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Abstract

In this paper we obtain the homogenization results for a system of partial differential equations
describing the transport of a N-component electrolyte in a dilute Newtonian solvent through a rigid
random disperse porous medium. We present a study of the nonlinear Poisson-Boltzmann equation
in a random medium, establish convergence of the stochastic homogenization procedure and prove
well-posedness of the two-scale homogenized equations. In addition, after separating scales, we prove
that the effective tensor satisfies the so-called Onsager properties, that is the tensor is symmetric and
positive definite. This result shows that the Onsager theory applies to random porous media. The
strong convergence of the fluxes is also established. In the periodic case homogenization results for
the mentioned system have been obtained in [7].
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1 Introduction

The quasi-static electroosmotic phenomena in porous media are present in many problems of applied
interest. As examples we mention electromigration of solutes (see for instance Ottosen et al [43]), de-
watering (see Mahmoud et al [34]) and permeability reduction in concretes (see Cardenas & Struble
116]).

We consider a porous material saturated by an N-component dilute electrolyte. The solid surfaces of
the porous skeleton are electrically charged, attract ions of the opposite charge and repel the ones of the
same charge. Simultaneously an external electrical field E and a body force f are applied, generating a
hydrodynamical flow, a migration of ions and creation of an electrical double layer (EDL).

The modeling of phenomena at the pore level is well understood (Lyklema [33], Karniadakis et al
[30]). The porous media are heterogeneous and have a pore structure consisting of a very large number of
pores. In studying flows generated by the electro-osmotic phenomena, the pore size is of the same order
as the size of the Debye layer (=~ 100 nanometers). Solving the partial differential equations of the model



is a difficult task even for simple geometries and out of reach for realistic porous media with nanoscopic
pores. The remedy for the complexity of the problem is to homogenize or upscale the equations posed at
the pore scale and derive a new upscaled system valid at every point. The microscopic geometry would
influence the effective coefficients.

The homogenization approach allows finding out how close the solutions to upscaled model are to those
of the original physical equations, given at the pore scale. In the existing literature on the charged porous
media, the homogenization technique was mainly applied under the hypothesis of the periodic porous
media and for the so-called ideal model, i.e. with ions at infinite dilution. There are works which concern
the study and homogenization of the Nernst-Planck-Poisson system (see for instance Ray et al [44]-[45]
and Schmuck et al [46]-[49]). In the physical chemistry literature, its semi-linearized form, due to O’Brien
& White [42], replaces the full model from Lyklema [33] and Karniadakis et al [30]. Looker & Carnie
studied O’Brien’s model using the two-scale expansion in [32]. They derived constitutive laws linking
the effective fluxes with the pressure gradient and the gradient of the chemical potential. In addition,
the Onsager tensor, containing the effective coefficients, was obtained. The rigorous convergence result
for the homogenization process is due to Allaire et al [7], where the positive definiteness of the Onsager
tensor and its symmetry were proved too. A numerical and qualitative analysis of the effective coefficients
is in Allaire et al [9]. The results of Looker & Carnie [32] and Allaire et al [7], [9] support findings in
the earlier work of Adler et al [18], [35], [2] and [24], on the particular flows and the computation of the
effective coefficients forming Onsager’s tensor.

The electro-osmotic phenomena are important also in deformable porous media, like clays. For the
homogenization studies of the electro-osmosis with swelling, using two-scale expansions, we refer to the
series of articles by Moyne & Murad [36], [37], [38], [39] and [40]. A further reference is the work of
Dormieux et al [19]. A rigorous homogenization of the electro-osmotic flows in deformable porous media,
with a derivation of the Onsager relation and determination of the swelling pressure, was obtained in
Allaire et al [11].

We note that models that are more realistic involve electrolytes at finite dilution. Several complicated
mathematical models were developed to take into account the finite size of the ions. One of them is the
Mean Spherical Approzimation (MSA)model (Dufréche et al [20]). Its well-posedness and homogenization
was studied by Allaire et al [10].

Finally, the effects of nonlinearities were studied for equilibrium solution (Ern et al [21], Allaire et al
[8])-

The realistic materials have random geometric structures, and questions related to the upscaling of the
electro-osmotic flows in such materials were studied only through numerical simulations. We mention the
publications of Adler and al in [18], [35] and [2], where the electrokinetic flows through random packings
of spheres and ellipsoids were considered.

The goal of the present paper is to study upscaling of the ideal model describing the transport of a
dilute N -component electrolyte in a rigid random porous medium. We first briefly recall the dimensionless
equations, which were the starting point for the periodic homogenization in [7], [9] and [10]. Since the
modeling and derivation of the dimensionless form were undertaken in detail in these references (and
especially in [10]) we do not dwell on the subject and simply start with the dimensionless ideal model
equations from the above references.

The (dimensionless) equations are given on a typical realization of the porous medium G, the meaning
of the quantities used in these equations can be found below in Table 1. If w takes values in the probability
space, we denote by G; (w) a realization of the pore space, which is an open set filled with a fluid. Here
€ is a small positive parameter defined as the ratio between the pore size and the size the material area.



The equations then read as follows:

N
2Au® — Vp© =f* — E:Zan(x)V\Il5 in G%(w), (1)
j=1
u® =0 on JG}(w), divu®=0 in G%(w), (2)
N
—e?AV° = ﬂsznj(x) in G%(w); (3)
j=1
eVU° . v =—N,o on 8G5(w)\dG, W =—-U*" on 9G, (4)
div (n?Vln(n?e‘Pszj) —PejnSu®) =0 in G(w), (5)
v ln(nieq’sz]’) v =0 on JG5(w). (6)

System (1)-(6) is the dimensionless model that we will homogenize in the sequel. More precisely, we
will undertake study of its O’Brien’s semi-linearized form. We assume that all constants appearing in
(1)-(6) are independent of &, namely N, and Pe; are of order 1 with respect to e.

For the comfort of the reader, we recall the meaning of the unknowns (which are dimensionless in our
equations) on Table 1.

SYMBOL QUANTITY

Pe; is the Péclet number for jth electrolyte component
n; ith concentration

n¢ € (0,1) 1th infinite dilution concentration

u fluid velocity

p fluid pressure

l pore size

AD Debye’s length

B = (Z/)\D)2 ratio of the pore scale to the Debye’s length
Ny ratio of the pore scale to the Gouy length
2; €L j-th electrolyte valence

o given surface charge density

f* given applied force

v electrochemical potential

pext exterior potential

Table 1: Description of the parameters and the unknowns

In Section 2, we recall in subsection 2.1 the basic results on the stochastic two-scale convergence
technique, which will be used to prove convergence of the homogenization process in random geometry.
In subsection 2.2 their partial linearization in the spirit of the seminal work of O’Brien & White [42] is
given. The section is completed with subsection 2.3, where the well-posedness of the non-linear Poisson-
Boltzmann equation in a random geometry is studied (see Theorem 11). In Section 3, we undertake
stochastic homogenization of the linearized electrokinetic equations around equilibrium (Theorem 16).
The scale separation and derivation of Onsager’s relations, linking the ionic current, filtration velocity and
ionic fluxes with gradients of the electrical potential, pressure and ionic concentrations, are the subject
of Section 4. In Proposition 24 we prove that the full homogenized Onsager tensor is symmetric positive
definite for disperse random structures. The article is concluded with Section 5, where in Theorem 28 we
prove strong convergence of the velocities and the ionic fluxes.



2 Description of the problem and of the results

In this section we give a precise formulation of our microscopic problem (the e-problem) and of the results.
We start with defining the geometrical structure

2.1 The stochastic two-scale convergence in mean and a random porous
medium

Let (2, E, P) denote a probability space, with probability measure P and sigma-algebra E, the symbol E
stands for the corresponding expectation. In what follows L?((2) is supposed to be separable. We assume
that an ergodic dynamical system 7 with n-dimensional time is given on €2, i.e. a family of invertible
measurable maps 7 (z) : Q — Q, for each € R™, such that

1. 7(0) is the identity map on Q and T (z1 + z2) = T (z1)7T (x2) for all 1,z € R™;
2. VxeR"andVE € E,
P(T(x) ' (E)) =P(E), i.e. Pisan invariant measure for 7 (endomorphism property).
3. VE € Zthe set {(xz,w) e R"xQ : T(x)w € E} is an element of the sigma-algebra £ x = on R™ x ),
where £ is the usual Lebesgue o-algebra on R”™.

4. T is ergodic, i.e. any set E € = such that P((7T(z)EU E)\ (T(z)ENE)) =0, Vo € R" satisfies
either P(E) =0 or P(E) = 1.

With the measurable dynamics introduced above we associate a n-parameters group of unitary operators
on L3(Q) = L*(9, Z,P), as follows

U@)f)w) = f(T(xw),  feL(Q).

The map = — U(x) is continuous in the strong operator topology, see for instance Jikov et al [29].
Next, let F € 2 be such that P(F) > 0 and P(Q \ F) > 0. Starting from the set F, we define a
random pore structure F'(w) C R, w € Q. It is obtained from F by setting

Flw)={zeR" : T(z)w e F}. (7)

In what follows we suppose that F'(w) is open and connected a.s. (for almost all w € Q). In a comple-
mentary way, the random rigid skeleton structure M (w) is introduced by setting

M=Q\F,  Mw) =R"\F). 8)

We assume that a.s. M(w) is a disperse medium, i.e. a union of mutually disjoint components, called
grains, satisfying the following conditions:

R1. As. M(w) is a union of non-intersecting C?-smooth bounded domains.

R2. The curvature of the boundary of these domains admits a deterministic upper bound.
R3. The distance between any two domains is greater than a positive deterministic constant.
R4. The diameter of any domain is not greater than a positive deterministic constant.

R5. There exists r9 > 0 such that a.s. any ball of radius rg in R™ has a nontrivial intersection with
M(w).



Under condition R1. the connected components of M(w) can be enumerated, so that
o0
M(w) = | Mj(w).
j=1

In connection with the random set M (w) we introduce a homothetic structure M, (w), w € Q, by
M. (w)={zeR" : etz € M(w)}; (9)

For more details on the homogenization of linear PDEs in perforated random domains we refer to the
monograph Jikov et al [29].

Remark 1. The system considered in (1)—(6) is a rather complicated system of nonlinear equations that
requires essential technical work when obtaining a priori estimates and passing to the limit. Due to this
reason, in order to make the presentation clear, we preferred to consider random disperse media that
admit deterministic estimates of their geometric characteristics, such as the distance between inclusions
and their diameters. We strongly believe that, using the approaches developed in recent articles [25], [26]
and [27] (see also the earlier pioneer work [23]), one can consider a wider class of random geometries
and generalize the results of this work to the case of more general random perforated domains.

Here we provide several examples of random disperse media.

£1. Random perturbation of periodic structure. Let (7, j € Z™, be a collection of independent and

identically distributed (i.i.d.) random vectors in R™ taking on values in [—%, %]" Denote by 7, j € Z,

a collection of i.i.d. random variables such that % <ri< %7 and by 1 a random vector that is uniformly
distributed on the cube [—1, 2] and independent with respect to ¢/ and rJ. Taking for M (w) the union
of balls centered at j 4+ (7 + n of radius r/ we obtain an example of random statistically homogeneous
disperse medium. In this case M ={w : 0 € M(w)}.

£2. Bernoulli spherical structure. Consider a collection of i.i.d. random variables &7, j € Z%, with values
0 and 1, and an independent vector n uniformly distributed on [—1, 1]". We say that a vertex j € Z" is

; / 202
open if & =1, and closed if £&2 = 0. We then define M (w) by

. 1 . 1
M= {J {zeRil-j-n=glu U {eeR:l-j-n=g)
j is open 4 1s closed

Then we set M = {w : 0€ M(w)}.

£3. Poisson spherical structure. Let P be a Poisson process in R™ with intensity one, the averaged
density of points is equal to one. By definition P is a random locally finite subset of R™ such that for
any bounded Borel set G C R™ the number of points in P N G has a Poisson distribution with intensity
|G|, and for any finite collection of bounded disjoint Borel sets G, ..., Gx the random variables defined
as the number of points of P in each of these sets are independent.

Denote the points of P by 2z, &k = 1,2..., the cells of the Voronoi tessellation generated by {z;} are
denoted Zi. Given r > 0 we choose those z; for which the ball of radius 2r centered at z, belongs to Z,
and for chosen zj denote the union of balls {z € R? : |z — z;| < r} by M(w). Again, M = {w : 0 €
M (w)}. Notice that in this case all the inclusions are balls of radius r.

By construction the random domains M (w) defined in the first two examples are stationary and
satisfy conditions [R1.]-[R5.] that is in both examples M (-) is a random disperse medium. To analyse
the ergodic properties of these media we consider for the sake of definiteness the second example and
introduce a probability space by setting = {0, 1}Zn and taking the cylindrical o-algebra = and the



product measure P. It suffices to check the ergodicity for the integer shifts only. We then define T by
T.w(-) =w(-+ 2), z € Z™. It is straightforward to show that this dynamical system is ergodic. Indeed,
if there exists a measurable invariant set A such that 7,(A) = A, then for any § > 0 there exists a set
Ajs supported by a finite number of z € Z™ such that P(AaAs) < J; here A stands for the symmetric
difference. Since T preserves measure P, P(AAT,(As)) < § for any z € Z". For sufficiently large zo we
have P(ANT,,(A)) = P(A) and P(As N T,,(As)) = (P(As))?. Therefore, P(A) is equal to either 0 or 1.
The ergodicity of the medium in the first example can be checked in the same way.

The random medium introduced in the third example is stationary, ergodic and satisfies conditions
[R1.]-[R4.]; however, condition [R5.] fails to hold. Filling large empty areas with a regular grid of balls
one can rearrange this random medium to make condition [R5.] also hold.

Notice that in all the above examples the balls can be replaced with smooth bounded domains whose
geometry might be random and should satisfy a number of natural conditions. For more examples see
Bourgeat et al [15].

Let G be a smooth bounded domain in R™. After having chosen the random structure in R", we set
G] ={zr € G : dist(z,0G) > €}. (10)

The random fluid filled pore system in G given by

Giw) =G\ ( |J eMjw)), (11)

JjeT(e)
where
J)={jeZ’ : eM;(w) C G5}.
Then, the random rigid solid skeleton part of G is defined as the complement of G% (w) in G:

G5 (w) = G\ G5 (w). (12)

Before giving the convergence results, we recall the definition and some properties of the stochastic
two-scale convergence in the mean (see Bourgeat et al [13] for more details).

Let D; denote the infinitesimal generator in L?(2) of the one-parameter group of translations in z;,
with the other coordinates held equal to zero. D; is its respective domain of definition in L?(12), i.e. for
feD;

0

(D f)(w) = @(U(x)f)(wlm:o (13)

Then {/-1Dj;, j = 1,...,n} are closed, densely-defined and self-adjoint operators which commute
pairwise on D(Q) = () D;. D(Q) is a Hilbert space with respect to the scalar product
j=1

(f,9)p) = (f9) L2 + Z(Djf, Djg)r2(a) (14)

j=1
After (13), the stochastic gradient {V,, f}, divergence {div, f} and curl {curl, f}, read as follows

vw,f :(D1f7aan)
div,g = Zngj (15)

Curlwg :(Digj_D]gl)v 27&.]’ iy.jzly"'an



In addition, we use the following spaces:

Voot () = {f € L3 (), E{f} =0} (16)
V(@) = {f € Liy(Q), E{f} =0} (17)
where L2, (Q) (respectively L2(Q)) is the set of all f € (L?())" such that almost all realizations

f(T(x)w) are potential (resp. solenoidal) in R™; for more details see Jikov et al [29]. Notice that
L(Q)) = Lyt (D)

pot
Remark 2. In the case of disperse media the functions from D(Q) vanishing on M are dense in L*(F),
see [15, Remark 2.4]. In the terminology of [52], F is called T -open in Q. Furthermore, due to connectivity
of F(w), Vot =0 in F implies that ¢ does not depend on w in F. Hypothesis R1.-R3. are sufficient
to make the assumptions on F in Proposition 4 below satisfied.

Next, following [13], we say that an element ¢ € L?(G x ) is admissible if the function
br i (ow) — Y@ TEw),  (0w) €G X9,

defines an element of L?(G x Q). -
Examples of admissible two-scale functions are elements from C(G; L°°(Q)), and finite linear combination
of functions of the form

(r,w) — f(x)g(w), (z,w)eGxQ, feL*G), ge L*(Q),

(see Bourgeat et al [13]).

The notion of stochastic two—scale convergence in the mean was introduced in Bourgeat et al [13]. It
generalizes the two-scale convergence in the periodic setting introduced by Nguetseng in [41] and Allaire
in [5]. We recall it for comfort of the reader

Definition 3. A bounded sequence {u®} of functions from L*(G x Q) is said to converge stochastically
two-scale in the mean (s.2-s.m.) towards u € L*(G x Q) if for any admissible 1 € L?(G x Q) we have

lim us(x,w)z/)(a:,T(g)w)dde: / u(z,w)(z,w)dxdP. (18)

e—0
GXxQ GXxXQ

Our functions are defined on G;(w) and not on G. It is the well-known complication appearing in

homogenization of Neumann problem in perforated domains. Let X be the closure of the space V2, ()

in L?(Q\ M)™. Motivated by Jikov et al [29] and Bourgeat et al [14], [15, Proposition 2.2] we have the

following 2—scale compactness result.

Proposition 4. Let {®°} C HY(G) and {¥°} C H'(G) be such sequences that
19%1l 2@ + VOS] L2(a5(w)) < C, 19)
W8] L2ay + el V¥l 265 w)) < C,

and assume that assumptions R1.-R4. are fulfilled.
Then there exzist functions ®y € HY(G), ¥, € L*(G;D(Q)), ¥1 = 0 on M, and ®; € L?(G; X),
®; =0 on M, such that, up to a subsequence,

XG5 (w) ®° SEH () o (), (20)
XG5 () 7 TEH 0 (1, w), (21)
X5V TV, R0(2) + @ (2, 0) (22)
EXGs (w) VI° 5225, XF W)V, (z,w); (23)



here xr stands for the characteristic function of F.

Proof. As it was shown in [29], [52] and [53], under assumptions R1.-R4. the set of all functions
1 € D(Q) such that ¢ = 0 on M, is dense in L?(Q2\ M), and whenever V1 = 0 in F, then v does not
depend on w in F.

Under that same assumptions R1.-R4. the tensor A% associated to the homogenized Neumann
problem and defined by

€ Me=mt [ eroldr,  ce R (24
ve
Q\M
is positive definite. Using the above a priori estimates and the stochastic two-scale in the mean compact-

ness theorem from Bourgeat et al [13], we conclude that, after taking a proper subsequence, the sequences
{9°}, {ngc(w)vqﬁ}, {¥e} and {5xg;(w)V\I’5} have stochastic two-scale limits. We have then:

o O° s.2—i>m. Dy(z,w)

j.2-5.m.
o Xos () VO T o ()

AV S'ﬁm‘ Uy (x,w)

® eXae (w) VY* S'Zign'zo(m,w)
We should find relations between ®q, &y, v and zg.
Concerning the relation between &, and ®q, it was considered in [15, Proposition 2.1], and it was
proved that
=0 on GxM and &(z,w)— V.Po(z) € L*(G; X)".

It remains to identify zp .
Taking into account the ergodicity of the dynamical system and connectivity of the solid skeleton, by
the same arguments as in Bourgeat et al [13], Bourgeat et al [15] and Wright [52], we conclude

zo(z,w)=0 on GxM and zo(z,w)=xrPi(x,w)e€ D).
O

Remark 5. It should be noted that AY; is always positive definite in the periodic case if the solid part is
connected.

2.2 Linearization

In this subsection we follow the lead of O’Brien & White [42] and proceed with semi-linearization of
system (1)-(6). The static electric potential ¥***(z) and the applied fluid force f*(z) are assumed to be
sufficiently small. No smallness condition is imposed on N,o and the Poisson-Boltzmann equation (3)
remains non-linear.

After O’Brien & White [42], we write the electrokinetic unknowns as

nf(2) = ny " () + 0nf(x), W (x) = W% (2) + 5% (2),
u®(z) = u’(2) + 0us(x), p°(z) = p"(2) + 0p° (),
0

where n;>°, W% u%¢ p% are the equilibrium quantities, corresponding to £* = 0 and ¥*** = 0. The §
prefix indicates the size of perturbation.



At zero order, corresponding to f* = 0 and ¥*** = (0, we search for an equilibrium solution of the
form

N
uO,e =0, pO,e — Z n; exp{—Zj\Ilo’E} ,

j=1
() = nf exp{—2,"*(x)} (%)

where ¥%¢ solves the Poisson-Boltzmann equation

N
L0
—? AV = E zjnje #V i G%(w),
j=1

— (26)
eVUY€ .y = —N,0 on 0G%(w) \ 0G, v% =0 on OG.
Furthermore, we assume that all valences z; are different and
21 <29 < ...<zZn, 21<0<zpy. (27)

It should be noted that the second relation here is crucial while the strict inequalities in the first one can
be assumed without loss of generality. Indeed, if for two species the valencies were the same we could
relabel them as the same specie. We denote by jT and j~ the sets of positive and negative valencies.

Our goal is to show that problem (26) is well posed, and that its solution admits uniform a priori
estimates and two-scale converges in G to a statistically homogeneous function being a solution to problem
(37) below. To prove this we consider an auxiliary problem (38) and obtain L> estimates for its solution.
With the help of these estimates, using auxiliary variational problems in (45)—(46), we derive L*° estimates
for the solution of (26). After that, we exploit the standard two-scale compactness arguments.

We note that problem (26) is equivalent to the following minimization problem:

Lp}’c'nl/fl./g Je ((p)a (28)

with W, = {z € H'(G5(w)) | 2=0 on 9G} and

€2

N
Je(p) = —/ |V|? da + BZ/ nje” 1% dr + &N, op dS.
2 Jes () =Jasw 0G5 (w)

The functional J. is strictly convex, which gives the uniqueness of the minimizer. Nevertheless, for
arbitrary non-negative ﬁ,nj and N,, J. may be not coercive on W, if all z;’s have the same sign.
Indeed, in the case o = 0 it suffices to take as ¢ constants of the same sign as z; and zy’s and tending
to infinity. Following the literature, this degeneracy is handled by imposing the bulk electroneutrality

condition
N
Z zin§ =0, (29)
j=1
which guarantees that for o = 0, the unique solution is ¥%¢ = 0.
The second difficulty is that J. is not defined on W¢, but rather on W. N L>(G%(w)).

Remark 6. The bulk electroneutrality condition (29) is not a restriction. Actually, all our results hold
under the much weaker assumption that all valences z; do not have the same sign. We refer to [9] for
the argument how to reduce the general case to (29).



Remark 7. Assume that the electroneutrality condition (29) holds true and o be a smooth bounded
function. Then, in the deterministic setting, it was proved in Allaire et al [8] that problem (28) has a
unique solution ¥ € W, N L>(G5(w)).

Motivated by the computation of n?’e, having the form of the Boltzmann equilibrium distribution, we
follow again lead of [42] and introduce the so-called ionic potential ®¢ which is defined in terms of n by

n§ = nf exp{—z; (V¢ + & + T} (30)
After linearization (30) leads to
onf () = —zing® (x) (§0° (x) + ¥ (2) + L (2)). (31)

Introducing (31) into (1)-(5) and linearizing yields the following system

e2Au® — VP =f* — ZN: Zing*(z)(VOS + E*)  in G(w), (32)
j=1
divu® =0 in JG‘;(W), u® =0 on 9G%(w), (33)
div (ng’e(x) (VoS + E* + f:jus)> =0 in G3(w), j=1,...,N, (34)
(VS +E*)-v=0 on 9G5(w)\dG, & =0 on dG, j=1,...,N, (35)

where
E*(z) = V\IICXt’*(x),

the perturbed velocity is actually equal to the overall velocity and, for convenience, we introduced a
global pressure P*
N
Juf =ut, PT=0p 4+ ) zm)T (00F + @5 4+ GOhr) (36)
j=1

For the choice of the boundary conditions on 0G, we have followed O’Brien & White [42]. It is important
to remark that, after the global pressure P has been introduced, 6¥¢ does not enter equations (32)-(35)
and thus is decoupled from the main unknowns u®, P and 5.

2.3 Poisson-Boltzmann equation in the random geometry

Rescaling of the Poisson-Boltzmann equation in (26) yields its form valid in F(w) :

N
—A 0 =B zmbem Y = —fny(V0) in F(w),
j=1

VU v = —N,o(T(y)w) on IF(w), (37)

TP is statistically homogeneous.

Here and in what follows we assume that o(y) = o(y,w) = o (T (y)w) with o € D(Q2) N L*>®°(w). Problem
(37) does not have boundary conditions at infinity. They are hidden in the statistical homogeneity of
a solution. This means that there exists a function ®° € L?(F) such that ¥°(y,w) = ¥ (T (y)w). We
recall that in the periodic case, one can search for globally bounded smooth solution in the space and it
turns out that they are necessarily the periodic ones.

10



We will show below that problem (37) is well-posed and has a unique solution and that the solution
WO of problem (26) stochastically two-scale converges as € — 0 to the function xg(z)®°(w) with WO
being a solution of (37).

Clearly, the function W0 (%) = ' (T (x/2)w) satisfies a.s. the Poisson-Boltzmann equation and Neu-
mann’s boundary condition in (26). Since we are interested in the effective bulk behavior of the potential,
wo f) is in fact the desired approximation to be used in the concentration coefficients ng’g of the equations
(32) and (34).

In order to derive L*°-bounds for problem (26), we first handle the non-homogeneous Neumann
condition and study the following e-problem

1
—AVEHVE=0 in Gy(w) = 2 Giw),

1

V,Ve-v=—=N,o(y) on — 9G;, (w) = U OM;(w), (38)
© €T ()

Ve=0 on 10G.

€

Proposition 8. Let o be a bounded function such that ||o| = @rw)) < Co a.s. and assume that conditions
R1.-R3. are fulfilled. Then a.s. there exist constants V,, and Vi, independent of €, such that

Vin <V:(y,w)) < Vi a.e. on F(w). (39)

Proof. First, we recall that problem (38) has a unique solution V¢ € H*(Gf(w), V¢ = 0 on 9G/e. We
search a L*°-bound independent of ¢.

Under conditions R1.-R3., results from Gilbarg & Trudinger [22, Appendix 14.6] yield that the
distance d is an element of C%(Ty), with Ty, = { x € F(w) | d(z) = dist(z, 0F (w)) < 2k} and 1/k bounds
the positive curvature of 0F(w). We assume that 2k < min {l,rg}, where rs is a deterministic lower
bound in condition R3.

Let h € C?[0,400) be a nonnegative function such that h(t) = 0 for t > k and h'(0) = N, ||o|| L= (or(w)) =

Cp. Then there is a constant C' , independent of &, such that the function

4 :{ h(d(x)), if dist(z, e 0GE, (w)) < 2k,

0, otherwise

satisfies

0<a.<C in Flw), |A&|<C in Fw), Vya.-v=0(0)=Co on |J 0M;w).
JEIT(¢)

Furthermore . .
—A(a. +C) + (a- + C) > 0,

a—&g > N,o and G. = 0 on e '0G. By the maximum principle
v

Ve <a.+C<20C.
<

In the same way one can show that —2C' < V¢ < 2C and the solution V¢ of problem (38) satisfies
(39). O

11



Remark 9. Let us suppose, in addition, that o is bounded in C1(OF(w)). The function V¢, solving
problem (38), is in fact the solution for the variational problem

Find Ve € H(Gy(w)), VF=0 on% O0G such that

/ (VyVE Vyp+Vp) dy=—N, > o dSy=—-N, »_ / oVd - v dS, =
Gy(w) jeg(e)’ OM;w) jed(e) 0M; (W)
N, (Zh(d) Vyd-Vyo+ 2h(d) Ad g + LK (d) [VydPo+ 27 . V,d hd)g) dy.  (40)
a;w  Co Co Co Co

In addition to estimate (39), we have
/ (IVy VP + V) dy < CIGp ()], (as.) in w; (41)
Gr(w)

here and later on the notation |B| is used for the volume of a set B C R™. Estimates (39) and (41) allow
passing to the limit € — 0 of the sequence {V*=}.

Having L°-bounds for the solution of auxiliary problem (38) allows proving existence of a bounded
solution to problem (37).
We start with the e-problem:

N
A A ﬂszngfe_qu’E = —Pfnp(¥°) in Gf(w),

=1 1 (42)
V¥ v=—N,o(y) on - 0G;, (w),

¥e =0 on é(“)G.

Theorem 10. Under the electroneutrality condition (29) and hypotheses R1.-RA., a.s., there exists a
unique solution V¢ € H'(Gf(w)) N L®(Gf(w)) of problem (42), such that

[ 9w+ 1w dy < €651 (43)
Gy(w)

]| Lo (G w)) < C, (44)
where C' is a deterministic constant, independent of €.

Proof.
Step 1.

Let L > 0 be a sufficiently large constant to be specified later on. We introduce the cut-off nonlinearity
by

"HL
ng(z) for |z| < L;
ng, (2) =4 ng(l)+z—L for z>1; (45)
ng(—N)+z+L for z<—L.

The cut-off functional is defined by

1

Jr(p) = */G ( )IVM2 dy+
fw

5 Lr(p) dy — / (Ve + Vy,VE - Vo) dy,

Gy(w) Gr(w)

12



where

Yoo omx) = > my(0) for x| <L
JEFTUF JEFTUFT
1 2
rpey=d 2 @ +naDE-D+5GE-0~ Y7 n(0) for z>L;
JEITU T 1 JEITUIT
Z nj(—L) + nu(—L)(z + L) + 5(2 + L)% - Z n;(0) for z< —L.
g€t jeiust

Then the problem
4
Héln Jr(p) (46)

where W = { ¢ € H'(Gf(w)) | ¢ = 0 on dG/¢ }, has a unique solution ¢r,. Furthermore
IVyerlZz (6, @y +1eLlli2ie, @) < CIGs W), (47)

where C' does not depend on L and e. The latter inequality follows from the evident fact that mi{?/ Jr(p) <
e

0 and the lower bound I'f,(2) > ¢|z|? with a constant ¢ > 0 that does not depend on L.

Step 2.

Our next goal is to establish L°° estimates for ¢, independent of L and €. We begin with the
variational problem

[ Ve -vyVpays [ ngened= [ Vo, (48)

Gy(w) Gy(w) Gy(w)

for all ¢ € H(G(w)), ¢ =0 on G /e. We take ¢ = (o, — VE + Cy,)—, where

1
C’m_VMJrlog( (Ven + 21 Z /(znn%y +1>
ZN e
J

we recall that z; and zy are valences that satisfy relations (27). Inserting this particular test function
into equation (48) and using that |V — C),| < L, yield

/G ( )IVy(soL ~ Ve Cp) P dy+ B - (ny,(0r) —nu(Ve—Cn)) (er = Ve +Cn)- dy=
! ! =0 if o.>L

/G VT (V= ) =V Cu) . (49)

Next

VeE—ng(VeE-Cp) =V + sznﬁefzj(vsfcm) >V, + anfVesz(VMfcm) + 21 Z n;
J JEI~
1
>0 for szVM—i—ZNlog( (Vin +zlz /(znn%y) +1)
J€i~

and we conclude that, under a proper choice of L,

1
‘PL(y)ZVm_VM“"lOg( (Vi + 21 Y n§)—/(2nniy) +1> > L.
ZN sl
J

13



The upper bound is analogous.

Step3.

With a priori bounds (47) and the uniform L*°-bounds, there exists a subsequence of ¢, again
denoted by the same subscript, and ¢. € W N L>®(G¢(w)), such that

Ver — V. weakly in  L*(Gy(w))™;
o — p. weakly in  L*(G(w)
o, — @ weak-*in L™(Gf(w

as L — +oo. Next

thLanoo Jr(pr) = thLnEOO J(pr) > J(pe)

and
J(9) > Jrig)(9) = Jrig)(rie) = J(ee), VYge W, I(g) € L'(Gy(w)).

Hence ¢ solves variational problem (42) and provides the minimum in the corresponding minimization
problem. The strict convexity implies uniqueness and ¢, = ¥e.

O
It remains passing to the limit in problem (42) as ¢ — 0.

We are interested in homogenization of a problem posed in G‘; (w). We set

O (g) = xpf(g), z€eQq. (51)
Estimates (43)-(44) then read
/ (eVUOL P + [UOF ) da < C, (52)
G5 ()

1922 oo (@5 () < C (53)

where C' is a deterministic constant, independent of ¢.

Theorem 11. Let W< be defined by (51). Then there exists ¥° € L2(G,D()) N L>=(Q x G) such that

\I’O’E 5.2—s.m. \IJO(SU,OJ), (54)
eV WO 225 g 90 (g, w), (55)

The limit function UY is the unique solution to the variational equation
[ Vo Vg @ p [ a0 ap =N, [ (Ghlde)Vodew): Vug+
F F 7 \Co

Cioh(d(w))Awd(w)g n Cioh'(d(w))md\?g + Vgo" ~deh(d)g> dP, YgeDQ)NL®Q).  (56)

Proof. Using a priori estimates (52)-(53) and the stochastic two-scale convergence in the mean compact-
ness theorem 3.7 from [13] and Proposition 4, we conclude that, after taking a proper subsequence, the
sequences {U°¢} and {eVW¢} have stochastic two-scale limits in the mean ¥° and V,¥°. Furthermore,
XG5 (w) Converges in stochastic two-scale in the mean toward y z.

Because of the lower-semicontinuity with respect to the stochastic two-scale convergence in the mean
of the L%-norms, 1 < ¢ < 400, and estimate (53), the LI(G x F)-norms of ¥° are bounded uniformly
with respect to . Hence, ¥ € L°°(Q2 x G), with the same constant as in the bound (53).

14



1S3

and d°(z,w) = d(T (£)w). Using Minty’s lemma we write the scaled back problem (42) in the equivalent
form

Let now ¢ € C§° w(G) and g € D(Q) N L>®(Q) . Let ¢°(z,w) = g(T(L)w)((x), 0 (7,w) = (T (L)w)

/Q/Gsxgi_(w)Vg‘5 -eV(g° — V%) dadP + 5/{2/GXG§,(W)71H(96)(96 — 0% dadP+

Na/ / (Z-h(d°)eVdE - V(g — ¥O°) + g—(h(d‘f)sQAdE + B (d°)|eVd[?) (g7 — UO%)+

eVo¢
0

eV h(d®)(¢° — ¥*°)) dadP >0, Vg€ D(Q)NL>(Q), (€ CF(G). (57)
Passing to the limit € — 0 is now straightforward (see for instance [14] and [15]). It yields

/ / vwgw)c(az)-vw(g(w)cu)—\Iv°> dzdP + 8 / / na (9()C(@)) (9(@)((x) — T°) drdP+
GJF GJF

N, / / CO W) Vaud(w) - Vo (g(w)C(z) — TO)+

i:)(h(d(wmwd@ (AT (@) ) (g(w) () — 1)+
)

B0 Vad(@)h(d(w)) (g()¢(@) - U0)) dedP >0, Vg€ D(Q)NLXQ), (€ CPG). (58

Using again Minty’s lemma we obtain that W° satisfies problem (56). Due to the strict convexity, ¥ is
unique and the whole sequence converges. Moreover, ¥° does not depend on z, and, by construction,
the function WO (7 (y)w) satisfies a.s. the Poisson-Boltzmann equation and the Neumann condition in

(37). O

Remark 12. For passing to the stochastic 2-scale limits for more complicated problems with convex
structure, we refer to Hudson et al [28].

3 Homogenization

In Subsection 2.3 we solved the nonlinear Poisson-Boltzmann equation, for the equilibrium potential
UO€(z). Tt allowed computation of the equilibrium concentrations nO “(z) = nf exp{—2;¥%¢(z)}. Fur-
thermore, we established that, as e — 0, ¥%(z) converges stochastlcally two-scales to U0 (w), the unique
solution of the variational problem (56). Since the goal of this section is to homogenize the system of
linearized equations (32)-(35) and of Section 4 to establish Onsager’s relationship between the fluxes and
the gradients of potentials in the bulk, we make a further simplification of the original system and replace
in the linearized system the function njo © with nf(z) = n§ exp{—z;¥° (T (z/e)w)}.

The formal two-scale asymptotic expansion method follows the periodic case (see Looker & Carnie
[32]). The fast variable is now y = 7 (z/¢)w and the expansion of the solutions of (32)-(35) now reads

v (z) = u(z,y) +eut(z,y) + ...,
Pe(x) = p°(x) + ep*(2,y) + ...,
5 (x) = ) (x) +e®j(z,y) +....

We do not dwell on formal expansions and start by introducing the functional spaces related to the
velocity field and the ionic potentials:

={z € Hj(G5(w))", divz=0 in Gj(w)}, W°={z¢€ H(G}w)), z=0on dG}.
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Then, summing the variational formulation of (34)-(35) with that of (32)-(33) (weighted by 27 /Pe;) yields
a.s in w the variational formulation for the coupled problem that reads

Find u® € H® and {@j}jzl,__ﬂ]\; € (WE)N such that
a((u®,{95}), (& {0;}) = (L, (&, {95})) (59)

for any test functions £ € H® and {¢;}j=1,.. .~ € (W®)"; here

a((u, {@5)), (€, {9;})) = ¢ /

N
Vu® : V€ dx + sz/ (u®-Vo; —¢- V@j)ng dx+
G%(w) j=1 G%(w)

N2 .
Zpéj/g( )nqu>;-v¢j da
Ji=1 &

and

N .
. -— . j * . J— 7'] - — * .
(L, (& Ag}) = E:zj/ nlE (5 Pe. quJ) dx /c;@f ¢ da.

j=1
We recall that the concentrations n?’s are replaced with the statistically homogeneous concentrations n?.

Before studying problem (59), we briefly discuss Poincaré inequality in G% (w). For a general class of
random domains, it was studied in Beliaev & Kozlov [12].

With assumptions R1.—R5., the proof of this inequality is analogous to that in the periodic case (see
Allaire [4, Sec 3.1.3, Lemma 1.6]):

Lemma 13. Under assumptions R1.-R5. a.s. in w,
Iell e < CellVEllpaqgs s VE € HY(GH@))", (60)

where C' is a deterministic constant.

Proof. First, we rescale £(z) to € being defined on e 'G' Next, we extend &(z) by zero to the complement
of Gy(w). Let Fj(w) be a subset of F'(w) contained the points having M;(w) as the closest fluid block.
This way we obtain a tessellation of the whole space. Now we have Poincaré inequality for every domain
Fj(w) UM ;(w), with a deterministic constant independent of j. Hence, we have Poincaré’s inequality for
all j € J(g). Next we add the complement of the closure of the union of all domains Fj(w) UM ;(w), with
j € J(e),in e 'G. Tt yields Poincaré’s inequality in e *G for ¢, with deterministic constant independent
of . Rescaling back with respect to €, gives inequality (60). O

Proposition 14. Let us assume R1.—R5. and let E= VU and f* be given elements of L>(G)"™. Then
variational problem (59) admits a unique solution (u®, {®5}1<j<n) € H x (WEN. Furthermore, there
exists a deterministic constant C, which does not depend on €, nor on f* and E*, such that the solution
satisfies the following a priori estimates

HuaHLz(G;(w))n + EHVuE”LZ(G;(w))nQ S C<|E*|L2(G)n + |f*||L2(G)") (61)
o (9511 501 < € (I8l + Il ) (62)
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Proof. The Cauchy-Schwartz inequality yields continuity of the bilinear form a and the linear form
L on H® x (Hl(G;(w))/R)N. Furthermore for § = u® and ¢; = @5, we find out that the second
integral (the cross-term) in the definition of a cancels. Next, because of the L>-bounds on ®%¢, nl >
C > 0, for a deterministic constant C, and the bilinear form a((u®, {®5}1<j<n), (0", {P5}1<j<n)) is
HEx (H? (G5 (w))/ R)N-elliptic. Now, the Lax-Milgram lemma implies existence and uniqueness of solution
of problem (59).

The a priori estimates (61)-(62) follow by testing the problem (59) by the solution, using the L°°-
estimate for W0 and using Poincaré’s inequality (60). O

As in Subsection 2.3, to simplify the presentation we use an extension operator from the perforated
domain G%(w) into © (although it is not necessary). Using hypothesis R1.-R4., in analogy with the
periodic case, (studied for instance in Acerbi et al [1], Cionarescu & Saint-Jean-Paulin [17] and Jikov et
al [29]), there exists an extension operator T¢ from Hl(Gjc (w)) in HY(Q) satisfying T5¢|G; (w) = ¢ and
the inequalities

IT*¢l|2(e) < ClidllL2(es wy) IVTD)llL2 @) < ClIVElL2(as )

with a deterministic constant C' independent of ¢, for any ¢ € H 1(ch (w)). We keep for the extended
function T°®5 the same notation ®5.

We extend u® by zero in G\G%(w). It is well known that extension by zero preserves L? and Wy
norms for 1 < g < co. Therefore, we can replace G%(w) by G in estimate (61).

The pressure field P¢ is reconstructed using de Rham’s theorem, see Temam [51]. It is thus unique
up to an additive constant. The a priori estimates for the pressure are not easy to obtain and in the
case of periodic porous media require Tartar’s construction from [50] (see also Allaire [3] or Allaire [4,
Sec 3.1.3]). Here we deal with a random porous medium and the pressure extension was constructed
only for checkerboard type random domains in Beliaev & Kozlov [12]. Nevertheless, assumptions R1.-
R4. allow to construct a ”security domain” Yj(w) of the fixed deterministic size surrounding every
M;(w), j € J(e). It is such that its distance to neighboring solid inclusions M, is bigger than a strictly
positive deterministic constant. For instance, one can choose Y;(w) to be the k-neighbourhood of M;(w):
Yi(w) ={z € F(w) : dist(xz, M;(w)) < k}, where k is a constant defined in the proof of Proposition 8.

Then we repeat Tartar’s construction of the restriction operator, developed originally for periodic
porous media (see Allaire [4]), for every j € J(e). Next, by gluing all the pieces, the restriction operator
is defined as a continuous operator R : H}(1G)" — H§(Gy(w))". Note that if div ¢ = 0 in G/e, then
div (R.¢) =0 in G¢(w). Rescaling in exactly the same way as in the periodic case yields the restriction
operator R, : H}(G)" — H} (G5(w))", such that div ¢ = 0 in G implies div (Rep) = 0 in G%(w). VP is
then extended using duality, as in the periodic case, and an extended pressure is P# is obtained and the
following estimate holds

(TP, 0 s ey mzoy) < (el + el Vellpape)s Vo € HAG). (63)
Furthermore, a slight modification of the argument from Avellaneda & Lipton [31] gives that the pressure
extension P° is given by

in G%(w),

PE

! / P°in eMj(w)
—_— in eM;(w),
|€)/1(w)| eYi(w)

for each i € J(g). The results are summarized in

P = (64)

17



Lemma 15. Let P be defined by (64). Then (a.s.) in w it satisfies the estimates

1

|P¢ — — | Pdz|i2q) < CIE* |2y + £ | L2(c) )
Gl Ja

97 e < (I8 e + Nz ).
Using the a priori estimates and the notion of two-scale convergence, we are able to prove our main

convergence result.

Theorem 16. Let us assume R1.-R5. Let n(; = nj exp{—2,;°} and {u®, {®5}j=1,.. N} be the vari-

ational solution of (59). We extend the velocity u® by zero in G \ G%(w) and the pressure P by Pe,

given by (64) and normalized by fG\GE @) Pe = 0. Then there exist limits (u°, P°) € V x L2(G) and
7

{®9,®1};=1,...v € (Hg(G) x L*(G; X))N such that the following convergences hold

u® — u’(z,w) in the stochastic two-scale sense (65)

eVu© — V,u'(z,w) in the stochastic two-scale sense (66)

P — P°(x) strongly in L3(G), (a.s.) inw, (67)

o5 — @?(x) in the stochastic two-scale sense (68)

XG;(w)V(D; — X;(w){vx@;?(x) + @} (z,w)} in the stochastic two-scale sense. (69)

In addition, for j=1,..., N,
XM(w)@}(x,w) =0, xmwu'(z,w)=0 and P°z,w)=P%xz) ae on GxQ. (70)
Furthermore, (u°, P°, {<I>]Q, @;}jzl,‘,”]\;) is the unique solution of the two-scale homogenized problem

—A,u’(z,w) + Vop'(r,w) = =V, P°(z) — £*(z)

N
+3 2 (w) (Vo ®Y(x) + @) (z,w) + E*(z)) in G x F, (71)
j=1
div,u’(z,w) =0 in G x F, u’(z,w) =0 on G x M, (72)
div, (E(u’)) =0 in G, E*(u’)-v=0and ®} =0 on 0G, (73)
Pe.
—div, (n?(w)((l)]l(m,w) + V@) () + E*(z) + %u%) =0 in G x F, (74)
J
curl, ®; =0 in G x F, (75)
n?(w)(q)} + Va;q)? +E)=0 in GxM, (76)
Pe.
—div, E(n)(®! + V,8) + E*(z) + —2u®)) = 0 in G, (77)

Zj
forj=1,...,N.

Remark 17. Following the terminology of Allaire [4], the limit problem introduced in Theorem 16 is
called the two-scale, two-pressure homogenized problem. It is well posed because the two incompressibil-
ity constraints (72) and (73) are ezactly dual to the two pressures P°(x) and p'(z,w) which are their
corresponding Lagrange multipliers.

The separation of scales from the above two-scale limit problem and extracting the purely macroscopic
homogenized problem will be done later in Proposition 24, Section 4.
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The proof of Theorem 16 will follow from several auxiliary lemmas.
We start by rewriting the variational formulation (59) with a velocity test function which is not
divergence-free, so we can still take into account the pressure

N
52/ Vu€:V£da;—/ Psdivfdx—i—Z/ Zj(—f-V@§+u€-V¢j)ngdx+
Gj(w) G5 (w) S /65w

N 22» N 22
L nIV®: Vo, do = — —J/ nIE* -V, dx
j; Pej /?(w) ‘ J / ; Pej ?(w) € J

N
+ / zinSE* - §da — / f* . &dux, (78)
; Gy G5 ()

for any test functions £ € Hg (G(w)) and ¢; € W=, 1 < j < N. Of course, one keeps the divergence
constraint divu® = 0 in G%(w). Next we define the two-scale test functions:
& (x) = §($,T(§w)), Ee (G, DY), €=0 on G x M, divy,é(z,w) =0 on G X F, (79)
x o oo )
5 = pj(x) +E’yj(x,7'(g)w), 0; € C(G), v € C(G; DY), j=1,...N. (80)
Lemma 18. Let us suppose the assumptions of Theorem 16 and convergences (65)-(69). Then any
cluster point {u®, P°} satisfies (70).

Proof. If we take £ which is with support in M, then passing to the two-scale limit immediately gives
xm(w)u®(z,w) = 0. Next we take as test function £ = e£(z, T(%w)), where £ is given by (79) and
¢; =0, for each j, then passing to the two-scale limit gives

0= / / Pdiv,, ¢(z,w) dPdz.
GJQ

Remark 2 and the ergodicity assumption on F yields P%(z,w) = P°(x) a.e. on G x Q. For a detailed
computation see Wright [52, Lemma 2.4]. O

Lemma 19. Let us suppose the assumptions of Theorem 16 and convergences (65)-(69). Then any
cluster point {u’, P, {®9, ®1};_1 N} satisfies incompressibility constraints (72)-(73) and the variational
equation

/ Vou'(z,w) : Vo dedP — / P%(z) div, ¢ dexdP+
GxXF GXxXF

N
S [ () (V) @)oo (Vi) 05r.)) dot?

Jj=

N2
+; ;—éj fon?(w)(vmfbg(x) + @;(x,w)) (Vap; +g;) dudP =
2 by Jo B (Vi (2) + g5 () P+ ; /cxf 2l ()E*(2) - € dudP
_ / £* () - £(z, w) dadP, 1)
GXF
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for any test functions & given by (79) and ¢; given by (80). Notice that V.vy; was replaced with the
element from the corresponding closed subspace: g; € L*(G; X) .

Proof. If we multiply div u® = 0 by &°, integrate over G?(w) x F and pass to the two-scale limit,
incompressibility constraint (72) follows immediately.
The incompressibility constraint (73) follows analogously, but with a choice of test function E(£¢) and
¢S = 0 for each j.
0

Using convergences (65)-(69) and by recalling that nl = nd(T (z/e)w) we pass to the two-scale limit

in equation (78) without difficulty. O

The next step is to prove the well-posedness of variational equation (81), which by uniqueness of the
limit automatically implies that the entire sequence (u®, P*,{®%}1<j<n) converges.
Let the functional space for the velocity u® be given by

V ={z%x,w) € L? (G;D(Q)") satisfying (72) — (73)},
Lemma 20. Let n € LZ(G). Then there exists © € V such that
div,E{®@}=n in G, E{©}-v=0 on 0G. (82)
Proof. Let W be the Hilbert space given by
W={zeD(Q)" |div,z=0 in F and z=0 on M}. (83)

We define the random variables q* € W, i = 1,...,n by
/quiszideP’Jr/qi~de:/widIP’, Vi € W. (84)
F F F
Then we have
B() = [ Vod':Voa a4 [ o' o dP=E(g)
F F

and for all A € R™

S ANE{gl} = /F 190> M) dP + /f 1S A2 P,
=1 =1

ij=1
Hence the matrix K, = [E{qf }} is symmetric positive definite.
ij=1,n
~ i 0q 1
Now we set © = Z q (w)%(x), where ¢ € H'(G)R solves the problem
i=1 i
divy{K,Vzq}=n in G, K V,q-v=0 on 0G. (85)

As E{O©} = K,V ,q, the Lemma is proved.
We notice the analogy with Allaire [4, Section 3.1.2]. O

Proposition 21. Problem (81) with incompressibility constraints (72) and (73) has a unique solution

(u’, P° {®9,®1},—1,..n) €V x L§(G) x (Hg(G) x L*(G; x)N.
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Proof. We study variational problem (81) with £ € V, ¢; € H'(G)/R and with Vv, j = 1,...,N,

replaced by arbitrary element of L?(G;X). We notice that for £ € V, / PY(z)div,€ dxdP = 0.
GxF

Hence we apply the Lax- Milgram lemma to prove the existence and uniqueness of (u®, {@?,@}}) in

V x (H}(G) x L?(G; X))V . The only point which requires to be checked is the coercivity of the bilinear

form. We take £ = u°, ¢; = <I>? and g; = @; as the test functions in (81). Using the incompressibility

constraints (73) and the anti-symmetry of the third integral in (81), we obtain the quadratic form
N 22
/ IV, ul(z,w)? dedP + Z L / ng(W)|Vx<I)g(x) + @] (z,w)|* dzdP. (86)
GXF j:1 Pe.j GxXF

Recalling from Lemma 7 that n?(w) > C > 0in F, it is easy to check that each term in the sum on the
second line of (86) is bounded from below by

c (/ 1V, 00(x)? da:—i—/ 1 () dm@),
G GXF

which proves the coerciveness of the bilinear form in the required space.

It remains to prove uniqueness of the pressure P°. It is sufficient to prove that for the homogeneous
data, P° =0 in L3(G).

By the above result and using equation (81), we have

0= /G Xfpo(x) div,¢ drvdP = /G P%(z)E{div, ¢} d.

Hence, by Lemma 20, P° is orthogonal to all elements of L2(G) and, as such, equal to zero. O

Remark 22. In analogy with Allaire [6] (see also Allaire [4, Section 3.1.2]), the space V is orthogonal
in L? (G;D(Q)™) to the space of gradients of the form V.q(z) + Vyaqi(z,w) with q(x) € HY(G)/R and
q(z,w) € L? (G x F).

Proof of Theorem 16:

By virtue of the a priori estimates in Lemmas 14 and 15, and using the compactness of Proposition
4 and Lemma 18, there exist a subsequence, still denoted by &, and limits (u’, P%, {®9, ®}}1<j<n) €
V x L3(G) x (H}(G) x L*(G; X))¥ such that the convergences in Theorem 16 are satisfied. Using Lemma
19 we pass to the two-scale limit in (78) we get that the limit (u°, P?, {®), ®}}1< ;<) satisfy the two-scale
variational formulation (81).

According to Proposition 21, the limit system has a unique solution and the whole sequence converges.

It remains to recover the two-scale homogenized system (71)-(77) from the variational formulation
(81). In order to get the Stokes equations (71) we choose ¢; = 0 and v; = 0 in (81). Using Corollary 2.7
from [52] we deduce the existence of a pressure field p!(z,w) in L?(G x Q) such that

N
—AU +Vopl = -V, P — £+ Z 2ind(Vo®) + ©} + E*) in G x F.

j=1

The incompressibility constraints (72) and (73) are simple consequences of passing to the two-scale limit
in the equation divu® = 0 in G%(w). To obtain the cell convection-diffusion equation (74) we now choose
€ =0and ¢; =0 in (81) while the macroscopic convection-diffusion equation (77) is obtained by taking
§ =0 and 7; = 0. This finishes the proof of Theorem 16.
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4 Scale separation and Onsager’s relations

The limit problem obtained in Theorem 16 contains the two-scales and a large set if unknowns. Further-
more, it is a system of PDEs in a random geometry. For the practical purposes (which are overall the
computational ones), it is important to extract from (71)-(77) the macroscopic homogenized problem, if
possible. Tt requires to separate the slow (z-) and fast (w-) scale. This was undertaken in Looker & Carnie
[32] for periodic porous media. In Allaire et al [7] their analysis was simplified and Onsager properties for
the effective fluxes were established. In addition, the scale separation results allowed establishing further
qualitative properties of the effective coefficients and eliminating the fast scale. In this article, our goal
is to generalize results from Allaire et al [7] to stochastic porous media.

The main idea is identifying in two-scale homogenized problem (71)-(77) the two different sets of
macroscopic fluxes, namely (V,P°(z) 4 f*(z)) and {V,®}(x) + E*(2)}1<j<n. Therefore, we introduce
two families of random geometry problems, indexed by k € {1, ...,n} for each component of these fluxes.
We denote by {€*}1<r<n the canonical basis of R".

Recalling the definition of the space W in (83) and the space X that is given just after Definition 3,
the first family of random geometry problem, corresponding to the macroscopic pressure gradient, is

Find {v""*, 07"} e Wx X, j=1,...,N, such that

)

/va : V& (w) dP — Z/z] w)OT* (w )-g(w)dP:/Fe’ff(w)dP,

/Fn?(w)(%?’k(w) . Pz—éjcj (w) dP —|—/ n?(w)vo’k(w) Gj(w) dP=0 (87)

F
forallé e W and (je€ X, j=1,...,N.

The second family of random geometry problem, corresponding to the macroscopic diffusive flux, is for
each species i € {1,..., N}

Find {v**, 0"} e Wx X, j=1,...,N, such that

al k
vi’kw: wélw — zjnqw b w) - &lw =z n?wek~ w s
[ Tavte)  Voew) §_1:/f @B} ) €w) dP =z [ nb(w)et - €(w) ap

F

- [ (O3t fE G + v ) ) ap = =0 [ )t g a5

F
forall£ €W and (e X,5=1,...,N;
here §;; is the Kronecker symbol. These two problems can be rewritten as follows:

Find {v**, 02"} e Wx X, j=1,...,N, such that

Vvt () : Vit (w) dP - Z/zg OFH(w) - (£(w) = LG (w) P

F

+sz/ ) ¢(w) d —/Fekf(w) dP, VeéeW,(eX,j=1,...,N.  (89)
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and

Find {Vi’k7®;-’k} eWxX, j=1,...,N, such that

i7kw : w — znow i-7k‘OJ . w —Zij i\wW —ViJCW (W
J T v o3 [ s (04 (€ - FEG ) ~ V@) G(w) ) a7
:zi/ n(w)et - (6(w) ~ £2Giw)) dP, YEEW, G € X,j=1,...,N. (90)
.F (3

Lemma 23. Problems (89) and (90) admit a unique solution.

Then, denoting the components of E* by E} we can decompose the solution of (71)-(77) as

n 0 N 0
u(z,w) = Z (—vo’k(w) (gfk + f;:) (x) + Zvi’k(w) (EZ + gi;) (m)) (91)

k=1 =1
1 R 0.k LPO ) (p al ik, ., 09} .
<I>j<x,w>k§_jl< O ) (G 41) @+ o0y e (i g ) >>. (92)

We average (91)-(92) in order to get a purely macroscopic homogenized problem. We introduce the the
total electrochemical potential p5 of the linearized system as

H’j — *Z]((I)j + lIIEXt7*)

and the ionic flux of the jth species

e R % Pej

J; = P—ejnj (V‘bj +E" + Zjue) .
The corresponding homogenized quantities are defined as

pi(@) = —z;(®f(x) + ¥ (2)),

jj(z) = %E{ng(w)(vmég(x) +E* + q)}(x,w) + F:J O(agw))}, u(z) = E{u’}.

From (91)-(92) we deduce the homogenized or upscaled equations for the above effective fields.

Proposition 24. Introducing the flur J(x) = (u, {j; }1<j<n) and the gradient F(x) = (Vo P°, {Viu;}t1<j<n),
the macroscopic equations are

div,J =0 in G, (93)
J = —BF — B(£*,{0}) (94)

with a symmetric positive definite B, defined by

Kk o I
21 ZN
D D

L, -2 ... LN

B— 2 ZN , (95)

D; D,

]LN N1 NN
Z1 ZN
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and complemented with the boundary conditions for P° and {®9}1<j<n. The matrices J;, K, Dj; and L;
are defined by their entries

{Jihu = E{v"* €'}, {Khp = B{v"*. €'},
i Z4 i,k s ~j 0,k
{Dishue = En(v** + 5L (67" +05%)) '}, {Lyhu = E{n)(vO* + P07 e
Remark 25. The tensor K is called permeability tensor, Dj; are the electrodiffusion tensors. The sym-
metry of the tensor B is equivalent to the famous Onsager’s reciprocal relations. In the periodic case the

symmetry of B was proved in [32] and its positive definiteness in [7]. It is essential in order to state that
(93)-(94) is an elliptic system which admits a unique solution.

Proof of Proposition 24. The relation in (93) is an immediate consequence of (73) and (77). Taking the
expectation on the left- and right-hand sides of equalities (91) and (92) and considering the definitions of
the homogenized functions {4, } and {j,} and of the entries of the matrix B, after elementary computations
we arrive at (94).

In order to justify positive definiteness of B we fix an arbitrary vector n = (n°,n',...,n"), n/ € R%,
and denote by v" and @}7 the following functions:

d

_ I iyl
vl = lz;{ ovO +Z77 }
d N _
Z{ 0601 Zﬁf@;l(w)}
i=1

=1

From (89) we derive that
(V1,0 eWx X, j=1,...,N,

and

N
/va”(W):wa(w) dIP’fZ/ zjn(;(w)@?(w)(g( ) — PGJCJ( w)) dP
+ZZJ/ ) - Gw dIP+Z/ zjm) E(w )—nj-P;C(w))dIP (96)
:/n“~§(w)dP, VEEW, G eX,j=1,...,N.
-

Substituting v" for £ and ©7 for (; in this integral relation yields

N 2
24
IV vT(w)|? dP + / 2 n%(w)|0"(w)|? dP
/]-' ; FPe; 7 !
2

ol z
= /]:770 v (w)dP + J; /}_n?(w)nj . (zjv”(w) - P—;J@?(w)) dPp;

here the quadratic form on the left-hand side have been obtained in the same way as the quadratic form
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n (86). This implies the following relation:

vt |2dIP+Z/ W|O(w) + [ P
2
= [ dP+Z/ o ( zgv”<w>+§(@?<w>+nj))dﬂa

=Kn" - +ZJ?7 n +ZJJ77 -z’ Dyn +sz77] L;n°

Jj=1 1, j=1 Jj=1
T T
= 6(7707 Z_jnj) : (770, Zjnj) )
which in turn yields the desired positive definiteness. )
In order to show that B is symmetric we consider v and @? with another set of vectors 7°, {1’ 5\[:1

in R%. Then we substitute v and 0 for ¢ and (;, respectively, in (96). In a similar integral relation
corresponding to 17", {7}/ }jvzl we substitute 0 for £ and @;‘ for ¢;. Summing up the resulting relations we

get
N
/f (van Vv + Zn‘;(w)@;?(w) . @?(w)) dP

j=1
2 .
/n -V v"d]I’+Z/zj ) (7 v — P—éjw@?(w))d[[”.

Exchanging 1 and 7 and considering the symmetry of the integral on the left-hand side we obtain

/77 -V V"dIP’+Z/Z] 77 Vn+P7n @77( ))dIP’

_ Zj
_/F vnd]}uZ/zJ ) (i VMPTjn.@;(w))dP.

This implies the following equality

N N N
KDY T+ (Lmo + ZDijﬁJ>
=1 i=1 =1
N N N
=7 Kn° + Zﬁo I’ + Zziﬁl : (]Lﬂlo + Z]D)ijﬁj)-
j=1 i=1 j=1

Therefore,
to. . _NAE . . _NAE t
8(770;21771,-~-7ZN77N) '(noazlnla"'aanN) :B(noazlnla"'7zN77N) '(770721771,---;ZN77N)
This yields the desired symmetry of the matrix 5. O
Corollary 26. The homogenized equations in Proposition 24 form a symmetric elliptic system

N
dive {K(VoP? +£5) + > I;(V,®) + E*)} =0 in G,
i=1

N
dive {L;j(Vo P? +£) + ) Dji(Vo®) +E9)} =0 in G,

i=1
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with boundary conditions (73). In particular, E* and f* € HY(G)", with 0 € CY(0F(w)) bounded, imply
that the pressure field P° € H*(G).

5 Strong convergence and correctors

Besides the stochastic two-scale convergence of the microscopic fluxes and pressures to the effective ones,
we also prove convergences of the energies.

First, we recall that the L?-norm squared is lower semi continuous with respect to the stochastic
two-scale convergence. In our situation, where after Corollary 26 the limit functions are smooth, it can
be seen through a simple direct argument. First, we notice that the formulas of scale separations (91)
and (92) imply that the functions u®(z, 7 (£)w) and ®}(z, T (£)w) are admissible. Hence from

/Q/ |Vu®|? dedP > &2 // |Vu® a:T( Yw)|? drdP+
// evu(z, T( ) )-eV(u® —u (z,T(g)w)) dxdP
and passing to the limit € — 0 gives
lim 52// |Vu®|? dadP z/ |V,u’(z,w)|? dPdz.
aJa QxF

Similarly,
lim / / nd| V&S 2 dudP > / n0(@)| V.8 () + @} (z,w)[? dadP.
e (w) QxF

e—=0 Jo
A stronger result is

Proposition 27. We have the for j=1,..., N,

lim 62// |Vu®|? dedP :/ |V,u’(z,w)|* dPdx, (97)
0 ol QxF
&113%/ /ww) nl|VO51? dudP = /QX]:n?(wﬂVx@?(m) + @} (2,w)|* dedP. (98)

Proof. We follow the proof from the periodic case (Allaire [5, Theorem 2.6] and Allaire et al [7, Sec 5]).
We start from the energy equality corresponding to the variational equation (59):

N 2
2 €2 Zj j €12 * €
I Pe = JE <I>
5L\Vu| d:v—l—zpej/?()nw |“ do = ZPe] : n VO da+
§
nSE* - u®dr — / f* - u®dx. (99)
G5 (w)

For the homogenized variational problem (81) the energy equality reads

V,ul|? dzedP + / V@O +‘I) z,w)|? dedP = — /
/Qx]—'l | ZPG; Q><]~' @)l (@) ( ) ZPGJ QxF j

(V@Y (2) + ) (2, w))dxd[?’—l—z,zj/

w)E* (2, w) dedP — / £* - u’(z,w) drdw.  (100)
j=1 Qx}‘ QX F
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In (99) we observe the convergence of the right-hand side to the right-hand side of (100). Next we use
the lower semicontinuity, with respect to the stochastic two-scale convergence, of the left-hand side and
the equality (100) to conclude (97)-(98). O

Theorem 28. Under the assumptions of Section 3, the following strong two-scale convergences hold

(. T(5)e ))\2 ddP = 0 (101)

e—0 Q

and

lim/ / — 3%(x)) - @}(x,T(g)w)r dzdP = 0. (102)

e—0

Proof. We have
2 0 g(,ufussczzv: u’](x szx
[ vt () - vt @ dede = [ 9,00 T o) daap
Jr/Q/G&:2|VuE(x)|2dmd]P’—2/9/65[Vyu0](x,7'(g)w)~Vu€(x)dxd]P’+O(5). (103)

Using Proposition 27 for the second term in the right-hand side of (103) and passing to the two-scale
limit in the third term in the right-hand side of (103), we deduce

gig%/ﬂ/Gg’V (us(x) —u%x,’f(%)w))’2 dxdP =0

Now application of Poincaré inequality (60) in G%(w) yields (101).
On the other hand, by virtue of Theorem 10, n$ is uniformly positive, i.e., there exists a constant
C > 0, which does not depend on ¢, such that

L) !V@im o) -8l T e < €

//w)

Developing the right-hand side of (104) as we just did for the velocity and using the fact that ni(x) =
nd(T(£)w) is a two-scale test function, we easily deduce (102). O

5 (2) — 09(x)) fé}(z,'r(g)w)f dzdP. (104)
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