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Abstract
Dramatic supraglacial lake drainage events in Greenland and Antarc-
tica are enabled by rapid hydrofracture propagation through >1 km
ice. Here, we present a slower mode of hydrofracture, where hairline
surface fractures intersect supraglacial streams, and hypothesise that
penetration depth is critically limited by water supply and englacial
refreezing. We apply a novel model of stream-fed hydrofracture to the
Greenland Ice Sheet and find that under most conditions, 2-cm-wide
fractures can penetrate hundreds of metres before freezing closed. Con-
ditions for full-depth hydrofracture are more restricted, requiring larger
meltwater channels and/or warm englacial conditions. Given the abun-
dance of streams and surface fractures across Greenland and Antarctica’s
expanding ablation zones, we propose that stream-driven hydrofractures
are ubiquitous – even where distant from supraglacial lakes and crevasse
fields. This intriguing process remains undetectable by current satellite
remote-sensing, yet has two major thermodynamic impacts that warrant
further investigation. First, by driving widespread cryohydrologic warm-
ing at depths far greater than surface crevassing, it explains a consistent
cold bias in modelled englacial thermal profiles. Second, the associated
reduction in ice viscosity and increased damage accumulation act to
enhance the vulnerability of ice sheets and shelves to dynamic instability
as supraglacial drainage networks expand to reach higher elevations.
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Abrupt supraglacial lake drainage events, driven by hydrofracture, have been
reported from the Greenland Ice Sheet [1–3] and Antarctic ice shelves [4, 5]. In
Greenland, rapid hydrofracture has been observed to drain >107 m3 of melt
water through >1 km of ice in a matter of hours, driving meter-scale hydraulic
uplift with distinct seismic, tectonic and dynamic signatures [1–3, 6]. However,
the long-term dynamic impacts of lake drainage events remain ambiguous [7–
9]. In Antarctica, lake-driven hydrofracturing is currently observed only on
floating ice shelves, where it has been observed to trigger ice shelf disintegration
[5, 10] and, by reducing buttressing, can lead to the destabilisiation of upstream
ice [11].

Here we consider a less dramatic mode of hydrofracture where thin surface
fractures intersect supraglacial stream networks. During fieldwork in the abla-
tion zone of the Greenland Ice Sheet [12, 13], we have observed the opening
of abundant hairline fractures associated with ice flow acceleration follow-
ing the onset of seasonal melt (Figs. ED1-ED3). Typically, we observed sets
of multiple parallel thin fractures extending hundreds of metres perpendicu-
lar to prevailing ice flow, even across zones distant from crevasse fields and
supraglacial lakes. The fractures were generally 1 to 2 cm wide [13] and hence
remain undetectable in satellite or UAV remote-sensing observations [14]. Due
to their apparent ubiquity, we propose that such surface fractures – if they
can initiate hydrofractures – will have two important impacts on ice dynam-
ics even if they do not all attain the bed and develop into moulins. First, the
latent heat release when meltwater refreezes at depth causes englacial warming
(known as cryohydrologic warming), and associated viscous softening [15–18];
and second, the fracturing itself contributes to increasing englacial damage
accumulation that promotes downstream calving [19, 20].

As not all surface fractures that intersect supraglacial streams develop
into moulins, we hypothesise that the critical constraint for stream-driven
hydrofracturing is the balance between water supply and englacial refreezing.
Water supply is limited by a combination of factors: (i) the short length of frac-
ture, typically less than a few meters, underlying the stream; (ii) supraglacial
channels are often choked with snow in early summer, which impedes water
flow; and (iii) the hydraulic head (stream depth) driving water into an under-
lying fracture is typically <2 m, whereas supraglacial lakes commonly attain
depths >5 m [21–23]. Previous theoretical work suggests that surface fractures
attain the bed of an ice sheet provided there is sufficient water available to
maintain a full fracture [24–28]. Here we consider the dimensions of observed
hairline surface fractures and supraglacial streams, and develop a model of
hydrofracture propagation in cold ice where meltwater supply is limited. We
apply the model to six locations on the Greenland Ice Sheet where down-
borehole temperature and ice thickness measurements are available (Fig. 1).
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The sites are geographically constrained by the availability of boreholes instru-
mented with thermistor strings, but represent a wide range of ice thickness and
flow conditions in west Greenland’s land- and marine-terminating glaciers.

Stream-driven hydrofracture
Our model calculates the downwards propagation rate of a surface fracture of
length Lf and width wf in ice of thickness H (Fig. 2 and Methods). With z as
the vertical co-ordinate (increasing downwards from zero at the ice surface),
the fracture tip is at zd and the water level is at za < zd. We assume the
fracture intersects a supraglacial stream with semi-circular cross section (radius
rc). The model calculates fracture propagation depth using van der Veen’s [25]
linear elastic fracture mechanics, and the water filling rate due to leakage from
the channel is based on Toricelli’s equation [29]. It is this leakage rate that
limits fracture propagation rate. Starting with a shallow air-filled fracture, at
each time step the model calculates the change in water level in the fracture,
and then the new propagation depth. Refreezing by ice accretion onto the
fracture walls at each level in the fracture is finally calculated following Alley
et al. [26], but here we apply observed temperature profiles and the duration
for which that level has been submerged. Fractures in which the accreted ice
reaches the full fracture width are likely to become blocked, preventing further
propagation. Therefore, blockage is more likely for thinner fractures, smaller
supraglacial channels (slower leakage rate), or colder englacial ice.

We also consider two end-member cases of feedback between water flow
and fracture aperture enlargement beneath the channel by viscous heat dis-
sipation. In the first case we neglect any aperture enlargement, and thus
implicitly underestimate meltwater supply and fracture propagation rate (the
’slow model’). In the second we use a simple treatment of this complex process,
which likely overestimates aperture enlargement and fracture propagation rate
(the ’fast model’). Hence, a reasonable estimate for propagation rate should
lie between these two end-member limits.

Results
To indicate the conditions under which thin (∼2 cm) hydrofractures may
become occluded by refreezing before reaching the bed, in Figs. 3 and 4 we use
stippling to indicate possible occlusion (1 to 3 cm ice accretion) and hatching
to indicate likely ice occlusion (>3 cm ice accretion).

Our ’slow’ model with limited water supply demonstrates that thin frac-
tures intersecting a supraglacial stream only propagate sufficiently fast to
attain the bed under very restricted conditions in west Greenland. These con-
ditions are site-specific, but typically require relatively short fractures or large
channels (Fig. 4). A notable exception is the relatively thin, warm ice near
the margin (Bowdoin Glacier BH2; Paaqitsoq GULL). Otherwise, fractures
become occluded by accreting ice and are sealed shut before reaching the bed.
Both ice thickness and temperature are critical constraints on propagation
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Fig. 1 Left: locations of measured temperature profiles, including those used in Figs. 3 and
4. The sites are: BH2 on Bowdoin Glacier [18], sites S30 and BH18c on Sermeq Kujalleq
/ Storeglacier (SK / SG) [30, 31], GULL in the Paakitsoq region [17], Site A on Sermeq
Kujalleq / Jakobshavn Isbrae (SK / JI) [32], and Site S5 on Issunguata Sermia (IS) [33].
Shading is mean annual runoff (melt and rainfall) for ice-covered regions during the period
2000 to 2019, as calculated by Collosio et al. [34] using the Modèle Atmosphérique Régional
(MAR) v3.11.2 forced by ERA5 reanalysis [35]. Right: the respective temperature profiles
at the borehole sites.

Fig. 2 Schematic showing key components of our model. Here a fracture of depth zd, with
water level za, is being filled by water from a supraglacial channel with radius Rc. The ice
thickness is H.
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depth, as demonstrated by comparison of results in Figs. 3 and 4 for SK/Store
S30 and Paaqitsoq GULL (similar thickness, but SK/Store S30 is colder), or
for SK/Store S30 and SK/JI Site A (similar minimum temperatures but Site
A is much thicker). Fracture width is also an important constraint, with 1 cm
wide fractures being far more prone to occlusion than 3 cm wide fractures: this
is evident by the extensive stippled areas but more restricted hatched areas in
Figs. 3 and 4.

With our ’fast’ model that likely overestimates water supply, 1 cm wide
fractures remain liable to occlusion (except at Bowdoin). However, because
there is less ice accretion than with the ’slow’ model, full-depth propagation of
wider (2 to 3 cm) hydrofractures is noticeably less restricted, becoming possible
under most conditions. Exceptions are fractures fed by small (rc < 0.5 m)
channels at SK/Store S30 and SK/JI Site A, where the ice column is relatively
cold due to rapid advection of inland ice, and is over 1000 m thick.

Assuming that hydrofracture propagation continues unimpeded until ice
accretion reaches the full fracture width (indicated by the stippling and hatch-
ing in Fig. 3), even relatively narrow surface fractures will propagate several
hundred metres before becoming choked by ice. Narrow fractures hence con-
tribute to considerable englacial latent heat release (cryohydrological warming:
methods, and Fig. 5) and damage accumulation even at locations where they
cannot initiate moulin development. Indeed it is this scenario that is most
intriguing, as the process is likely ubiquitous across Greenland’s densely frac-
tured ablation zone, affecting much deeper ice than would otherwise be reached
by surface crevasses, yet remaining undetected by satellite remote sensing.

With limited water supply, propagation times may be well in excess of 12
hours. During this time the channel water level is likely to have decreased from
its assumed initially full level, owing to surface melt-driven diurnal changes in
supraglacial stream discharge [13, 36]. Accounting for this diurnal variability by
assuming sinusoidal changes in leakage over diurnal time scales (see Methods),
delays propagation and generally allows more ice accretion (Figs. ED5-ED6).
Interestingly, in contrast to Fig. 4 the maximum ice accretion does not nec-
essarily increase monotonically with decreasing rc and increasing Lf . This is
related to the time the fracture reaches the coldest ice, relative to the times
when leakage and propagation are slower. Overall the importance of diurnal
variability increases for longer propagation times (e.g., in the ’slow’ model with
thicker ice or smaller channels), and will likely depend on the extent to which
the diurnal streamflow variability is delayed and attenuated by site-specific
characteristics of the upstream supraglacial catchment [13, 36].

Limitations
Our model pragmatically assumes an idealised planar fracture geometry,
though at present there is little field evidence to indicate what this geom-
etry should be, or how it might be affected by site-specific conditions such
as basal topography. Partial support may come from structural glaciological
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Fig. 3 Temporal evolution of fracture propagation and ice accretion. Fracture propagation
is modelled following van der Veen [25] (see Methods). The lower edge of the shading shows
the fracture depth, and the water level is shown by the solid grey line. Shading indicates
the thickness of ice accretion on to the fracture walls (Eq. 9), with stippling and hatch-
ing indicating where total ice accretion is sufficient to close fractures of width 1 or 3 cm,
respectively. These examples used Lf = 250 m, rc = 1.0 m based on observations in SW
Greenland [13], and the measured borehole temperature profiles shown in Fig. 1. Note that
propagation rate is independent of fracture width wf (see Methods).

observations of similar regular fractures where exposed at the margins of a
polythermal glacier in Svalbard [37] and at Isungata Sermia (labeled IS S5 in
Fig. 1), a land-terminating outlet of the Greenland ice sheet [14]. Theoretical
fracture width profiles [24, 38] are not consistent with our observations, as the
upper part of the fracture becomes pinched closed when water supply is limited
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Fig. 4 Maximum ice accretion thickness in fractures propagating to the bed. Maximum
ice accretion is an indication of the minimum fracture width needed to enable full-depth
hydrofracture propagation; thinner fractures will terminate before reaching the bed. Shading
indicates the ice accretion thickness (Eq. 9), with stippling and hatching indicating where
total ice accretion is sufficient to close fractures of width of 1 or 3 cm, respectively. These
examples used the measured borehole temperature profiles shown in Fig. 1.

(see Methods). The simultaneous upward propagation of basal hydrofractures
[39, 40] could act to decrease the timescale required to establish a full-depth
fracture that connects with the subglacial drainage system, making moulin
development more likely since there is less time for ice to accrete in the frac-
ture. Clearly, accounting for the geometry of surface and/or basal crevasses,
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and estimating if/where they are likely to intersect, would be a useful develop-
ment but requires significantly more observational constraints than currently
available, along with more sophisticated modelling at specific sites.

In the mid to upper ablation zone where the water supply limit becomes
critical due to the colder, thicker ice, large meltwater streams are relatively
sparsely distributed. However, a fracture extending laterally for some hundreds
of metres will inevitably intersect other smaller channels, as well as the main
channel. Indeed, multiple small moulins are frequently observed along fracture
lines even in ice over 1000 m thick, and presumably connect laterally at depth
in the fracture. These smaller water sources do not substantially alter the
outcome of our results, since: (1) the water supply q from each channel depends
on r

3/2
c , so smaller streams contribute disproportionately less water; and (2)

at the time when the fractures are observed to open [13], many small channels
are still choked with slush, and are limited in their capacity to supply water.
Surface surveys of fracture zones and early-season supraglacial stream networks
would enable better estimates of the contributions from smaller channels.

Multiple cycles of hydrofracturing can potentially overcome the limitation
of refreezing, and successively enable fractures to propagate more deeply. For
example, if the fracture freezes closed before connecting with the bed, then
released latent heat will have warmed the surrounding ice, allowing it to propa-
gate further in a subsequent cycle. However, accommodating the accumulation
of new ice at depth in each cycle would cause progressive widening of the
surface fractures, in contrast to our observation that surface fractures remain
less than ∼2 cm in width rather than undergoing successive expansion [13].
Another hindrance to multiple cycles is the decreasing water level as the frac-
ture propagates (Fig. 3). By the time the fracture freezes closed, the water
level may have dropped almost to the point where the fracture is occluded
by ice. Reopening that part of the fracture requires additional filling, allowing
further refreezing below the blockage. Finally, the transient tensile stress state
that induced the initial fracturing may gradually be released by viscous creep,
or could even transition into compressive stress if there is moulin development
and ice acceleration up-glacier [41]. Both of these scenarios act to limit the
efficacy of subsequent cycles of hydrofracture.

Alternative fracture propagation models [27, 28, 38, 42] are qualitatively
consistent with van der Veen [25]: specifically, dry fractures cannot penetrate
to the bed, while water-filled fractures can (with the exception of shallow, nar-
row water-filled fractures considered by Alley et al. [26], which cannot reach the
bed). Providing that a water level near to the surface is required to propagate
the fracture, then the process enabling that propagation is unlikely to greatly
affect our results presented here, since we find that the rate and depth of prop-
agation is still critically limited by water supply. Hence, unless the fracture
process itself influences the geometry of the fracture, it is likely that uncer-
tainties in the water filling rate rather than the choice of propagation model
will act as the main source of uncertainty in our results. Nevertheless, fur-
ther work to explore how irregularities in fracture geometry and ice accretion
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could lead to positive feedback that generates preferential flow paths (similar
to subglacial channel development from sheet flow [43]), would help to better
quantify the effects of these fractures.

Implications for ice sheets
Our observations and model demonstrate the clear potential for widespread
partial-depth hydrofractures, and also limited moulin development from full-
depth hydrofractures, initiated by fractures that intersect supraglacial stream
networks on ice sheets. This result is relevant across the extensive ablation zone
of the Greenland Ice Sheet (Fig. 1), extending above the equilibrium line into
the wet-firn zone where hydrological controls on ice flow remain uncertain [7–
9]. In these upper regions, moulin initiation may be restricted to supraglacial
lake drainage events, or to intercepts of streams much larger than those consid-
ered here (e.g., Fig. ED1). This is significant due to the contrasting dynamic
responses of abrupt supraglacial lake drainage events and slow/gradual moulin
development from stream intercepts, and because of the sparse distribution of
lakes relative to the dense network of streams.

Partial-depth hydrofracturing readily explains the consistent cold bias
apparent in modelled temperature profiles when compared with observations
in Greenland [16, 17, 33, 40]. Although the efficacy of cryohydrologic warming
as a mechanism for ice acceleration and dynamic thinning has been argued to
be limited in Greenland under present conditions [44, 45], this likely reflects
an underestimate of its magnitude. For example, our results indicate that
stream-driven hydrofracture will enable deeper and more widespread latent
heat release than that assumed by Poinar et al.[45], where heating was limited
to the upper ∼300 m across regions with open crevasses. In our methods we
demonstrate that resulting warming can reach 1K per 10 km along-flow even
with conservative estimates for fracture density (Fig. 5). Significantly, deeper
latent heat release will be disproportionately more effective at enhancing ice
flow, due to the nonlinear thermal-dependence and rheology of ice. Further-
more, lower ice viscosity enables greater transverse strain rates, and stronger
velocity gradients across shear margins, so that fast-flowing outlet glaciers and
ice streams are less impeded by their margins. Therefore, as surface melting
extends into the higher-elevation interior, this enhanced englacial warming
potentially contributes to ice acceleration and dynamic instability in ice sheets.

Our analysis is increasingly relevant to the Antarctic Ice Sheet in a warm-
ing climate. Hydrofracture has been observed to trigger ice shelf collapse
[4, 5, 46, 47], and although this is driven by surface ponding where water supply
is not a limiting factor, climate warming will promote increasing melting and
supraglacial stream development across ice shelves and upstream grounded ice
[48, 49] in a situation increasingly analogous to Greenland at present. Indeed,
supraglacial drainage systems are already observed on grounded ice in West
Antarctica and the Peninsula [48, 50]. Whether stream-fed hydrofractures
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can stabilise ice shelves by reducing supraglacial lake volumes [51], or desta-
bilise ice shelves via the latent heat and/or damage accumulation discussed
above, remains an open question. Nevertheless, the prospect of deep cryohy-
drologic warming and reduced viscosity within Antarctica’s ice streams should
be sufficient motivation for further investigation into this emerging feedback
process.

Fig. 5 Englacial warming due to latent heat released by stream-driven hydrofractures. (a)
Warming rates dTf/dt calculated using Eq. 19, which apply at depths reached by partial
depth hydrofractures – perhaps several hundred metres (Fig. 3), much deeper than open
crevasses. (b) The cumulative effect of seemingly small warming rates in Part (a) is appar-
ent when converting the time derivative to a spatial derivative (Eq. 20), for representative
conditions in land- and marine-terminating outlets in West Greenland. Warming scales lin-
early with fracture width wf ; this plot used wf = 2 cm.

Summary
Despite its simplicity, our model provides strong evidence that supraglacial
streams are capable of driving widespread, partial-depth hydrofractures
through cold ice, under a wide range of conditions representative of those
encountered on the Greenland Ice Sheet – and perhaps in Antarctica under
future warming. Significantly, this process is likely to be ubiquitous even out-
side of regions with lakes or visible crevasses, as narrow (1 to 2 cm) fractures
are abundant in the ice sheet ablation zone [13, 15]. Therefore, hydrofracturing
beneath streams can cause strong englacial warming in relatively thick ice (>
1 km) where full-depth hydrofractures and moulin development are dependent
on lakes or unusually large channels. Noting that this mode of hydrofractur-
ing will be very difficult to observe in remote sensing images, in contrast to
widely-observed lake drainages [22, 52–54], we clearly need more ground-based
observations of the interaction between supraglacial streams and thin frac-
tures. With the aid of these observations, future modelling efforts will help to
constrain the magnitude of deep englacial warming or damage accumulation,
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and its contribution to dynamic flow instability in Greenland and Antarctica
under present and future conditions.

Methods
The downwards propagation of hydrofractures in ice sheets is similar in princi-
ple to the upwards propagation of dikes in the Earth’s crust [24, 26, 55]. Hence,
the model we develop below draws on previous work in both situations.

Van der Veen’s theory
We consider a surface fracture reaching depth d in ice of thickness H, where
the ’far field’ resistive tensile stress is Rxx (Fig. 2). With z as the vertical co-
ordinate (increasing downwards from zero at the surface), the fracture tip is
at zd and the water level is at za < zd. The fracture will propagate downwards
provided the elastic stress intensity factor KI at the fracture tip exceeds a
threshold KIc, known as the fracture toughness [25]. In glaciers, KIc is loosely
estimated as 0.1 to 0.4 MPa1/2 [25].

KI is the sum of three components, corresponding to the tensile stress
(K(1)

I ), ice overburden pressure (K(2)
I ), and water pressure (K(3)

I ). Following
van der Veen [25] these are:

K
(1)
I = F (λ)Rxx

√
πd (1)

K
(2)
I =

−2ρig√
πd

∫ zd

0

zG(γ, λ)dz (2)

K
(3)
I =

2ρwg√
πd

∫ zd

za

(z − za)G(γ, λ)dz (3)

Here, Rxx is the resistive longitudinal stress [56], which is assumed constant
with depth; λ = d/H; γ = z/d; and the empirical functions F (λ) and G(γ, λ)
are [25, 57]:

F (λ) = 1.12− 0.23λ+ 10.55λ2 − 21.72λ3 + 30.39λ4. (4)

G(γ, λ) =
3.52(1− γ)

(1− λ)3/2
− 4.35− 5.28γ

(1− λ)1/2

+

[
1.30− 0.30γ3/2

(1− γ2)1/2
+ 0.83− 1.76γ

]
× [1− (1− γ)λ]

(5)

Eq. 2 is a simplified version of Eq. 14 in van der Veen [25], since in the abla-
tion zone we assume ice density is constant with depth. For air-filled fractures
(K(3)

I =0), Eqs. 1 and 2 predict that the total stress intensity KI = K
(1)
I +K

(2)
I

exceeds KIc only for fractures shallower than ∼20 m in a ’typical’ case (Rxx=
100 kPa, H = 200 to 2000 m). Even under an ’extreme’ high tensile stress of
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Rxx= 1000 kPa, then KI > KIc only for fractures penetrating ∼200 m into
ice 1000 m thick. This explains why the model has predicted air-filled surface
fractures cannot penetrate to the bottom of glaciers under most circumstances
[58]. However, as the fracture fills with water, the higher density of water com-
pared to ice allows a water-filled fracture to penetrate to the bed even in thick
ice – except where prevented by refreezing [26] – consistent with predictions
of other theoretical and numerical studies [26, 27, 42, 59].

Fracture propagation through cold ice with limited water
supply
As a fracture propagates downwards and its volume increases, a continued
supply of water is needed to maintain a high water level. van der Veen [58]
used a simplified version of the above theory to provide a time scale for frac-
ture growth under a limited (but arbitrarily specified) water supply. Since
−K

(2)
I and K

(3)
I quickly become much greater than K

(1)
I as depth increases,

the fracture propagation is controlled by the balance between K
(2)
I and K

(3)
I .

In turn, because K
(3)
I increases with water level in the fracture, the fracture

propagation rate is effectively limited by the filling rate.
To impose the limit on water supply we consider water leaking from a

channel into an initially air-filled fracture as analogous to water leaking out
of a crack in a pipe. This can be estimated by Toricelli’s equation, which
is commonly used in fluid dynamics to describe water leakage through small
apertures [29, 60, 61]. For a crack of area A in a fluid-filled pipe under hydraulic
head h, the rate of fluid loss (q) is:

q = CA
√

2gh (6)
The constant C lies between 0 and 1, and depends on the fluid viscosity

and crack geometry. For a low viscosity fluid such as water, leaking into a
transverse linear fracture, C ≈ 0.6 [60].

Suppose a fracture of width wf intersects a supraglacial channel (Figs. 2
and ED4). The fracture width is assumed to be constant with time and depth,
except immediately below the channel where the width can increase to wfc

due to viscous heat dissipation as discussed below. We assume the fracture is
oriented perpendicular to the channel, has a semi-circular cross section with
radius rc, and is full of water. Water depth h in the channel varies around the
perimeter from 0 at the top surface to rc at the bottom. In polar co-ordinates
(r, ϕ) with the water surface at ϕ = 0 and channel perimeter at r = rc, the
total leak is the sum of many small leaks (δq) along the perimeter (Fig. ED4),
i.e.,

δq = CδA
√

2gh (7)
Integrating around the curved part of the perimeter (from ϕ = 0 to ϕ = π),

using water depth h = rc sinϕ and area δA = wfcrcδϕ, we have:
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q = Cwfcr
3/2
c

√
2g

∫ π

0

√
sinϕ · dϕ (8)

The integral in Eq. 8 is evaluated numerically and has a value of 2.4.
Narrow fractures formed during the spring event in west Greenland can

extend hundreds of metres [13]. Therefore we consider the range 50 ≤ Lf ≤ 500
m. The additional contribution of smaller streams intersecting long fractures
is discussed as one of the limitations in the main text.

We next consider refreezing, since englacial ice in ice sheets is often well
below the melting point (see temperature profiles in Fig. 1). We use the Alley
et al. [26] estimate for the ice accretion thickness wi, which follows Rubin [62]:

wi(t) =
2c(Tm − T0)√

πL

√
kt (9)

where c and Γ and k are the specific heat capacity, latent heat of fusion and
thermal diffusivity of ice; Tm is the melting temperature; and T0 is the englacial
ice temperature. Noting that ice freezes on to both sides of the fracture, the
remaining open fracture width after time t is wf − 2wi(t). Refreezing was
considered briefly by van der Veen [58] using this equation, but neglected as
being too slow to affect the propagation of ’crevasses’ (which are typically of
order 1 m in width), unless hydrofracture to the bed takes ’several days or
so’. More recent studies have also neglected refreezing [27, 42], but they also
considered wide fractures (widths 0.1 to 5 m) which are a factor of 10 to 500
times wider than the observed cm-scale fractures we consider here.

Fracture width
In the model presented above we have imposed a simple fracture geometry
in which the width wf is constant with depth, except immediately beneath
the channel. wf is estimated using our observations of fractures at the sur-
face. While the assumption of parallel-sided fractures has been shown to be
reasonable for water-filled fractures [38], it may not hold for partially water-
filled fractures. As an alternative we could have used the theoretical approach
of Krawczynski et al. [38] (following Weertman [24]) to calculate how frac-
ture width varies with depth. Taking Eqs. 3 and 4 from the supplement in
Krawczynski et al. [38], we have in our notation:

wf (z) = M (πσ + ρigz)Zd −MρwgZaZd

+
1

2
Mρigz

2 ln

(
zd + Zd

zd − Zd

)
+

1

2
Mρwg(z

2 − z2a) ln|
Za + Zd

Za − Zd
|

−Mρwgzaz ln|
zaZd + zZa

zaZd − zZa
|+Mρwgz

2
a ln|

Zd + Za

Zd − Za
|

(10)
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where Zd =
√

z2d − z2, Za =
√

z2d − z2a, M = 4(1−ν)/(πµ), µ and ν are the
elastic shear modulus and Poisson’s ratio for ice, and σ is the far-field tensile
stress (σt) modified by additional terms accounting for the fracture geometry:

σ = σ′
x − 2

π
ρigzd − ρwgza +

2

π
ρwgza arcsin

(
za
zd

)
+

2

π
ρwgZa (11)

Although this theory has been successfully applied to supraglacial lake
drainage [38], some problems arise when water supply is limited. First, unless
the fracture remains almost completely water filled, a constriction develops in
the upper fracture (see Fig. ED7a). When using the stress intensity approach
to calculate propagation depth, the water level is too low to prevent this con-
striction, which then blocks additional water flow into the fracture. If instead
we impose the condition that the fracture remains completely water filled, and
just use Eq. 10 to calculate the width at the surface (which is then a good esti-
mate for the width at depth), we find the fracture steadily widens as its depth
increases, soon becoming far wider than the observed cm-scale surface fractures
considered here (see Fig. ED7b). Although we could conclude from this theory
that deep propagation of thin fractures is not possible in cold ice – bearing in
mind there is still no direct evidence of this process – it would contradict com-
pelling indirect evidence, i.e., our observations of stream capture and moulin
development by thin fractures, through several hundred metres of ice (Figs.
ED1 - ED3). To enable moulin development without lake drainage, these thin
fractures must under some conditions be able to propagate sufficiently deeply
to connect with the subglacial drainage system.

The discrepancies between theoretical predictions and our observations
should be explored further in future studies. For now we adopt the simple
assumption that the fractures we observe are parallel-sided with a width that
is constant in time. The one exception we consider is widening of the very top
of the fracture by viscous heat dissipation, which we estimate next.

Viscous heat dissipation and drag
Viscous heat dissipation released as the water loses height in the fracture will
cause some melting of the ice walls, and will exert drag that limits the water
velocity.

In the water filled part of the fracture, we assume a steady vertical water
velocity and assume that loss in gravitational potential energy is dissipated
locally. From conservation of energy, the total wall melt at depth z for a
fracture that has penetrated to depth zd (with zd > z > za) is:

wm =
ρwgwf

Γρi
(zd − z) (12)

where Γ is the latent heat of fusion of ice. Eq. 12 predicts less than 1
mm of melt for a fracture 2 cm wide penetrating the full depth of ice 1000
m thick, so it is unlikely to make an important contribution if the melt is
distributed evenly. The case of preferential flow paths developing in partially
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ice-choked fractures is not considered here. Of course, viscous heat dissipation
does eventually need to become important if a moulin shaft is to develop (as
illustrated in the cases shown in Extended Data Figs. ED1 and ED2). In the
air-filled upper part of the fracture, the aperture in the channel floor should
widen quicker than the wall melting rate estimated in Eq. 12, because water
flow is concentrated in the region directly under the channel rather than across
the full fracture length. This process is difficult to capture in a simple model,
but if we assume viscous heat dissipation is spread evenly across a length of
fracture equivalent to the width of the channel (2rc), the change in fracture
width (wfc) just beneath the channel is estimated as:

dwfc

dt
=

qρwg

2rcΓρi
(13)

However, Eq. 13 likely overestimates melting because (1) the water should
spread laterally in a thin fracture, such that 2rc is a minimum estimate; and (2)
as wfc increases, the fracture walls exert decreasing resistance to water flow,
so that the lost potential energy is increasingly used to accelerate the water
locally, before eventually being dissipated at a greater depth. For now, we
consider two end members: the ’slow’ model which excludes any moulin growth
below the channel (i.e., dwfc/dt = 0), and the ’fast’ model which includes
the (likely overestimated) moulin growth in Eq. 13. In future, more elaborate
models should certainly consider the processes of water flow and viscous heat
dissipation in more detail, using computational fluid dynamics rather than our
simple empirical approach.

As well as water supply rate, fracture propagation rate could be limited by
the vertical water velocity in the fracture iself. Indeed, this limits propagation
rate in the Alley et al. [26] model. In a vertical, parallel-sided fracture, the
water flow rate Q (equivalent to the vertical water velocity in m s−1) in their
model is:

Q =
Gw3

f

12η
(14)

where η = 1.8 × 10−3 Pa s is the water viscosity and G is the hydraulic
potential gradient. For steady vertical flow in the fracture, away from the crack
tip, we can use the approximation G = ρwg. This would give Q = 0.5 to 4 m
s-1 in a fracture of width 1 to 2 cm. Therefore, given that full-depth fracture
propagation takes over an hour even in thin ice (propagation rate << 0.1
m s-1: Fig. 3), our results suggest it is the water supply to the crack rather
than viscous drag within the crack that limits propagation rate of fractures
beneath supraglacial streams. We reach this different conclusion to Alley et al.
[26] partly because of our imposed limit on water supply, and partly because
we specify fracture width wf directly (based on our observations) rather than
following their approach of calculating wf using the elastic properties of ice,
which initially yields much thinner fractures that are more prone to occlusion
(see Eqs 1 to 4 in Alley et al. [26]).
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Numerical solution
Now we can estimate the propagation and refreezing rates of a hydrofracture
driven by supraglacial channel leakage. For propagation, van der Veen [58]
used the approximation

dzd
dt

=

(
ρw
ρi

)2/3

Q (15)

where Q is the filling rate (in m/hr), here equivalent to q/(Lfwf ). Although
this yields an excellent approximation for zd, we use the full solution (Eqs. 1
- 3) because we also want to track the upper water level when estimating ice
accretion.

We assume that fractures are initially air-filled (za = zd), and have already
propagated to the maximum depth given by the condition KI > KIc. This
depth, d0, is evaluated numerically using Eqs. 1 and 2. We note that both Rxx

and KIc are poorly constrained. We have considered the respective ranges 50
to 500 kPa and 0.1 to 0.4 MPa m1/2, but find very little sensitivity to these
choices. All reported results used 100 kPa and 0.2 MPa m1/2.

The fracture tip and water level are at zd(t) and za(t), respectively (Fig.
2). Starting with an empty fracture (zd(0) = za(0) = d0), we add water to the
fracture at rate q. The change in water level is:

dza
dt

=
dzd
dt

− q

Lfwf
(16)

Eq. 16 is integrated numerically; at each time step, the new fracture depth
zd is first evaluated using the stress intensities and current water level (Eqs.
1 - 3), before calculating the new water level. In the ’slow’ model q is held
constant, and in the ’fast’ model q increases as wfc increases according to Eq.
13.

Similarly to Alley et al. [26] we do not couple water flow and ice accre-
tion. Therefore, the ice accretion is calculated separately, using the cumulative
time for which each level z has been between zd and za. We then evaluate
likely propagation depth by comparing the accreted ice thickness with typical
fracture widths, as indicated by the stippling and hatching in Figs. 3 and 4.

Interestingly the fracture propagation rate is independent of fracture width
wf in both models. In the ’slow’ model, water supply rate q is proportional to
wfc (from Eq. 8), but we maintain wf = wfc, cancelling wf in the denominator
of Eq. 16. In the fast model where we also consider widening of the top of the
fracture by viscous heat dissipation, the change in fracture width just below
the channel (wfc) is given by Eq. 13. Taking wfc = wf at t=0, Eq. 13 is solved
to give

wfc(t) = wfe
αt (17)

where α contains other constants and parameters from Eqs. 8 and 13.
Hence, by substituting wfc for wf in the expression for q (Eq. 8), we again



737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782

Springer Nature 2021 LATEX template

Chandler & Hubbard, in review 17

find that wf cancels from Eq. 16. However, while the propagation rate is inde-
pendent of wf , the time taken to occlude the fracture by freezing (and hence,
the likely propagation depth), and the strength of englacial warming (below),
are both sensitive to this parameter.

Englacial warming
One potentially important consequence of hydrofractures, besides moulin
development, is their potential to cause englacial warming. This is relevant
whether or not the fracture reaches the bed, provided the water refreezes
locally before draining out. Here we use a straightforward energy balance cal-
culation to estimate warming under a range of relevant conditions (fracture
densities and ice flow velocities). We consider the along-flow fracture density
Df (units: number per km per year), which is the number of fractures forming
each year per unit length along a surface flow line. We have few constraints
on Df , except at moulin L41 where we have observed Df ≥ 13 km−1 yr−1

(surface velocity ∼0.15 km yr−1; at least 2 new sets of fractures each year; so
locally Df ≥ 2/0.15 = 13 km−1 yr−1). If all the water filling the new fractures
refreezes, then the equivalent volume-averaged englacial heat source Qf (in J
m−3 yr−1) is:

Qf = DfwfρwΓ (18)
The rate of englacial warming (in K yr−1) due to the fractures is then

dTf

dt
=

Qf

ρicp
= Dfwf

ρw
ρi

Γ

cp
(19)

This warming applies at all levels above the lower limit of fracture propaga-
tion. Although these rates appear small (Fig. 5a), their effectiveness is more
apparent if considering typical flow velocities, and the many decades taken to
advect ice through the ablation zone. For ice velocity V , the rate of englacial
warming per unit distance along the flow direction, i.e. in the Lagrangian sense,
is:

dTf

dx
=

1

V

dTf

dt
(20)

Given that the ablation zone is tens of km across in west Greenland, warming
of several K appears reasonable even with quite a low density of new fractures
(Fig. 5b). For example, with V in the range 100 to 200 m yr−1, warming of 1
K per 10 km could be achieved with a fracture density of 3 to 6 km−1 yr−1.

Diurnal variability
When calculating leakage rate (Eqs 8) we have assumed that the supraglacial
channel remains full. This is a reasonable assumption considering that audi-
ble fracturing is more prevalent during the evening [13], associated with
hydrologically-driven ice acceleration [13, 63]. However, because hydrofractures
can take >12 hours to attain the bed (Fig. 3), the effects of reduced channel
water levels should be considered. Clearly this is very dependent on specific
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catchment size and hypsometry, snow remnants, etc., but an estimate provides
some interesting insight. Suppose the water depth at the channel centre varies
from a maximum rc (late afternoon) to a minimum 0.5rc (morning). For this
half-filled channel the water level extends across the channel from ϕ = π/6
to ϕ = 5π/6. Hence, for minimum leakage the integral in Eq. 8 would be∫ 5π/6

π/6

√
sinϕ− 0.5dϕ = 1.15 instead of

∫ π

0

√
sinϕdϕ = 2.40. If this represents

the range of a sinusoidal variation in leakage, we can run the model with Eq.
8 replaced by

q = Cwfr
3/2
c [1.78 + 0.63 cos(2πt)] (21)

where time t has units of days. In this case the reduced leakage delays
propagation sufficiently to make a noticeable increase in ice accretion (Figs.
ED5- ED6). Characterising the temporal variability in stream flow should be
worthwhile if applying this model to specific sites.
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Extended data

Fig. ED1 Active hydrofracture and moulin genesis where surface fractures intersected a
supraglacial river on the K-Transect, West Greenland (67.124◦N 49.298◦W, ice thickness
∼1265 m [64, 65]). The site is close to Isunguata Sermia (labeled IS S5 in Fig. 1). Left: photo
taken on 18 July 2019 when the fracture was observed to open with the onset of moulin
formation and active stream interception. Right: photo taken on 25 July 2019, when the
moulin had fully developed, and captured all supraglacial river discharge in an act of rapid
glaciofluvial piracy. Red dashes show the approximate orientation of the surface fractures.
Although this specific case is for a channel larger than the maximum considered in our
model experiments, it nevertheless demonstrates that full depth hydrofracture is possible
from supraglacial stream interception even through thick (>1200 m) ice - consistent with
a tendency towards increasing likelihood as channel radius rc increases in Fig. 4. The rate
of development also demonstrates that enlargement of the fracture below the stream by
viscous heat dissipation - as considered in our ’fast’ model - is a potent process that rapidly
accelerates stream capture.
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Fig. ED2 Fracture zone and moulin development at Leverett Catchment site L41 (ice
thickness ∼800 to 900 m). The site is close to Isunguata Sermia (labeled IS S5 in Fig. 1).
Here a period of audible fracturing commenced on 3 June 2012, associated with seasonal
ice flow acceleration as described by Chandler et al. [13]. Left: The fracture zone developed
on 3 June and extended over 1 km across-flow. Photo taken 23 June 2012; drill is ∼1 m
tall. Right: Moulin L41A, which developed on the same fracture zone. Photo taken 13 June
2012, approximately 10 days after fracturing. Diurnal variations in stream discharge were
typically 3 to 8 m3 s−1. [13]

Fig. ED3 Close to the margin in the Leverett catchment (ice thickness ∼400 m), where
stream capture lead to the development of moulin L7 used for tracing experiments in 2011
[12]. The photo was taken 8 June 2011, 1 day after the fracture opened. The hose width is
approximately 25 mm.
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Fig. ED4 Schematic showing how water leakage is calculated in Eqs. 6 to 8. The total leak
q from the channel into the fracture is treated as the sum of many small leaks δq (Eq. 7).
Each small leak is calculated using Toricelli’s equation (Eq. 6); these are integrated around
the curved perimeter of the channel cross section from ϕ = 0 to ϕ = π (Eq. 8). In the ’slow’
model, the fracture width wfc just below the channel is fixed at a constant wfc = wf (as
shown in Fig. 2). In the ’fast’ model, wfc increases with time close to the channel because
turbulent heat transfer melts the ice where water is entering the fracture (see Eq. 13),
but remains fixed at wf elsewhere. Additional symbols are the parameter C in Toricelli’s
equation, water depth h(ϕ), and channel radius rc.
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Fig. ED5 Temporal evolution of fracture propagation and ice accretion. This is the same
as Fig. 3, except that diurnal changes in channel water level are included. The lower edge
of the shading shows the fracture depth, and the water level is shown by the grey solid line.
Shading indicates the thickness of ice accretion on to the fracture walls (Eq. 9), with stippling
and hatching indicating where total ice accretion is sufficient to close fractures of width 1
or 3 cm, respectively, before they reach the bed. These examples used Lf = 250 m, rc =
1.0 m based on observations in SW Greenland [13], and the measured borehole temperature
profiles shown in Fig. 1. Note that propagation rate is independent of fracture width wf

(see Methods). The main changes from Fig. 3 are the longer propagation times, which allow
thicker ice accretion and a more restricted range of conditions for full-depth hydrofracture.
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Fig. ED6 Maximum ice accretion thickness in fractures propagating to the bed. This is the
same as Fig. 4, except that diurnal changes in channel water level are included. Maximum
ice accretion is an indication of the minimum fracture width needed to enable full-depth
hydrofracture propagation; thinner fractures will terminate before reaching the bed. Shading
indicates the thickness of ice accretion (Eq. 9), with stippling and hatching indicating where
total ice accretion is sufficient to close fractures of width of 1 or 3 cm, respectively. These
examples used the measured borehole temperature profiles shown in Fig. 1.
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Fig. ED7 Theoretical estimates of fracture widths. (a) Fracture width profiles calculated
following Krawczynski et al. [38] (Eq. 10) for partially-filled fractures that have propagated
to zd = 800 m. This shows how predicted fracture widths are very sensitive to water level
za; it also shows the development of the constriction in the upper part of the fracture, once
water level starts to drop below the surface (za/zd decreasing just below 1), which prevents
us applying their model to partially-filled fractures in our study. Qualitatively similar profiles
are found for other reasonable values of zd and σ′

x. (b) Estimates of fracture widths at the
surface, for completely water-filled fractures, again following Krawczynski et al. [38] (Eq.
10; blue lines). For comparison, the black line represents the observed ∼2 cm-wide fractures
considered in this study (grey shaded range 1 to 3 cm). Calculations used plausible tensile
far-field deviatoric stresses of 50, 100 and 200 kPa (dashes, solid, dotted lines, respectively).
Although such wide surface fractures are observed following lake drainage events [1, 2] they
are well beyond the range of widths that we have observed to be associated with supraglacial
stream capture.
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