamental solution of the equation

Opv(x,t) = /le alx —y) (v(y,t) - v(a:,t)) dy (1.3)

coincides with that of the heat kernel of the operator div(aV) with

Qi; :/ zizja(z)dz.
Re

Therefore, it is natural to consider the operator on the right-hand side of (1.3) as an approximation of
the Laplacian and to call £ a non-local Schrédinger operator.

The operator £ defined in (1.1) can be regarded as a perturbation of the convolution operator A
by the potential V' or vice versa, a perturbation of the multiplication operator by the convolution one.
From this point of view, there is a clear analogy with spectral properties of the Schrédinger operators
perturbed by potentials or other lower order perturbations. There is a vast literature and hundreds of
works devoted to such operators. Not trying to mention all of them, we just cite few classical works
[20], [3], [8], [9] and a recent book [5]. However, there exists a fundamental difference between the
classical Schrodinger operator and the non-local Schrodinger operator of the form (1.1). The potential
term in the classical Schrodinger operator is a relatively compact perturbation of the Laplacian, while
the terms of the operator £ in (1.1) are equipollent. As our main results show, this fact makes the
spectral pictures for such operators and for classical Schréodinger operators rather different.

Also, in the mathematical and physical literature a number of works is devoted to the properties
of the discrete spectrum of the so-called quantum Hamiltonians and other Schrédinger type operators
which are self-adjoint operators in L2(R?) of the form H = Hy + V, where Hy = Hy(—i0) is a pseudo-
differential operator with symbol Hy(p), and V is the operator of multiplication by a potential V|
see [18], [6], [4], [7] and the references therein. Under the assumptions imposed in these works the
essential spectrum of the said Schridinger type operators was always determined by the operator Hy.
The results on the existence of discrete spectrum and lower bounds for the number of eigenvalues
relied on the minimax principle and local properties of functions Hy, V and the Fourier image of
V. In particular, it was assumed in [18], [6], [4] that the symbol H, of the considered operators
grows at infinity and degenerates along a manifold of dimension at least one. This fact was used to
establish sufficient conditions ensuring the existence of infinitely many discrete eigenvalues. In [7] no
degeneration condition was assumed and the symbol Hy could attain its minimum at a single point.
The main contribution of this work was a collection of sufficient conditions for the existence of the
discrete eigenvalues and a series of upper bounds similar to the Cwikel-Lieb-Rozenblum inequalities.
The sufficient conditions were formulated in terms of certain integral inequalities, characterizing the
behaviour of the symbol near its minimum.

Paper [15] deals with a rather general class of Schrédinger type operators of the form Hy+ V', where
Hy is a self-adjoint non-negative operator defined on a o-compact metric space. It is assumed that



the semigroup generated by —Hjy acts on the space of continuous functions and that the corresponding
heat kernel satisfies certain decay in time conditions. Then, under the assumption that Hy 4+ V has
a discrete spectrum on the negative semiaxis, the authors proved Cwikel-Lieb-Rozenblum and Lieb—
Thirring inequalities.

The case of operators Hy such that the Markov process with generator —Hg is recurrent was
considered in [16], where several lower and upper bounds for the number of negative eigenvalues of
Hy + V were obtained.

In the present paper two conditions are imposed on the kernel a(-). Namely, we assume that
a(—z) = a(z) for all z € RY, and a € L;(R%). The first condition makes the operator £ symmetric,
while the second one ensures that A is bounded in Lo(R%). The function V is real, continuous,
and vanishes at infinity. We observe that the operator A is unitary equivalent to the operator of
multiplication by the Fourier image of the function a(-) and that this Fourier image is a continuous
function that vanishes at infinity.

It should be emphasized that we impose no conditions on the sign of a(-) and V(-). This makes a
difference with the operators studied in [11, 13] where, due to probabilistic background of the operators,
it was assumed that both the kernel a(-) and the potential V(-) were non-negative.

Our first result characterizes the essential spectrum of operator £ in Ly(R?). We show that oess(L)
is the union of the spectra of A and of the multiplication operator © — Vu. Then we provide a number
of sufficient conditions for the existence of the discrete spectrum and obtain several upper and lower
bounds for the number of points of the discrete spectrum. The lower bounds rely on the detailed
analysis of the convolution operator and the minimax principle. In order to prove an upper bound, we
use a modification of the Birman-Schwinger principle adapted to the non-local operators studied here.

We also pay a special attention to the cases, when the operator £ possesses infinitely many dis-
crete eigenvalues accumulating to the edges of the essential spectrum. We provide various sufficient
conditions guaranteeing such a behaviour of the spectrum. In particular, these conditions show that
the class of non-local Schrédinger operators having infinitely many points of the discrete spectrum is
rather wide in contrast with classical differential operators with lower order perturbations.

2 Problem setup and main results

Let V = V(z) and a = a(x) be given measurable functions defined on R?, which are real- and complex-
valued, respectively. We assume that the function a belongs to L;(R?) and satisfies the identity

a(—z) = a(x). (2.1)
By F we denote a Fourier transform on Ll(]Rd) defined by the formula
Flul(w) i= [ u(@)e =< de.
Rd

The same symbol stands for the Fourier transform extended to Ly(R%). We then assume that the
function V is an image of some function V € L;(RY) satisfying also condition (2.1), that is,

V=F[V], V(-z)=V(x).
We also denote
a(§) = Fla)(§).

The main object of our study is an operator in Ly(R?) defined by the formula

L:= Lo+ Ly, (Loxu)(x) == /a(m —y)u(y) dy, (Lyu)(z) =V (z)u(x).
Rd
We shall show, see Lemma 4.1, that this operator is bounded in Lo(R?) and self-adjoint. Our main

aim is to describe the structure of the spectrum of this operator depending on the properties of the
functions a and V.



Observe that under the above assumptions on a and V' the functions @ and V are real-valued,
bounded, continuous and decaying at infinity. In view of these properties the following quantities are
finite:

Gmin := inf a, Qmax := SUp @, Vinin := inf V, Vinax :=sup V. (2.2)
R4 RY R4 R4

It follows from the aforementioned properties of a and V' that
Gmin g 0 g Gmax, Vmin g 0 < Vmax~

By 0ess(+) we denote the essential spectrum of an operator, while ogisc(-) stands for the discrete
spectrum. The spectrum of an operator is denoted by o(-). Let Q,(x¢) be a cube in R? with a side r
centered at a point xg.

Our first result describes the essential spectrum of the operator L.

Theorem 2.1. The essential spectrum of the operator L coincides with the segment [uo, 1], where
1o := min{amin, Viin }, #41 := Max{amax, Vmax }- The discrete spectrum of the operator L can be located
only in the semi-intervals [amin + Vinin, o) and (141, Gmax + Vinax] and it can accumulate to the points
o and py only.

The rest of our results describes the discrete spectrum of £. First, we provide sufficient condition
ensuring its existence.

Theorem 2.2. Let xq be a point of the global minimum of the function V , and assume that Vinin < Gmin-
Assume furthermore that there exists § > 0 such that

d
H(l — |zi]) Rea(dz) da + 6~ / (V(2o + 6x) — Vinin) dz < 0. (2.3)

Q2(0) =1 Q1(0)

Then the discrete spectrum of the operator L in the semi-interval [amin + Vinin, fo) 8 non-empty.

Once we know that the discrete spectrum is non-empty, we are interested in the number of discrete
eigenvalues. Various lower bounds for this number are provided in Theorems 2.3-2.7 below.
We fix some r > 0 and denote

ap = (2r)"° / a(w)e” " de,  nez. (24)
QZr(O)

Since a € L1(Q2,-(0)), all Fourier coefficients a,, are well-defined. Employing identity (2.1), it is
straightforward to confirm that all constants a,, are real-valued. We then introduce the following sets
of indices:

Jo := {n S Zd gy < 0}

and assume that this set is not empty.
Supposing that z( is a point of the global minimum of the function V(x), that is, Viuin = V(z0),

we introduce
2

Vi = / (V(x 4+ x0) — Vinin)e ey, Vo =Vy, (2.5)
Qr (o)

and, given a subset J C Jy, we denote

 —d
Vy =T ~sup E |‘/n—’m|~
nelJ mel

Theorem 2.3. Assume that Viin < Gmin, To i a point of the global minimum of the function V(x),
and there exists a subset I C Jy such that

r®maxas, + (27“)d sup  an, +uvp <0. (2.6)
nel neZ\ (2Z)4



Then the operator L possesses at least #1 eigenvalues below Vi, where #1 is the total number of
indices in the set 1. The lowest eigenvalue Amin of the operator L satisfies the upper bound

Amin < 7% min as, + (2r)d sup  an +r ¢ / (V(z) — Vinin) de. (2.7)
nezd neZ\(22)% 0. o)
r(Zo

In the next theorem we consider the case of a sufficiently smooth kernel a. Namely, given N € N,
we suppose that a € C?N+1(Q,.(0)) for some fixed r > 0. We introduce a quadratic form

avl¢l:= Y (DMOa(0)GnGes  Ci= (Gadnezt nj<ns (2.8)
n,mEZi
[ml|,|n|<N

on CMW) | where [n|=n1+n2+ ...+ ng and M(N) := #{n € Z‘f’r D n| < N}.
Let zg be a point of the global minimum of V. We then let

hy(0) := Tlirel%)g / (V(zo + 0z) — V(20))2" dx|. (2.9)

\n|<2§v Q1(0)

Theorem 2.4. Let xy be a point of the global minimum of V(-), and Viin < amin. Assume that
a € C*N*1(Q,.(0)) with some r > 0, the identity

lim hiv(9)

holds and there exists a subspace S in CMN) | on which the form ay defined in (2.8) is strictly negative.
Then the operator L possesses at least dim S eigenvalues in the interval [amin + Vinin, fo)-

As it has been demonstrated in Theorem 2.4, sufficient conditions of the existence of a discrete
spectrum of £ can also be formulated in terms of the Taylor coefficients of a(-) about the origin and
the behaviour of V in the vicinity of its minimum point. Namely, it suffices to check the negative
definiteness of the form ay on some subspace S and the validity of (2.10). In the next theorem we
provide a class of functions a(-) and V(-) for which these conditions hold.

Theorem 2.5. Let xq be a point of the global minimum of the function V, and assume that
L4 Vmin < Gmin -

e The estimate
V(z) = V(zo) < Clz — z0|” (2.11)

holds for all x in a small neighbourhood of xy, where C and « are some positive constants
independent of x.

e There exists a subset 1 C {n € Z% : |n| < N} such that the derivatives of the function a(-) obey
the conditions

(=D)I"Ma%ma(0) <0, nel, (2.12)

0""a(0)] < BrmV/[0%7a(0)|V/[02ma(0)],  n,m e, n#m, (2.13)

where N < "‘T_d and By.m, n, m € I, are some non-negative numbers that satisfy at least one of
the following two conditions

Br = max > Bum <1 (2.14)
i
or )
— 2 (#0)2
By = n%:enﬂn’m <Gl oT (2.15)
n#m



Then the operator L possesses at least #1 eigenvalues in the interval [amin + Vinin, fo)-

The following two theorems concern the operators £ possessing infinitely many discrete eigenvalues.
In the first of them we consider the case of a smooth convolution kernel.

Theorem 2.6. Let a € C*(Q,(0)), and assume that condition (2.11) holds with an arbitrary o > 0.
Assume furthermore that Vi, < amin ond there ezist constants v > 0 and c1, co > 0 and an infinite
subset I C Z‘i such that

(=1)I"Ma%ma(0) < 0 forall nel, (2.16)
‘82"a(0)| > c1((2n)1)7 for all n el (2.17)
‘8"a(0)| < ca(nl)” for all n € Z%; (2.18)
here n! = nil- ... ng! for n = (n,...,nq) € Zﬂlr, Then the operator L has infinitely many

etgenvalues below L.

Our next theorem describes the situation when the operator £ possesses infinitely many discrete
eigenvalues for kernels that need not be smooth.

Theorem 2.7. Let Vipin < @min, V(2) = Vinin on some cube Q.. (xo) and assume that at least one of
the following two conditions hold:

1. The inequalities
Amin <0 and  amax =0 (2.19)

are satisfied.

2. For all n € Z% the quantities a,, introduced in (2.4) satisfy the inequalities
a, <0

and there exists an infinite subsequence of indices in 7% such that on this subsequence the above
inequalities are strict.

Then the operator L possesses countably many eigenvalues in the semi-interval [amin + Vinin, o), which
accumulate to the point .

In complement to the lower bounds for the number of discrete eigenvalues, we also provide an upper
bound for this number in the following theorem.

Theorem 2.8. Let pig = Vipin and assume that Vinin < amin and that

V_(x)dz 1 a_(x)dx
Iy = | ————— I, = )
Y / Vo@) + Vo (2m)? / i () + Vo
R4 RE

where V_(z) := —min{0, V(z)}, d_(x) := — min{0, a(x)}. Then the number of the eigenvalues of the
operator L below pg does not exceed 1,1y .

3 Discussion of main results

In this section we discuss the principal aspects of our model and main results. We begin with the fact
mentioned already in the introduction: both terms £, and Ly in the operator £ are bounded operators
in Ly(R?) and none of them is relatively compact with respect to the other. This is a fundamental
difference in comparison with classical Schrédginger operators and it explains specific features of the
spectra of operators considered here.

The first difference is already demonstrated by Theorem 2.1, which says that the essential spectrum
of the operator £ is the union of those of L., and Ly. For the classical Schriodinger operators with
localized perturbations the essential spectrum is determined solely by the unperturbed operator, while
in our case both the convolution and multiplication operators contribute to the essential spectrum. The



entire spectrum is a bounded set, which can be located only in the interval [amin + Vinin, @max + Vinax);
this fact is due to the boundedness of operator L.

The next important question is about the existence of discrete spectrum. According to Theorem 2.2,
it can be located only in semi-intervals [amin + Vinin, o) and (g1, @Gmax + Vinax)- Our theorems deal
with the eigenvalues located in the former semi-interval under the assumption that Vi, < apmin. These
results can be easily transferred to the case amin < Vinin and also to the interval (g1, @max + Vinax)-
Indeed, the opposite case amin < Vmin can be treated by passing to a unitary equivalent operator

-1
(m) c (ldf) ~ Lot o
(2m)% (2m)%

In the latter operator, the functions a and V interchange their roles in the sense that the function a
generates the multiplication operator L, while the function 1% produces the convolution operator Ly, .
In order to study the eigenvalues above the point g1 = max{amax, Vinax }, we should simply replace the
operator £ with —L.

Our first result on the discrete spectrum, Theorem 2.2, gives a sufficient condition of its exis-
tence. The first integral on the left-hand side of (2.3) represents the contribution of the convolution
kernel, while the second integral reflects that of the potential V. Since Vi, is the global minimum
of V, the second integral is obviously non-negative and, in order to make condition (2.3) satisfied,
the contribution of the convolution part should be negative. This condition is first of all aimed for
the case of small §. In this case the existence of the discrete spectrum depends on the local prop-
erties of both the convolution kernel in the vicinity of the origin and the potential in the vicinity
of its global minimum point. If the kernel o is continuous and the function V satisfies the relation
V(z) = Vinin = colz — z0|*(1 + o(1)), co > 0, a > 0, as |x — zo| — 0, then condition (2.3) can be
rewritten in a simpler form:

Rea(0) + 6~ / |z|¥ dx < 0. (3.1)
Q1(0)

Of course, the discrete spectrum can exist not only due to the local properties of the convolution
kernel and the potential, but also due to their global structure. Such cases are also covered by The-
orem 2.2 once condition (2.3) holds for some 6 > 0. We also stress that in Theorem 2.2 we do not
suppose that the potential V' possesses a single point of the global minimum. If it has several such
points, the theorem applies at each of them. The above discussion shows that Theorem 2.2 is quite
universal. It applies to rather general convolution kernels and potentials.

If the discrete spectrum of £ is non-empty, it is natural to turn to estimating the number of
discrete eigenvalues of £. Lower bounds for the total number of the eigenvalues are presented in
Theorems 2.3, 2.4. Theorem 2.3 is formulated in terms of the (local) Fourier coefficients (2.4) of the
convolution kernel and similar coefficients (2.5) of the potential. The second result of Theorem 2.3 is
an upper bound for the lowest eigenvalue, see (2.7).

Since the results of Theorem 2.3 are expressed in terms of the local Fourier coefficients, it gives a
nice opportunity to construct plenty of examples of convolution kernels and potentials satisfying the
assumptions of this theorem. Indeed, we can fix some r and a sequence of the Fourier coefficients a,,
ensuring required conditions, and then define the convolution kernel a as a sum of a Fourier series:

a(x) = Z ane%"“C on (2-(0)

nezd

and a is arbitrary outside Q2,.(0). The potential V' can be constructed in the same way via the Fourier
coefficients defined in (2.5).

For sufficiently smooth convolution kernels a lower bound for the number of discrete eigenvalues of
L can be also formulated in terms of the derivatives of a at zero. This is the subject of Theorem 2.4.
Here again it is possible to construct plenty of examples of ¢ and V' to which Theorem 2.4 applies:
we can fix the derivatives 0™a(0) satisfying the assumptions of this Theorem and define then the
convolution kernel a in the vicinity of zero as a polynomial with the prescribed derivatives. In view
of definition (2.9) of hy(6), this function satisfies identity (2.10) provided the potential approaches its
global minimum quite fast.



Once we are given a generic smooth convolution kernel a, the corresponding form ay defined in
(2.8) might be quite bulky and it could be technically difficult to check whether this form is negative
definite or not. In particular, the standard Sylvester criterion does not seem helpful at this point. This
is why in Theorem 2.5 we provide some sufficient conditions guaranteeing the negative definiteness of
the form ay and the validity of identity (2.10). The latter identity is ensured by estimate (2.11), while
the negative definiteness of the form is due to estimates (2.12), (2.13) and one of inequalities (2.14),
(2.15). Both these inequalities mean that the diagonal entries of the matrix of the form ay dominate
the other entries. Inequality (2.14) is more adapted to the case, when #I is large enough, it states
that in each line of the matrix of the form ay the contribution of the diagonal entry dominates the
contribution of all other elements in the same line. Condition (2.15) works better in the case when the
cardinality of I is small or the nth order derivatives of a at zero grow extremely fast (like exp(n?*?))
as n — oo.

Theorem 2.5 is an efficient tool for checking the negativity of the form ay in various situations.
For instance, if condition (2.12) holds for at least one n € Z? we simply let I := {n}. Then, if
condition (2.10) holds with N = |n|, we conclude immediately that the operator £ possesses at least
one eigenvalue below .

Another way is to assume that conditions (2.12), (2.13) hold for all n € Z¢ with |n| < N. Then we
let [={neZl:|n|<N}and S=CMDN and we see that the operator £ possesses at least M (N)
discrete eigenvalues below .

Theorem 2.5 can be also employed for identifying the situations with infinitely many discrete eigen-
values below pg. Here we should assume that a € C*°(Q,(0)) and condition (2.11) holds with an
arbitrary large a, i.e., |V (z) — V(zg)| = o(Jx — xo|*) as x approaches 5. Assume furthermore that
there exists an infinite subset I C Z% with such that conditions (2.12), (2.13) hold for all m,n € I
and at least one of inequalities (2.14), (2.15) holds for each subset Iy = {n € I : |n| < N}. Then
the assumptions of Theorem 2.5 are fulfilled for each subset Iy and, since #Iy grows unboundedly as
N — oo, we conclude that the operator £ possesses infinitely many discrete eigenvalues below pg and
then these eigenvalues necessarily accumulate to py.

Observe that functions a(-), for which (2.12), (2.13) hold for all m,n € Zi and B,.m = BI"~™l with
B < 1 can not be analytic at zero. The reason is that condition (2.13) requires a very fast growth of
the derivatives as n increases. Indeed, choosing one of the coordinate directions x;, we derive from
(2.13) that for each k € Z the inequality

(o) "> ol o)

holds true. Iterating this inequality, we obtain

a2k

1 )Qk(kfl)
8x?ka

> (=
OI=E 3
Since a(0) # 0 due to (2.12), the Taylor series of a(-) about zero does not converge for any x # 0.

Ii is also possible to construct a very rich class of examples of analytic at zero functions a, for which
the operator £ possesses infinitely many discrete eigenvalues below pg. We provide a way of doing this
in Theorem 2.6. Since the exponent ~ in (2.17), (2.18) can be less than one, we see easily that there
is a wide class of analytic at zero convolution kernels obeying the assumptions of Theorem 2.6.

As an example, we consider the one-dimensional case and let

|a(0)].

a(z) = -1+ V(@)=e" -5
Since in the vicinity of zero the function a(z) admits a representation

a(z) = = (=),
j=0

J

then for all n € Z* we have

(=1)"9*"a(0) = —(2n)!, 0*" g (0) = 0.



Hence, conditions (2.16), (2.17), (2.18) of Theorem 2.6 are satisfied and it follows from the definition
of V(-) that other conditions of this theorem are also fulfilled. We then conclude that the operator £
with the convolution kernel a(-) and the potential V(-) has infinitely many eigenvalues in the interval
[-5 — 7, —5).

In a higher dimension d > 1 we can choose

e 1
a@=-Il17 o @=1gm
k=1

TN

and these kernels also satisfy the assumptions of Theorem 2.6.

Theorem 2.7 provides some more sufficient conditions for the existence of infinitely many eigen-
values. These conditions are formulated either in terms of the range of the Fourier transform of the
convolution kernel, see Item 1 or via the local Fourier coefficients, see Item 2. Observe that these
local Fourier coefficients are exactly the ones previously used in Theorem 2.3. It should be also said
that conditions (2.19) are equivalent to the condition that the function é is non-positive and is not
identically zero. We emphasize that in the formulation of Theorem 2.7 it is assumed that the potential
V' equals identically to its global minimum in some neighbourhood of the point xg. This condition is
crucial.

Our final Theorem 2.8 provides an upper bound for the number of the discrete eigenvalues. Its
proof is based on an appropriate adaption of the classical Birman-Schwinger principle. The final upper
bound is rather different in comparison with the classical result, namely, here both the convolution
kernel and the potential contribute to the bound via the integrals I, and Iyy. We also see that the
integral Iy is finite only provided the potential V' does not approach its global minimum very fast and
this is in a good agreement with the above discussed theorems treating the cases of infinitely many
eigenvalues.

In view of the above discussed statements we observe an important fact: the number of discrete
eigenvalues of £ depends essentially on how the potential V' approaches its global minimum. The
faster it tends to this minimum, the more discrete eigenvalues are present. In particular, according
to Theorems 2.3, 2.6, the operator £ can have infinitely many eigenvalues provided the potential V'
approaches its global minimum either exponentially fast (in Theorem 2.3) or it coincides with this
minimum identically in some neighbourhood of xg (in Theorem 2.6). And vice versa, if the potential V'
approaches its global minimum very slowly then conditions (2.3), (2.6), (2.10), (2.11) are violated and
we can not guarantee even the existence of the discrete spectrum. Moreover, in this case Theorem 2.8
says that the operator £ can have only finitely many eigenvalues.

This explains why Schrédinger operators with localized potentials typically have finitely many
eigenvalues below the bottom of the essential spectrum, see [20], [8], [9], [5], and to get infinitely many
eigenvalues, one has to assume that the localized potential should decay at infinity quite slowly, see
[3]- Indeed, given a one-dimensional Schrédinger operator with a localized potential

d2
H = + V(x),

~da?

we make its Fourier transform getting then the operator
7:[:[,52 +‘CV*’ ‘72]:71[‘/]

Here the second derivative becomes the operator of multiplication by ¢2 and only this part of the
operator H fully determines the essential spectrum, which is [0, +00). The function & — &2 approaches
its global minimum, which is zero, with a fixed rate, and exactly this prevents the existence of infinitely
many eigenvalues for typical localized potentials V. In view of this fact, we can state that in the case
of non-local Schrédinger operators we impose no apriori restrictions for the behavior of the potential
V in the vicinity of its global minimum and this is why the variety of possible spectral pictures is much
richer than in the case of differential Schrodinger operators.

In conclusion of this section, we shortly discuss some applications of our results to the population
dynamics models mentioned in the Introduction. The large time behaviour of the population depends
crucially on whether the operator £ — (a) on the right-hand side of (1.2) has a positive eigenvalue
or not. In the former case the population exhibits an exponential growth, and its asymptotic profile



is proportional to the principal eigenfunction. Moreover, the rate of stabilization to this profile is
determined by the distance form the principal positive eigenvalue to the rest of the spectrum.

Under the assumption that (a) = 1 the operator £ — I has a positive eigenvalue if and only if the
operator £ has a point of the discrete spectrum above 1. Due to the biological interpretation of the
potential V| the inequality V' < 1 should be satisfied. If maxV = 1 then the existence of a positive
eigenvalue of £ — I is governed by condition (3.1). Otherwise, we should consider the Fourier image of
L and apply our results to the transformed operator.

4 Essential spectrum

In this section we prove Theorem 2.1. We begin with an auxiliary lemma.
Lemma 4.1. The operator L is bounded and self-adjoint in Ly(R?).

Proof. We introduce two auxiliary operators in Ly(R?) by the formulae

(Lartt)(z) = / ale —puly)dy,  (Lyw)(z) = V(z)u(z).

R4

Since the function V' is bounded and real-valued, we immediately conclude that the operator Ly is
bounded and symmetric in Lo (RY), and hence, it is self-adjoint.
Employing the fact that u € L;(R?), for each u € Ly(R?) by the Cauchy-Schwarz inequality we

have:
a2, gy < / dx(m laz — )l [u(y)| dy
//| ale —y |dy/|axf Jllu(y) P dy

RY R (4.1)
<lalleu [ lae - y)luts) dzdy

R2d

—lallz,m) / la(@)]u(y) 2 dady = ]2, g 1l g
]RQd

2

This proves the boundedness of the operator L,,. The symmetricity, and hence, the self-adjointness,
is confirmed straightforwardly by means of assumption (2.1):

(Lot 0) 1 ) = / a(z - y)u(y)o(@) dedy = / w(y)o(@)aly — ) drdy = (i, Lax) 1y ).
IR2d IR2d

The proof is complete. O

The rest of this section is devoted to the proof of Theorem 2.1. It is straightforward to confirm
that under the unitary Fourier transform the bounded self-adjoint operators L., and Ly are unitarily
equivalent respectively to the operator of multiplication by & and to the operator of convolution with
V. Namely, the identities hold:

1 1 - 1 1 -
d F | Lax 7{1]: = La, 4 FlL 7,1.7: = ﬁ‘*. 4.2
((%)2 ) ((%)z ) (mw ) V((%)a ) o (42

In view of the continuity of the functions V' and a, the spectra of the operators L5 and Ly coincides
with their essential parts and are given by the following identities:

0(£(1) = chs(ﬁé) = [amina amax], 0(£V) = chs(ﬁV) = [Vmina Vmax]~ (43)

10



Hence, by identities (4.2), the same is true for the operators Lo, and Ly :

O—(‘Ca*) = O—css(ﬁa*) = [amina amax]7 U(EV*) = chs(ﬁf/*) = [Vmina Vmax]~ (44)
We also observe an obvious identity
L=Ly+Ly.
Our next step is to prove the inclusion
Uess(ﬁa*) U Uess(EV) - Uess(ﬁ)- (45)

We introduce a family of functions:

(255(.%) =

{5‘5 on Qs(0), (46)

0 outside Qs(0),

where ¢ is supposed to be small enough. Then we choose arbitrary A € (Vinin, Vinax) and by the
continuity of ¥V we conclude that there exists o € R? such that V(zg) = A\. By straightforward
calculations we then easily confirm that

(2w =Nos( = a0)[ =874 [ V@) -V@oPdo 0, sos0. @)
Qs (o)

We also observe that the family {¢;s(x —z0)} is non-compact and [|¢4(- — 2o)| r,re) = 1 for all § and
xo. Hence, each sequence ¢s, (- — z¢) with arbitrary sequence §,, — +0, n — oo, is a Weyl sequence
for the operator Ly at the point \. If we prove that

Loxds(- —x0) = 0, 0 — +0, (4.8)

then together with (4.7) this will imply that the sequence ¢s, (- —x¢) is also a Weyl one for the operator
L at the point A and hence,
Oess (EV) g Oess (E) (49)

We prove (4.8) by rather straightforward calculations. Namely,

2
st =)l <5 [ | [ late—vlay| <55 [ [ jawlan @10)
R Qs (o) R Qs(z—wo)

where we have denoted

Ja= sup / la(z — y)| dy = sup / ()| dy < lallz, ).
zER4 zER4
Qs(xo) Qs(x—xo)

Since the measures of the set Qs(x — x¢) are equal to §¢ for all x — ¢ and the function |a| is integrable
over R%, by the absolute continuity of the Lebesgue integral we conclude that

Js — 0, 0 — +0. (4.11)
Then we can continue estimating in (4.10) as follows:
£astal = )y <745 [ dvlaw)] [ do = Jallall e
R4 Qs(zo+y)

and by (4.11) we then arrive at (4.8) and hence, to (4.9). In view of unitary equivalence (4.2) and
identities (4.3), (4.4) we then get that gess(Lax) C 0ess(L) and together with (4.9) this leads us to
(4.5).
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To complete the proof of identity
Uess(‘c) = Uess(ﬁa*) U O-ess(ﬁV) = [MOa Ml}v (412)

it sufficient to show that
O—ess(ﬁ) \ <Uess(£a*) U Uess(ﬁV)) = @

Let A € 0ess(L) and A & 0oss(Lax), A & UCSS(EV)). Then there exists a Weyl sequence u,, € Ly(R?),
which is bounded, non-compact and

o =(L—=XNu, — 0, n — 0. (4.13)

Since \ € gess(Lv), by the second identity in (4.3), the inverse operator (Ly — )~ is well-defined
and bounded. We hence can rewrite (4.13) as

_fn
7V7/\Ea*un+un— TN

— 0, n — 4oo. (4.14)

In view of (2.2), zero belongs to the essential spectrum of the operator Ly and hence, A # 0,

V — A 0. Then
1 1. W 1%

Voa A DY
We substitute this identity into (4.14) and we get:

(‘Ca* - )‘)un + Vilau, = fn- (415)

V-2
By our assumptions and by (4.4) the number A is in the resolvent set of the operator L., and hence,
the resolvent (L, — \)~! is well-defined and is a bounded in Ly(R%). This allows us to rewrite (4.15)

as
A
— _ -1 o
Un = (‘Ca* >‘) <V — )\fn Vl£a*“n> . (416)

According to our assumptions on V', this function decays at infinity. Hence, the same is true for
V1. Then it is easy to see that the operator V3L, is compact in LQ(]Rd). Since the sequence u,, is
bounded, it contains a subsequence, still denoted by w,,, such that V3L, u, converges in Ll(]Rd). The
sequence ﬁ fn also converges as n — 4o00; the limiting function is zero. Hence, the right hand side
in (4.16) is a converging sequence as n — +o0o. This contradicts the non-compactness of the sequence
u,. Hence, identity (4.12) holds and this proves the first part of the theorem.

We proceed to proving the second part of the theorem. In view of the first identity in (4.2), the
quadratic form associated with the operator £ reads

fu] == (CU»U)LQ(Rd) = ('Ca*uvu)L2(]Rd) + (Vuvu)Lz(]Rd) = (‘Cﬁaaﬂ)LQ(]Rd) + (VU»U)LQ(]Rd)a (4.17)

where )
U= —— Flul, [ull Ly ray = || £y (ra)-
(2m)*

Hence, identity (4.17) implies immediately that this form satisfies the estimate

(amin + Vmiﬂ)HuH%z(]Rd) < (Eu, u)LQ(]Rd) < (amax + Vmax)llUH%z(Rd)
and hence, the spectrum of the operator £ is located inside the segment [amin + Vinin, Gmax + Vinax]-
Now the second part of the theorem follows from the standard properties of the spectra of self-adjoint
operators and identity (4.12). This completes the proof of Theorem 2.1.

5 Existence of discrete spectrum

In this section we study the existence of the discrete spectrum of the operator £, namely, we prove
Theorem 2.2.
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5.1 Proof of Theorem 2.2

The proof is based on the minimax principle: if we find a normalized function ¢ € Lo(IR?) such that
l[¢] < Vinin, this will imply the statement of the theorem; we recall that [[u] is the quadratic form
associated with the operator £, see (4.17).

We construct a required test function explicitly choosing it to be ¢s(x — x¢) with ¢4 introduced in
(4.6) and 0 mentioned in the formulation of the theorem; we note that this function is normalized in
Lo(R%). Having this normalization in mind, we consider the quadratic form [ on such function, namely:

(s (- — 20)] — Vinin =0 / a(z —y) dedy 4+ 674 / (V(z) = Vinin) da

Qs (20) x Q5 (o) Qs (o) (5.1)
=5 / a(6(z —vy)) daedy + / (V (2o + 6x) — Vinin) da.
Q1(0)xQ1(0) Q1(0)
Let us calculate the first integral in the above identity.
First of all observe that owing to condition (2.1) we immediately get
ab—y)dedy= [ a(dly o) dody

Q1(0)xQ1(0) Q1(0)xQ1(0)

= / a(0(x — y)) dedy = / Rea(d(z — y)) dzdy.
Q1(0)xQ1(0) Q1(0)xQ1(0)

Then we make the change of the variables (z,y) — (x —y,x + y):

Rea(6(x —y)) dedy =274 / dxRea(ox) / dy
QR1(0)xQ1(0) Q2(0) {y: lyil<1=|aq|, i=1,...,d}
d
_ / T - i) Re a6z) da-
as0) =1

Now by (5.1) we get:

d
[[(bé( - JTO)] - VminH(bts(' - -170)||2L2(]Rd) = (5(1( (1 — |$1D Re a(ém) dx
Q1(0) i=1
+67¢ / (V(:L’O +0x) — Vmin) dz) < 0.
Q1(0)

Hence, by the minimax principle we conclude that the operator £ has a non-empty discrete spectrum
below Viin. This completes the proof of Theorem 2.2.

6 Existence of finitely many eigenvalues

In this section we discuss sufficient conditions ensuring the existence of at least finitely many eigenvalues
of the operator £, namely, we prove Theorems 2.3 and 2.4.

6.1 Proof of Theorem 2.3

Since the restriction of the function a on Q2,(0) belongs to L1(Q2-(0)), for each n > 0 there exists an
infinitely differentiable function a” € C§°(Q2,(0)) such that

la—a|lL,(Q.(0)) <N (6.1)
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Let u = u(z) be an infinitely differentiable function on Q,.(zo); we extend it by zero outside Q, (z).
Then by estimates (4.1) and (6.1) we find:

ot = [ ale = puly)ula) dody
Qr(20) X Qr(z0) (6.2)
= [ ety + cojule + o) dedy+ <7l
Qr(0)xQr(0)
where t"[u] is a quadratic form satisfying the estimate
¢ [u]| < llullZ, gya- (6.3)

We represent the function a” by its Fourier series, namely,
= Z aZei%n-z, z € Qa,-(0), all = (Qr)fd / an(:c)ef%”'“’ d.
nezd o)

It follows from (6.1) that

jaf —an| <, nE€Z', ani=(2r)7° / a(z)e” 7 da.
Q2-(0)

Owing to the assumed smoothness of the function a", its Fourier series converges uniformly on
Q2,(0). This allows us to substitute this Fourier series into the first term on the right hand side of
6.2):

—~

a(z — y)u(zo + y)u(zo + z) dzdy
Qr(0)xQr(0)

=X [ et 4yl F o dady = Y a0
nEZTQ.(0)%Qr(0) nezs

(6.4)

where
U, = / e” T y(zg + ) de = e T / 67%"'1u(1‘) dx.
Q-(0) Q2r(20)

Here we have also employed that u vanishes on Qa,-(20) \ @r(z0). Up to a fixed multiplicative constant,
the numbers U, are the Fourier coefficients of the function u, namely,

(:17+:E0 Z U, (‘3771z IEQQT(O),
nezd

and by the Parseval identity it holds:

1%, (@ a0y = IUllZ (@1 w0y = (- +20) 1L, 0,0 YU (6.5)

nezd

The function u(z) can be also regarded as defined on the cube @, (z) and it can be represented
by one more Fourier series

u(x + xo) = r¢ Z Upe T T x € Q,(0), Up 1= / e*¥"'ﬂ”u(x+x0)dx.

nezs Q. (0)

The corresponding Parseval identity reads:

Ul (@, oy = l1u(- +20) 1%, (.0 Yl (6.6)

nezd
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We also observe the identity
Uspy = U, neZzZ?, (6.7)

which will play an important role in what follows.
We substitute (6.4) into (6.2) and take into consideration estimate (6.3) and Parseval identity (6.5).
This gives:

(Laxtt; ) Ly (mety <(Lanitt, w) Ly ey + 17,0, (o)) = Z at|Unl? +nllullZ, 0, (xo))
neze

<D anlUnP + (1 + @)l 00 o))
nezd

Passing then to the limit as 7 — +0 and using identity (6.7), we get

(Laxt, ) p,(re)y < Z an|Un|* = Z agnun|® + Z an|Un|?. (6.8)

neZzd ne(2Z)? n€zZ\(22)4

By the Parseval identity (6.5) we obtain:

Yo < swpoan Y0 UnP<allulll,gu, 0= @0 sup
nezd\(22)" n€ZNQRZ) g4\ (27)d n€zZd\(22)

here we have also used the inequality o > 0. This allows us to rewrite estimate (6.8) as

(Laxu, UL, Re) < Z a2n|un\2 +a||u||%2(Qr(zo))~ (6.9)
nezd

Now let us consider test functions u € L?(R?%) supported in the cube @, (z¢). We suppose that on
Q@ (zp) the function u is a finite linear combination

u(z) = T_dZune2:i"'(x_z°), (6.10)
nel

where J is a finite subset of Jo. Then for such u estimate (6.9) becomes
(Laxttsw) Lymey < Y aznlunl® + allulT, g, o)) (6.11)
nel
We also have:

(V@) = Viin)ts0) iy = [ (V@) = Vo) @) da
Qr(@o)

:r_Qd Z U Uy / (V(l‘ + -'150) - ‘/r‘ﬂin)ez;"ri (n=—m)-z dx
m,nel Q..(0)

—p—2d g U, Urm Vi +

n,melJ

Hence, by Cauchy-Schwartz inequality and Parseval identity,

((V(:v) - Vmin)u7u)L2(Rd) <r2d <Z |Un|2> (Z Z Vo mm

1
2) 2
nelJ nelJ ' mel

() (G (5] (Grewrer))

1

1 2
2
_3 i
<ro 2 <§ |un|2> vy E |Vn—m||un‘2 gVJT”U”%Q(Qr(mo))-

nelJ m,nel
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This estimate, (6.11) and Parseval identity (6.6) lead us to a final estimate for the form of the operator
L on the functions u defined in (6.10):

l[u] — Vmin||u||2L2(]Rd) < (r? max gy + @ + 1/‘]])Hu||2L2(QT($O)). (6.12)

We substitute for J in (6.12) the set I from the formulation of the theorem. Then combining (2.6)
and (6.12) yields
u] — Vmin”uH%Z(]Rd) <0

for all linear combinations (6.10) with J C I. By the minimax principle this implies that the operator
L possesses at least #I eigenvalues below Vi, and this completes the proof of the first statement in
the theorem.

Now as the set J in (6.12) we choose J := {n} with n € I. Then estimate (6.12) becomes

(u] — Vmin”““%g(m) < rlagn + o+ 1V, Vol = Vo.

Taking the infimum over n € J of the right hand side in the above inequality, by the minimax principle
we arrive at (2.7). This completes the proof of Theorem 2.3.

6.2 Proof of Theorem 2.4

Let U be an arbitrary function defined on the cube 1(0) and being an element of L2(Q1(0)). We
extend all such functions by zero outside Q)1(0). Then we choose a sufficiently small ¢ and let us(x) :=
U((x — x)d~1). This function is supported in Q;s(z¢). The quadratic form of the operator £, on the
function ugs reads as

(Laxtis; Us) Ly(R) = / a(x — y)us(y)us () dedy
Qs(w0) xQs (o) (6.13)
=t [ alé@ - y)U)TT) dady.
Q1(0)xQ1(0)
Since the function a is smooth, we can represent it by the Taylor formula as
2N )
a(8(x —y)) =D 67 A;(€) + 8N Ao (x — y,0), (6.14)
j=0
where A; are homogeneous polynomials of degree j given by the formulae
9"a(0) .,
A=) — ¢
nEZi
In|=3
The remainder A2N+1 in (6.14) satisfies the uniform estimate
|Aan11(€,0)| < C forall € € Q2(0), (6.15)

where C' is some constant independent of £ and 4. Since

|
)" — " ma
o= 3 U
m,qE
7niq:;

we immediately get

m ™yt

Ajle—y)= D (-Dlo +qa(0)m-
nLqGZi
Im|+]ql=j
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We substitute this formula into (6.14) and the result is plugged in (6.13). Denoting then
U, = / 2™U (x) dz,
Q1(0)

we arrive at the identities

m m U%Jj
(Laxtis, Us) Ly (rt) = Z (71)|q|5| I+laly +44(0) m!q!q
nuqui
Im|+]q|<2N (6.16)
4§20+ / Aonyi(z —y,0)U(2)U(y) dady.
QR1(0)xQ1(0)

Estimate (6.15) yields immediately that

g2+ / A1z =y, 6)U(2)U(y) dedy| < C*NHUNT, 0,00
Q1(0)xQ1(0)

where C' is some constant independent of § and U.
For now on we specify the choice of the function U. Namely, we assume that it is a polynomial of
degree at most N, i.e.,

U)= Y cpa™ (6.17)

Then we have
U, = Z Cm / "M d, (6.18)

A matrix of size M(N) x M(N) with entries [ 2™"™ dz, is the Gram matrix of linearly independent
Q1(0)

functions {z"}, n € Z4, |n| < N, and hence, this matrix is non-degenerate. Then it follows from (6.18)

that the coeflicients ¢, are expressed as linear combinations of U,,, n € Z‘i, |n| < N. Therefore, each

polynomial (6.17) can be equivalently characterized be means of the coefficients U, n € Zi, [n| < N.

In particular, this implies uniform estimates

EHUIE @iy < Z Unl? <@ Z U ?, (6.19)
nezi nezd
[n|<N [n|<N
Z Unl* < C”UH%2(Q1(0))7 (6.20)
neZi

N+1<|n|<2N

where ¢ and C are constants independent of U.
We rewrite the first term on the right hand side of (6.16) as

UnU, UnU,
_1)lalglmi+lal gm+a, gy LmYa _ _1)lal glml+lal gm-+ mYq
sz (—1)lalgimi+lal gm+ag ) il = sz( 1)ldlglml+lalgm+ag ) midl
m,q€ m,qe
i el <oN i Jal<N L e
+ Z (,1)|q|§|m\+\QIam+qa(0)T;nilq!q'

m,q€Z% , |m|+|q|<2N
|m|>N+1or|g|>N+1
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By (6.20) we can estimate the second term on the right hand side of the above identity as follows:

Z (_1)|Q|5| |+‘¢I|a +qa(0) ,’,:!q!q <06 +1HU”%2(Q1(O))7 (6.22)
m,q€Z% , |m|+|q|<2N
Im|>N-+1or|q|>N+1

where C is a constant independent of 6 and U. In view of the definition of the form ay in (2.8), the
first term on the right hand side of (6.21) can be expressed as

U, Up
S (nygmiagntag)Unle oy g = (5|m'> _
quezi m:q: m! MGZi, |m|<N
jmlla| <N
It follows from (6.19) that
[usl|Eacwy = €8N NUNT, 0.0 (6.23)

where ¢, is a positive constant independent of § and U.
Since by the assumptions of the theorem the form ay is negative definite on the subspace S, there
exists a constant ¢; > 0 independent of § and us such that

an[us] < =1 [uslEarcn)

for each us € S. Hence, for each polynomial (6.17), for which the corresponding vector us belongs to
S, by (6.23) we obtain:

an[us] < —€1600*M U170, 0
The above inequality and (6.22) allow us to estimate the form (La.us,us),ray from above for suffi-
ciently small § as follows:

L - CoC1
(Lastis, us) Ly (rey < 02N (=Goer + 60U 0,0y < —752(N+d)||UH%2(Q1(0))~ (6.24)

We proceed to estimating the contribution of the potential V' to the form of the operator £. Namely,
we have:

(Lvus, us) L,y — Vmin||U6||2L2(1Rd) :/(V(x) — Vinin)|us (2) |* dz
R4

=g / (V(zo + 62) — Viin) [U (2)|? dz

Q1(0)
=4 Z CnCom / (V (2o + 6x) — Vigin ) 2" " da.
m,qEZS Q1(0)
[ml,|q|<2N

Hence, by definition (2.9) of the function hy () and inequality (6.19) we find:
(Lvus, us)pywe) = Vininllusl| 7, maey < COhnONUIIZ, (0>
where C' is some constant independent of § and U. This estimate and (6.24) yield:

CoC1 hN(é)
(Lus, us) ., (rey — Vmin||u5||iz(]Rd) < g2V (‘2 + CW ”U”%z(le)'

Applying condition (2.10), we finally see that for sufficiently small ¢ the estimate
¢oC1
(Lugs, us)pymey < —T5Q(N+d)||U||%2(Rd)

holds true for each polynomial U defined by formula (6.17), for which the corresponding vector us be-
longs to S. Since the dimension of the space of such polynomials coincides with that of the subspace S,
by the minimax principle we conclude that the operator £ possesses at least dim S discrete eigenvalues
below po. The proof of Theorem 2.4 is complete.
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6.3 Proof of Theorem 2.5

We introduce a subspace S of CM() that consists of vectors ¢ = (Cn)nezi, Inj<n Such that ¢, =0 as
n ¢ I. Tt is obvious that the dimension of the space S coincides with #I.
Let us show that the conditions of this theorem imply the assumptions of Theorem 2.4 with the

introduced subspaces S. We begin with studying the form ay. We rewrite definition (2.8) of this form
as

avl() = YD)+ Y (C) o ma0)nr. (6.25)
nel n,mel, n#m
Inequalities (2.12) then yield
> =0MPa(0)|¢al* = =Y 8% a(0)]1Cal>. (6.26)
nel nel

Employing condition (2.13) and assuming that (2.14) holds, we estimate the second term in (6.25) as
follows:

Z (_1)‘n|8n+ma’(0)<m<7n < Z ﬂn,m\/|82na |\/|82ma ||<nHCm|

n,mel, n#m n,mel, n#m
1
Z Z ﬂn m|82n ||<n|2 + 5 Z Z Bn m‘a%l H<m|2
n€]I mel, mG]I nel,
<Py 107 a(0)][¢al.
nel

Combining this estimate with identities (6.25), (6.26), we obtain the following estimate for the form
an:
an[¢] < —(1—=B1) Y 107 a(0)||¢a |,
nel

and, since 81 < 1, we conclude that the form ay is negative definite.

Recalling the definition of hy(d) in (2.9), it is straightforward to show that estimate (2.11) implies
the following inequality:

|hn(0)] < CH°,

where C' is some constant independent of . Since 2N < a — d by the assumption on N, condition
(2.10) is fulfilled, and therefore Theorem 2.4 applies.

If (2.15) holds, the second term on the right-hand side of (6.25) can be estimated as follows:

S )M a(0)6nGa

n,mel, n#m

< Y BumV107a(0)[V/1027a(0)[[¢al[m]

n,mel, n#m

(X 2.) (X a0 a)] )
n,mel,

n,mel,
n#Em n#Em
1 2 %
=3 (S ralica?)” = Sl ato)ia
nel nel

Therefore,

=Sl + 6 ((Z aol o) - X lo*ato |<n|4)

nel nel nel

o (Z 070116 7) = S 0maPIGH ) - (S lorat0)] i)

5 (S a0l 16) = £ a0Eiclt) + S i0mao)c
nel
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— (1= 5) X0 a(0)ll6a — 5o (X 07 a)P1Gal) (107 a(0)]¢o?)

nel nel nel

Considering the inequality

(S 1Prall?)” < # Y [0 a(0) Pl

nel nel

we derive from the latter estimate the following upper bound:

axlq) < (1= B2) + D 8) (10700 Plcal?) (X 102 a0)] [cal?)

nel nel

Therefore, the form ay[(] is negative definite if 1 — 85 + (#H)_%ﬁg > 0 or, equivalently,

(#I)2

This completes the proof of Theorem 2.5.

6.4 Proof of Theorem 2.6

It suffices to check that under the assumptions of Theorem 2.6 there exists an infinite subset I C I
such that condition (2.14) holds for I. Indeed, letting Iy = {n €1 : |n| < N}, N € Z, and assuming
that (2.14) holds for I, by Theorem 2.5 we obtain that there exist at least #Iy points of the discrete
spectrum of £ below pg. Since N is an arbitrary number from IN, and #Ix tends to infinity as N — oo,
the desired statement follows.

It remains to construct a subset I that satisfies the aforementioned conditions.

Lemma 6.1. There exists an infinite sequence n*,n?,...,n7,... with n? € I such that nJH nfc for

alk=1,....,d and all j € Z, and n?*1 # nJ,
We choose the indices j; in such a way that at least for one k € {1,...,d} the inequality
Jz+1 > 2|’I’L](|
holds. Denote |n|e = max ny. Then for each m € Z, and ¢ € Z;, m < {, we have

(2n)! znam ﬁ 2n;f 2n;;n). N (2nd" )1 (2n])! N (3)%W|m_

((nﬂ + nim)! - k ))2 - ((ni‘; Jrni’;’)!)Q ~\2

2

here the index kg is such that |n/¢|,, = nﬁ) In view of conditions (2.17) and (2.18), this estimate
yields the following inequalities:

x
2

(0 a0} erlZt @) ey 33

|anje+njma(0)| = 02((nje—|—njm)!)ﬂy = cs —

2

Choosing n’¢ in such a way that
ol Inj[ oo
ﬂ@)“ >9! forall (e Z,,

622

we obtain the desired subset I and complete the proof.
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7 Upper bound for the number of discrete eigenvalues

In this section we prove Theorem 2.8 establishing in this way an upper bound for the number of the
discrete eigenvalues under the threshold of the essential spectrum. The proof of this theorem follows
the main ideas of the Birman-Schwinger principle, see e.g. [19, Thm. XIII.10], but with appropriate
modifications needed for our operator L.

We begin with introducing an auxiliary operator

£(_) = _('Ca,* + EV,)a

where a_ is defined by the identity Fla_] = a_. According to the definition of the functions ¢_ and V_
and by identities (4.2) we conclude immediately that both operators £, . and Ly_ are non-positive.
Hence, the operator £(7) is non-negative.

We denote by E,, and Eff) respectively the discrete eigenvalues of the operators £ and £(~) below
Vinin taken counting their multiplicities. By Ny and N(=) we denote respectively the total number of

the eigenvalues F,, and Eff), that is,
No=#{n: E, <}, N =#{n: B < pol.

Then expression (4.17) for the form of the operators £, a similar expression for the form of the operator
£ and the minimax principle imply that

No < N©O. (7.1)

Hence, it is sufficient to find an upper bound for N(-).
We observe that if some E < po < 0 is an eigenvalue of the operator £(7) and a corresponding
eigenfunction 1) solves the equation
(E-L£5))y =0,

then the function ¢ := Véw is a solution of the equation
p=-V2 (/Ja,* + E)_ V_% ©. (7.2)

1
Here the function V2 is well-defined and non-negative since the function V_ is non-negative by its

1 1
definition. Equation (7.2) also means that 1 is an eigenvalue of the operator =V (L,_. + E) 'z if
FE is an eigenvalue of the operator £,

Since by the assumption of the theorem we have

mina_ = inf @ = amin 2 Vipin = Ho,

then for E < pio < 0 the inverse operator (£, 4 + F)~! is well-defined and bounded in Ly(R%). It can
be easily found by means of formulae (4.2):

-1
1 1

Lo «+E)t'=|—5F Lo +E)' | —=F

( +E) ((27r)2 > ( +E) ((277)2 )

. 1 X (7.3)
=|——F| @+E)7'—=F].
(2m)? (2m)’
Then, owing to a simple identity
1 1 a_
= —(1 = —
i+E _plthE) be=—r
and (4.2), we can rewrite formula (7.3) as
1 .
(Lo v+ E) = (@ +L5,.),  bei=Flos). (7.4)
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We observe that the function by (€) is strictly positive for all ¢ € R? and it increases monotonically
in £. This implies immediately that the operator £; _ is increasing in E in the sense of quadratic
forms.

Substituting (7.4) into (7.2), we obtain

V_
=P —V ﬁbE*V_Z
Taking into consideration that E + V_ > 0, we denote ¢ := (—(E + V_))2¢ and we rewrite the above
equation as

E*

OQpb =0, Qpi=(—(E+V.) V2L, V(- (E+V) 6.

bE* -

Hence, if E < p is an eigenvalue of the operator £(~), then 1 is an eigenvalue of operator Qp.
We observe that Qg is an integral operator:

(Qpu)(a / Qu(,y)uly) dy,

where L. L N
Qe(x,y) == (= (E+V_(2))*V2(2)be(z —y)VZ(y) (- (E+V_(y)))>. (7.5)

By their definitions, both the functions V_ and bg vanish at infinity. This ensures that the operator
L; ., is compact in Ly (R?) and therefore, the same is true for the operator Q. And since the operator
L; ., is monotonically increasing in E' in the sense of quadratic forms, we obtain the same property
also for Op. These two properties of the operator Qg yield that first, the spectrum of the operator Qg
consists of discrete eigenvalues \,,(E) and a possible point of essential spectrum at zero, and second,
these eigenvalues A, (F) increase as E — 1o —0. In view of the latter property and the aforementioned
relation between the eigenvalues of the operator £(~) and of Qp, if E7(1_) is an eigenvalue of the operator
L) then )\m(Eff)) =1 for some m and \,,,(E) >1as E < ES7). Hence, in order to count the total
number of the eigenvalues E7(f), it is sufficient to count the total number of the eigenvalues A, (E)
passing through 1 as E goes to pg from below. In view of an obvious inequality

D T Y W 0.5)

m: A, (E)>1 m: Ay, (E)21

by (7.5) we then get:

N = lim Z 1< lim Z An(E)= lim TrQp

B B> B B> E—rpo-
. . V_(x)
= 1 de = 1 br(0 —— —dx = 1,1y.
Eﬁlrﬁﬁ/QE(x,m) v= lim B( )/_(EJrVi(x)) r = I,Iy
Rd

In view of inequality (7.1), this completes the proof.

8 Infinite discrete spectrum

In this section we discuss the situations when the operator £ possesses infinitely many points of the
discrete sprectrum, namely, we prove Theorem 2.7.
We first assume that inequalities (2.19) are satisfied. Since V(z) = Vinin on Qr(xo), in view of
(4.17) for each infinitely differentiable function u compactly supported in Q,(z¢) we have
. . 1
[[u] — Vmin”uH%Q(]Rd) = (ﬁa*U,U)LQ(Rd) = (au, U)L2(]Rd), u = W.F[U]
Inequalities (2.19) imply that é < 0 and @ is a non-trivial function. Therefore, this function is non-zero
and negative on a set of positive measure; we denote this set by €. Since the function w is compactly
supported, its Fourier transform 4 is analytic in . Hence, it is non-zero on € and we get

([u] — Vmin||u||i2(]Rd) <0 for each u € C5°(Qr(x0)).
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Since C§°(Q,(z0)) is an infinite dimensional space, by the minimax principle the above inequality
implies that the operator £ possesses infinitely many eigenvalues below the point .

We turn to proving the second part of the theorem. Due to (6.8), for an arbitrary function u €
C§°(Qr(x0)) continued by zero outside Q,(xg) we have:

(u] — Vmin||u||2L2(]Rd) = (Laxtt; U) L, () < Z an|Unl?. (8.1)

nezd

By our assumptions, all Fourier coefficients satisfy a,, < 0 and there exists an infinite subsequence of
these coefficients, for which the latter inequality is strict. We denote such subsequence by n’ and then
by (8.1) we get:
2 2
(u] — Vmin||u||L2(]Rd) < Zan’lUn’| <0
n/

for u such that at least one of its coefficients U,,s is non-zero. It is clear that the space of such functions
is infinite-dimensional and by the minimax principle we conclude on the existence of countably many
eigenvalues below po. This completes the proof.

References

[1] H. Berestycki, J. Coville, H.-H. Vo, On the definition and the properties of the principal eigenvalue
of some nonlocal operators, J. Func. Anal., 271(10), 2701-2751, 2016.

[2] R.N. Bhattacharia, R. Ranga Rao, Normal approzimations and asymptotic expansions, John Wi-
ley&Sons, NY, 1976

[3] R. Blankenbecler, M. L. Goldberger, and B. Simon, The bound states of weakly coupled long-range
one-dimensional quantum Hamiltonians, Ann. Phys., 108, 69-78 (1977).

[4] J. Briining, V. Geyler, K. Pankrashkin, On the discrete spectrum of spin-orbit Hamiltonians with
singular interactions, Russ. J. Math. Phys., 14(4), 423-429, 2007.

[5] P. Exner, H. Kovatik. Quantum Waveguides. Springer, Cham (2015)

[6] Ch. Hainzl; R. Seiringer, Asymptotic behavior of eigenvalues of Schrédinger type operators with
degenerate kinetic energy. Math. Nachr., 283(3), 489-499, 2010.

[7] V. Hoang; D. Hundertmark; J. Richter; S. Vugalter, Quantitative bounds versus existence of
weakly coupled bound states for Schrodinger type operators. ArXiv:1610.09891v2, 2017.

[8] M. Klaus, On the bound state of Schrdinger operators in one dimension. Ann. Phys., 108, 288-300
(1977).

[9] M. Klaus and B. Simon, Coupling constant thresholds in nonrelativistic quantum mechanics, I.
Short range two-body case. Ann. Phys., 130, 251-281 (1980).

[10] Kondratiev Yu., Kutoviy O., Pirogov S. Correlation functions and invariant measures in continuous
contact model, Ininite Dimensional Analysis, Quantum Probability and Related Topics, 11(2),
231-258 , 2008. https://doi.org/10.1142/50219025708003038.

[11] Kondratiev Yu., Molchanov S., Pirogov S., Zhizhina E. On ground state of
some non local Schrodinger operator, Applic. Anal., 96(8), 1390-1400, 2017.
http://dx.doi.org/10.1080/00036811.2016.1192138.

[12] Yu. Kondratiev, S. Molchanov, A. Piatnitski, E. Zhizhina, Resolvent bounds for jump generators,
Applic. Anal., 97(3), 323-336, 2018. http://dx.doi.org/10.1080/00036811.2016.1263838.

[13] Yu. Kondratiev, S. Molchanov, B. Vainberg, Spectral analysis of non-local Schrodinger operators,
J. Func. Anal., 273(3), 1020-1048, 2017.

23



[14] Yu. Kondratiev, S. Pirogov, E. Zhizhina, A quasispecies continuous contact model in a critical
regime, J. Stat. Phys., 163(2), 357-373 (2016)

[15] S. Molchanov, B. Vainberg, On General Cwikel-Lieb—Rozenblum and Lieb—Thirring Inequalities,
in Around the research of Vladimir Maz’ya. III. Analysis and Applications, Ari Laptev Edt.,
201-246, Springer, 2010.

[16] S. Molchanov, B. Vainberg, Bargmann type estimates for the counting function for general
Schrodinger operators, J. Math. Sci., 184(4), 456-508, (2012).

[17] S. Molchanov, J. Whitmeyer, Spatial models of population processes, In: Modern Problems of
Stochastic Analysis and Statistics, 2017, Springer Proceedings in Mathematics and Statistics 208,
435-454.

[18] K. Pankrashkin, Variational principle for hamiltonians with degenerate bottom, Mathematical
Results in Quantum Mechanics, 1. Beltita, G. Nenciu and R Purice (Eds), p. 231-240. 2008.

[19] M. Reed, B. Simon. Methods of modern mathematical physics, V.4, Academic Press, NY, 1978.

[20] B. Simon, The bound state of weakly coupled Schridinger operators in one and two dimensions,
Ann. Phys., 97, 279-288 (1976).

24



