
1. Introduction
Plasma instabilities are found on a regular basis in the ionospheric plasma, particularly in elongated forms along 
the geomagnetic field. In the predominant electrostatic case (fluctuations in the plasma densities in unison with 
electric field fluctuations) instabilities are triggered for electric fields of the order of 20 mV/m or greater, namely 
E × B drifts in excess of or about 400 m/s (e.g., Fejer & Kelley, 1980). Sharp density gradients may also at 
times modify the instability threshold, mostly in a minor way. At 50 MHz, this would require 500 m gradient 
scales or shorter while near 10 MHz, gradient scales as large as 20–30 km could affect the instability threshold 
(St.-Maurice et al., 1994). It remains that when Farley-Buneman waves (FB waves, Farley, 1963; Buneman, 1963) 
are embedded in gradient-drift waves, the net electric field direction could depart significantly from the back-
ground electric field direction, which explains how Type I waves are sometimes seen vertically at the equator, 
with horizontal wavelengths of the order of a few km associated with the gradient-drift the purely electric field 
driven waves are embedded into (Kudeki et al., 1982). The unstable electrostatic structures are detected by radars 
if there is enough wave power in a Fourier component equal to half the radar wavelength in the case of radar 
back-scattering (these topics are discussed at length in various review papers, notably in the book by Kelley & 
Heelis, 1989).

Abstract We associate new data from icebear, a coherent scatter radar located in Saskatchewan, Canada, 
with scale-dependent physics in the ionosphere. We subject the large-scale icebear 3D echo patterns (treated 
as 2D point clouds) to a data analysis technique hitherto never applied to the ionosphere, a technique that is 
widely applied in cosmological red-shift surveys to characterize the spatial clustering of galaxies. The technique 
results in a novel method to calculate the spatial power spectral density of the greater ionospheric irregularity 
field. We compare results from this method to in-situ plasma density and magnetic field observations from the 
Swarm mission. We show that there is a remarkable similarity between echo clustering spectra in the E-region 
and the field-aligned current structuring spectrum observed in the F-region: a clear and characteristic preferred 
scale (5 km) both in the E- and F-region spectra. We discuss the possibility that this represents evidence of an 
energy injection into the ionospheric irregularity field via energetic particle precipitation, but offer alternative 
interpretations with wider connotations for the ionosphere-magnetosphere system. These findings open new and 
promising avenues of research for the study of the location of ionospheric scatter echoes with 3D information. It 
constitutes a novel way to consider the pattern of ionospheric irregularities over wide fields of view when there 
is an abundance of radar echoes, which allows for the analysis of radar data as point clouds.

Plain Language Summary With the advent of precision radar data from the aurora containing 
detailed information about radar echo locations, we are in a position to apply statistical methods from 
cosmology to extract information about plasma turbulence in the ionosphere. This interdisciplinary paper 
presents some birds-eye view discussions about the use of correlation functions in physics, showing how it 
can be used to understand physics on virtually all spatial scales in the observable universe. We present results 
pertinent to the ionosphere, shedding light on plasma turbulence and its relation to energetic particles in the 
aurora. Here, we use observations both from space, by the orbiting satellites in the European Space Agency's 
Swarm mission, and using an experimental auroral radar in Saskatchewan, Canada.
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In the present paper we are concerned with plasma structures with field-perpendicular scale sizes roughly 
between 1 and 50 km. In the high-latitude ionosphere, a host of plasma instability mechanisms are associated with 
km-scale plasma structures (Kintner & Seyler, 1985). Frequently evoked, the gradient drift instability depends on 
density gradients parallel to an ambient electric field, leading to charge separation and the development of polari-
zation electric fields that lead to an E × B-drift that amplifies the initial density gradients (Tsunoda, 1988). Gradi-
ent drift instability growth rates favor plasma structuring on the order of ∼1 km (Tsunoda, 1988), though that 
scale-size is dependent on local plasma physical conditions (Lamarche et al., 2022). In addition, similar distur-
bances in the auroral region can be caused by flow shear (Horton et al., 1987; Keskinen et al., 1988) and in some 
cases the current-convective instability (Kintner & Seyler,  1985). Recently, Ivarsen, St-Maurice et  al.  (2021) 
found that plasma density spectra in the auroral F-region systematically favor scale sizes between 2 and 20 km 
for a possible energy injection. Earlier studies connect such injection events to energy dissipation at scale sizes 
lower than 2–3 km (Keskinen & Huba, 1990). In all, such km-scale irregularities are well-positioned to cause 
radio scintillations to GNSS applications, which are widespread in the auroral ionosphere (Hong et al., 2020; 
Prikryl et al., 2015).

In this study we will present a method of investigation into km-scale irregularities in the auroral E-region. 
To this end, we will use ground-based radar observations from icebear. The Ionospheric Continuous-wave E 
region Bistatic Experimental Auroral Radar, is a coherent scatter radar in Saskatchewan, Canada, operating at 
a frequency of 49.5 MHz (Huyghebaert et al., 2019). The receiver and transmitter locations are separated by 
∼240 km. This allows for a continuous wave operation mode. In the Summer of 2019, icebear was reconfigured 
to produce a 3D dataset. The reconfiguration entailed improvements in the software processing of the icebear 
echoes, and a physical reconfiguration in the positions of the antannas (Galeschuk, 2021; Lozinsky et al., 2022). 
The result is a radar instrument with unprecedented resolution in altitude and azimuth, allowing for detailed 
imaging of the E-region plasma irregularity field if the ambient electric field is strong enough in localized regions 
inside the field-of-view, with the added caveat that we consider each range-Doppler bin to be coming from a 
single location. The detected echoes from 3-m plasma irregularities from the auroral E-region are continuously 
recorded by icebear during its operating times.

Technically, information about plasma structuring on km-scale is not obtainable with a 50 MHz radar, since it is 
calibrated to detect 3-m FB waves. In the past, however, this fundamental frequency-restriction in other radars has 
been circumvented several times before. Farley et al. (1981) introduced interferometry to probe a greater plasma 
velocity field. Recently, Goodwin and Perry (2022) reconstructed the ionospheric irregularity field by combin-
ing fixed-altitude multi-point radar measurements with modeled plasma density altitude profiles. In this context, 
the present study considers individual radar backscatter echoes as two-dimensional point clouds. In the Fourier 
domain, turbulence at 3-m scale is connected to larger-scale turbulence through the nonlinear transfer of energy 
between wavevectors. The central premise for the present study and the ones mentioned above is then that the 
spatial distribution of 3-m FB waves trace the greater irregularity field, relations that are revealed by analysis of 
the spatial correlations present in said distribution. In doing so, we demonstrate the successful application of point 
clustering statistics adapted from cosmology, the two point correlation function. This Monte-Carlo based statistical 
method appears in cosmology (Ivarsen et al., 2016), fluid mechanics (Falkovich et al., 2001), and particle physics 
(Verde et al., 2006), to mention a few applications, but has hitherto not been applied to ionospheric observations.

Our motivation comes from Ivarsen et  al.  (2023), where we demonstrated that icebear 3D echoes from the 
ionosphere tend to cluster in time and space. In that paper, empirical metrics of clustering were set up in order 
to separate ionospheric scatter from meteor trail echoes originating in the upper atmosphere. We showed that 
the median distance between an ionospheric scatter echo and its 512 nearest neighbors is, on average, 2–5 km, 
while the corresponding separation for meteor trail echoes were 100–300 km. However, the 512-nearest neighbor 
distance metric is entirely empirical and without any first-principles basis. In the present report, we show how the 
clustering of 3-m FB waves can be used to probe plasma turbulence on a wide range of spatial scales.

We analyze radar echoes recorded during four separate events, three of which were seen in conjunction with 
in-situ satellite observations in the F-region from the Swarm mission. For each event, we have obtained icebear 
radar echo clustering statistics with the two-point correlation function, from which we estimate the irregularity 
field power spectral density (PSD). We then proceeded to compare spectra obtained in this way to the PSD of 
high-resolution magnetic field observations from Swarm, driving us to conclude that the auroral imaging of radar 
echoes is closely associated with the widespread presence of precipitating particles, at least at times.
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2. Methodology
A concept central to the present study is the power spectral density. With this technique one can study the 
scale-dependent ionospheric irregularity field in both the spatial and temporal domains. As a reference for 
our methodology, we have included an Appendix that briefly summarizes the foundations of PSD analysis 
with regard to the topic at hand. Such PSD analyses have been applied to plasma observed by spacecraft with 
field-perpendicular motion in countless studies (see, e.g., Ivarsen et al., 2019; Ivarsen, Jin, et al., 2021; Kivanç & 
Heelis, 1998; Mounir et al., 1991; Phelps & Sagalyn, 1976; Spicher et al., 2014; Šafránková et al., 2015; Villain 
et al., 1986)). Common to most of these space physics studies into the PSD of fluctuating quantities is an interest 
into spectral slopes. That is, a power law fit of P against ω yields linear curves with a constant slope α (Ivarsen, 
St-Maurice et al., 2021; Mounir et al., 1991; Phelps & Sagalyn, 1976; Spicher et al., 2014; Tsunoda, 1988),

𝑃𝑃 (𝜔𝜔) ∝ 𝜔𝜔
−𝛼𝛼
, (1)

where α  >  0. In turbulence theory, spectra often display a break-point in P(ω), the presence of which can 
indicate a transition to turbulent mixing or energy dissipation (Keskinen & Huba, 1990; Mounir et al., 1991; 
Tsunoda,  1988), or the presence two-dimensional turbulence (Kintner & Seyler,  1985). A multitude of such 
break-points has indeed been observed in space plasma (Basu et al., 1990; Ivarsen, St-Maurice et al., 2021; Kelley 
& Heelis, 1989; Mounir et al., 1991; Spicher et al., 2014; Villain et al., 1986). Importantly, steepening spec-
tra with a second, or steepened, spectral index around α ∼ 3 are associated with energy dissipation (Ivarsen 
et al., 2019; Mounir et al., 1991).

Next, we shall introduce a completely novel method to estimate the power spectral density of an ionospheric 
quantity, the tendency for 3-m FB waves to cluster in the E-region. To explain the method in detail, we must first 
turn to a different scientific field: statistical cosmology.

2.1. The Two-Point Correlation Function

In cosmology, a common way to quantify the clustering of galaxies and galaxy clusters is the two-point correla-
tion function, ξ(r). Frequently used in large-scale surveys of galaxy redshifts, it is defined as the “excess prob-
ability” dp (over random) of finding a galaxy pair separated by a distance r (Davis & Peebles, 1977; Shore & 
Trimble, 2003). This excess probability is given by

𝑑𝑑𝑑𝑑 = 𝑛𝑛
2[1 + 𝜉𝜉(𝑟𝑟)]𝑑𝑑𝑑𝑑1𝑑𝑑𝑑𝑑2, (2)

where ξ(r) is the two-point correlation function, and where n is the mean number density of galaxies, assumed 
equal in their respective volume elements, dV1 and dV2.

An equivalent approach consists in defining the number density field ρ(x) as a function of a spatial location x, 
where a spatial averaging would yield 〈ρ(x)〉 = n. Then,

𝑛𝑛
2[1 + 𝜉𝜉(𝑟𝑟)] ≡ ⟨𝜌𝜌(𝑥𝑥)𝜌𝜌(𝑥𝑥 + 𝑟𝑟)⟩. (3)

The correlation function ξ(r) can be arbitrarily positive or negative, and goes to zero as the separation r diverges 
to infinity, assuming a constant average density in the volume. Given the definition, ξ(r) can be thought of as 
the fluctuating part of the autocorrelation function, meaning that it should be normalized before interpreting its 
value. Crucially, the correlation function depends only on pair separation distances. This requires the catalog of 
galaxies to be statistically isotropic and homogeneous. In general, the two-point correlation function is an auto-
correlation function (Davis & Peebles, 1977), and is consequently directly related to the power spectrum through 
a Fourier transform, a fact that we shall exploit in the next section.

2.2. Application to the Ionosphere (the Hankel Transform)

On the very smallest scales, in experimental particle physics, the two-point correlation function is used to model 
the behavior of charged and neutral particles undergoing collisions (Lisa et  al.,  1993; Verde et  al.,  2006). In 
theoretical plasma physics two-point correlations are formally used to add short range interactions between parti-
cles on scales smaller than the Debye length. Much like in other fields, this is done through the use of the 
cluster expansion scheme based on the so-called BBGKY procedure (Boyd & Sanderson, 1969, Chapter 10). In 
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ionospheric physics, correlation functions are used in the theory of incoherent scatter to model plasma density 
fluctuations on scales larger than the Debye length (Farley, 1969; Hagfors, 1961; Milla & Kudeki, 2011). In the 
fundamental study of turbulence, hypothetical samples of the fluid velocity field are often treated using two-point 
correlation methods (Canet et al., 2017; Galtier & Banerjee, 2011). There, it is typically applied to model turbu-
lent behavior in a fluid, with the goal of quantifying the nonlinear transfer of energy between wavenumbers in 
models and simulations (Falkovich et al., 2001), without the explicit observations of point-sources. Plasma turbu-
lence in the solar wind have been investigated using the observational application of the two-point correlation 
function, leveraging multi-point observations by several orbiting spacecrafts (Osman & Horbury, 2006, 2009). As 
we have alluded to, the two-point correlation function is used in cosmology to measure the tendency for matter 
to cluster in both real and simulated surveys of galaxies and galaxy clusters. In cosmology, the intent is to quan-
tify how gravity works on the largest scales, an important and open question (Bull et al., 2016). Importantly, the 
cosmological application of the two-point correlation function is observational, and it is applied to the locations 
of point sources. It is this methodology of two-point statistics that we adapt to a point-cloud database of coherent 
scatter echoes.

Based on the foregoing discussion, we show in Figure 1 a diagram of the various applications of the two-point 
correlation function in physics. Figure 1 spans almost 40 orders of magnitude, a scale interval that encompasses 
most of the phenomena found in the observable universe.

Counter to galaxies, ionospheric plasma irregularities are obviously not clustering due to gravitational attraction. 
E-region plasma irregularities are associated with electric fields, currents, and density gradients, their detection 
also clearly depends on the ambient plasma density, which is itself driven by energetic precipitation in the night-
time aurora (Huyghebaert et al., 2021). As a result the observed irregularities are detected in clearly delineated 
regions of abundant structures. This is to say: 3-m structures detected by 50 MHz radars are organized through 
much larger, 10–100 km patterns in the driving perpendicular electric field and perpendicular density gradients 
while their very detection (not their presence as such) might also be regulated to a large degree by particle 
precipitation.

We assume here that the scattering layer is thin and essentially flat for the region of interest. The assumption of a 
thin flat scattering layer is equivalent to saying that we only consider the horizontal (field-perpendicular) distri-
bution of irregularities. We then investigate what would happen in the event of a dominant cylindrical symmetry 
about a central axis passing through the center of the echo region and by that we mean that we assume local 
small-scale isotropy. We then consider a Fourier transform for this 2-dimensional (2D) cylindrical symmetric 
situation in which there is no angular dependence in real space nor in k space. The 2-D Fourier transform of ρ, 
which we label as ρk, can now be written as

𝜌𝜌𝐤𝐤(𝑘𝑘) =
∫

∞

0

𝑑𝑑𝑑𝑑
∫

2𝜋𝜋

0

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝜌𝜌(𝑑𝑑)exp[𝑖𝑖𝑘𝑘𝑑𝑑 cos(𝑑𝑑 − 𝜙𝜙)] = 2𝜋𝜋
∫

∞

0

𝑑𝑑𝑑𝑑𝑑𝑑𝜌𝜌(𝑑𝑑)𝐽𝐽0(𝑘𝑘𝑑𝑑), (4)

where subscript k indicates a 2-D Fourier transformation. This expression assumes that the density ρ is essentially 
independent of the position angle θ, while ϕ is the angular position of the wavevector k (in k-space cylindrical 

Figure 1. Diagram showing the wide range of spatial scales on which the two-point correlation function has been applied in 
physics as black circles. The 3-m length scale involved with the FB waves observed in the present study is indicated.
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coordinates). The final integral, which contains the zeroth order Bessel function of the first kind, J0(kr), is the 
Hankel transform. We note that because of the angular symmetry involved in the procedure, the inverse transform 
has the same form, with ρk replacing ρ and k replacing r in the final integral, namely

𝜌𝜌(𝑟𝑟) =
1

2𝜋𝜋 ∫

∞

0

𝑑𝑑𝑑𝑑𝑑𝑑𝜌𝜌𝑑𝑑(𝑑𝑑)𝐽𝐽0(𝑑𝑑𝑟𝑟) (5)

Of course the same expressions apply for ξ(r) and ξk(k) since n 2 in Equation 3 is, by definition, a constant. Since 
ξ(r) is an autocorrelation function (Davis & Peebles, 1977), and based on the foregoing, we are left with (Szapudi 
et al., 2005),

𝜉𝜉(𝑟𝑟) =
1

2𝜋𝜋

∞

∫

0

𝑃𝑃 (𝑘𝑘)𝐽𝐽0(𝑘𝑘𝑟𝑟) 𝑘𝑘𝑘𝑘𝑘𝑘𝑘 (6)

the inverse of which implies,

𝑃𝑃 (𝑘𝑘) =

∞

∫

0

𝜉𝜉(𝑟𝑟)𝐽𝐽0(𝑘𝑘𝑟𝑟) 𝑟𝑟𝑟𝑟𝑟𝑟𝑟 (7)

The above equations constitute the Hankel and inverse Hankel transforms respectively (Baddour, 2011), and are 
reminiscent of the Wiener-Kinchkin theorem with ξ(r) as an autocorrelation function (see Equation A1, A2).

As already eluded to above, in order to apply the foregoing to ionospheric plasma irregularities seen by a 50 MHz 
radar, we have to rely on a few basic assumptions. First, we treat echoes as coming from a thin spherical surface 
above Earth at an altitude close to 105 km, which conforms with the reigning view of the ionospheric location of 
Farley-Buneman instabilities. Second, we assume that 3-m Farley-Buneman irregularities are sufficiently wide-
spread, to the degree that their distribution is statistically reasonably homogeneous and isotropic, meaning in the 
present context that on the surveyed surface there is no local preferred direction about a central axis of symmetry, 
though asymmetric dynamics are also captured by the Hankel transform (Baddour, 2011). Third, we assume that 
the distribution of the echo locations is organized according to a much larger structuring of the E-region plasma, 
itself the result of arrangement of sources of the small scale irregularities and plasma density enhancements 
through particle precipitation.

When the above assumptions hold true, we can determine the two-point correlation function ξ(r); that is, the 
excess probability of finding a 3-m FB irregularity echo pair separated by a distance r on the surface of the 
E-region as observed by icebear. We can therefore survey the greater structuring of E-region plasma at some 
scale r. Consequently, we can obtain a spectrum of irregularity locations by a Hankel transform of the measured 
ξ(r), whenever the mentioned assumptions are fulfilled to a reasonable degree. Such a spectrum can yield inval-
uable information about the growth and decay of km-scale turbulent plasma structures (Ivarsen, Jin, et al., 2021), 
which may lead to detrimental GPS radio scintillations (Kintner P. M. et al., 2007; Prikryl et al., 2015; Yeh & 
Liu, 1982).

2.3. ICEBEAR 3D Data

The icebear 3D dataproduct provide the echo locations (latitude, longitude, and altitude) of the Doppler shift and 
signal-to-noise ratio (SNR) of individual scattering targets. As outlined above, we consider all echoes to originate 
from a thin layer (a surface in that sense) located 105 km above Earth's surface, though the exact altitude of this 
layer has little impact on the results of the present study. The icebear 3D dataset allows for roughly 1.5 km as the 
smallest spatial separation, with a temporal cadence of 1 s. For each echo population considered, only the posi-
tion in latitude and longitude are considered, and we apply a signal-to-noise ratio (SNR) cut-off of 2 dB to avoid 
noisy echoes. After the data preparation procedure, the spatial echo locations are used to calculate the two-point 
correlation function for a given echo population.

To estimate ξ(r), we apply the Landy-Szalay estimator for the two-point correlation function (Ivarsen et al., 2016; 
Kerscher et al., 2000; Landy & Szalay, 1993), which is written as

𝜉𝜉(𝑟𝑟) =
𝐷𝐷𝐷𝐷(𝑟𝑟) − 2𝐷𝐷𝐷𝐷(𝑟𝑟) +𝐷𝐷𝐷𝐷(𝑟𝑟)

𝐷𝐷𝐷𝐷
. (8)
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In this expression, RR(r) is the number of “random-random” echo pairs separated by a distance r. Likewise, DR(r) 
and DD(r) are “random-real” and “real-rea” pairs respectively. The usage of Random locations means that we 
are in effect estimating ξ(r) using a Monte Carlo simulation that is based on a random Poisson distribution in the 
same spatial volume that is inhabited by the real echoes (with a suitable standard deviation). Those “real echoes” 
refer to the population of E-region echoes that is actually observed by icebear 3D. Each pair count is normalized, 
that is to say:

𝐷𝐷𝐷𝐷(𝑟𝑟) =
𝑑𝑑𝑑𝑑(𝑟𝑟)

𝑛𝑛𝑑𝑑(𝑛𝑛𝑑𝑑 − 1)∕2
, 𝑅𝑅𝑅𝑅(𝑟𝑟) =

𝑟𝑟𝑟𝑟(𝑟𝑟)

𝑛𝑛𝑟𝑟(𝑛𝑛𝑟𝑟 − 1)∕2
and 𝐷𝐷𝑅𝑅(𝑟𝑟) =

𝑑𝑑𝑟𝑟(𝑟𝑟)

𝑛𝑛𝑑𝑑𝑛𝑛𝑟𝑟
, (9)

Here, dd(r), rr(r) and dr(r) are the absolute pair counts, and nd and nr are the total number of real and random 
echoes respectively. Figure 2 illustrates the process; real points (red) and random points (green) are treated sepa-
rately (panels a and b), and in superposition (panel c).

After applying the estimator Equation 8 to a population of echoes, we apply a Hankel transformation to ξ(r) to 
evaluate Equation 7. Special care must be taken when evaluating this integral, as the Bessel functions can oscil-
late rapidly around zero. We follow the method outlined in Guizar-Sicairos and Gutiérrez-Vega (2004), where we 
interpolate the function ξ(r) at the Bessel function roots in order to a priori estimate the Bessel function integral, 
akin to a Gaussian quadrature method. Here we note that the parameter nr (the number of random points to use 
in the Monte Carlo simulation) is not crucial as long as nr is high enough that there is a reasonable number of 
random echo pairs at each separation at which we find real echo pairs. If nr is not high enough, however, ξ(r) will 
not converge toward zero at infinity, which strongly interferes with the numerical integration of Equation 7. We 
use nr = 3nd, which we find to be adequate without taking up too many computing resources.

2.4. The Rayleigh Criterion

The icebear 3D processing can produce a full field of view image for every range-Doppler time bin, at a rate of 
200,000 images per second. In each image, multiple targets may exist and be uniquely identifiable provided the 
targets are spatially separated by distances greater than the Rayleigh criterion limit which is ∼25 km. A selection 
algorithm locates the azimuth and elevation angle of arrival of only the strongest source. In order to obtain an 
azimuthal spatial resolution of 1.5 km, icebear 3D processing then makes the assumption that it is rare for more 
than one target to occur at the same range, with the same Doppler frequency, in the same second. In other words, 
icebear 3D's operating principles assume each echo comes from a single volume with a single peak in SNR, 
where this peak location is determined through interferometry, thereby circumventing the Rayleigh Criterion.

3. Results
We have applied the new methodology to populations of icebear 3D coherent scatter echoes, and we will now 
go over a few representative events. For each of the events we present, icebear records a very high number of 
echoes in a relatively short duration of time (1 min), meaning that the conditions are ideal for the application 
of the two-point correlation function: the relatively short time scale means (as we checked) that the ionospheric 

Figure 2. A schematic illustration of the Landy-Szalay estimator for the two-point correlation function. Panel (a) shows a 
real point distribution, panel (b) shows a random point distribution, while panel (c) shows the two distributions superposed. 
In panel (a), real pair separations are calculated, while random pair separations are calculated in panel (b). In panel (c), pair 
separations between real and random pairs are counted.
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conditions were not changing drastically while the very large number of echoes means that a relatively large 
survey volume was being sampled.

In Figure 3 we show two example echo populations and their corresponding clustering power spectral density. In 
panels a–c) we present a population of 36,000 echoes recorded during the 1-min interval between 05:42 UT and 
05:43 UT on 21 February 2021, while panels d–f) present the next 1-min interval from 05:43 UT to 05:44 UT. 
Panels a) and d) show echo signal-to-noise ratio (SNR) while panels b) and e) show echo Doppler velocity, both 
binned by magnetic latitude and magnetic longitude, using the altitude adjusted corrected geomagnetic coordi-
nate system (Baker & Wing, 1989). In panels (c) and (f) we show the two-point correlation function ξ(r) for the 
two populations, using the estimator given in Equation 8. In panel (g) we show the Hankel transform of ξ(r) (the 
clustering power spectral density) for both the foregoing populations, with the overall spectral index indicated. 
The two spectra are normalized so that their integrated value (root-mean-square) equals the median SNR value 
for the two populations.

We see that whereas the two events show Doppler velocities centered narrowly around 350 m/s, they exhibit rich 
structure in SNR, highlighting how the echoes trace the greater structure of the auroral E-region ionosphere. 
From considering that the two populations are situated in the same volume of geomagnetic space, we can make 
some deductions about the temporal evolution of the ionospheric irregularity field there. First we note that the 
whole echo structure appears to move roughly one degree longitude in the westward direction (an approximately 
45 km distance). Given 60 s, this constitutes an apparent echo bulk velocity of 750 m/s westward motion. The 
next observation we make is that the recorded number of echoes go from 36,000 to 20,000, a considerable reduc-
tion. At the same time, it seems that a large part of the large-scale high-SNR structuring is missing in the second 
interval, indicating widespread dissipation in the irregularity field during the second interval. We will now go 
through the shapewise difference from the first population to the next. Spectrum II steepens somewhat on scales 
larger than ∼10 km. While spectrum I already shallows slightly for scales smaller than 10 km, there is in spectrum 
II a clear power enhancement at those scales (∼6 km). An overall spectral slope of −2.6 accurately describes the 
overall decay in power for both spectra, despite the small-scale enhancements. This is to say that the observed 
temporal evolution introduces changes in power on all scales, indicating a highly dynamical system, but that the 
overall spectral shapes nevertheless remain broadly similar.

The large well-defined peak at ∼6 km in spectrum II is reflected in ξ(r) (panel f). Going back to the definition of 
the two-point correlation function, this enhancement in ξ indicates a higher probability (compared to random) of 
finding echo pairs at these separations, and in terms of power spectral density the bumps can indicate an energy 
injection on those scales. However, the apparent reduction in power in the wavevectors surrounding the 5 km peak 
in panel g) is reminiscent of clustering in the real sense, and not an injection of energy.

The clustering spectra in Figure 3 show abundant useful information about the clustering of 3-m FB waves in the 
auroral E-region on scales between 1.5 and 75 km. However, there is a need to directly associate the clustering 
spectrum to an established metric of turbulence in the ionosphere. To this end, we present three conjunctions 
between satellites from the European Space Agency (ESA) and icebear, beginning with an especially auspicious 
conjunction on 28 August 2021, between icebear and Swarm B. The satellite Swarm B is one of three satellites in 
the ESA's Swarm mission (Friis-Christensen et al., 2006). Swarm B orbits Earth at an altitude of around 500 km 
in the F-region ionosphere, carrying a host of scientific instruments. Since we need information about km-scale 
plasma turbulence, we use 50 Hz B-field data from the on-board Vector Field Magnetometer, along with 2 Hz 
plasma density measurements from Swarm's Langmuir probe (there is no data from the advanced 16 Hz Plasma 
Density dataset for these conjunctions). To obtain perpendicular magnetic field data, whose fluctuations are 
associated with the field-aligned currents (FAC) caused by precipitating electrons, we transform the residual 
B-field vectors into the Mean Field Aligned (MFA) coordinate system. The MFA coordinate system has one 
component parallel to the mean-field (z), one pointing in geomagnetic east (y), with the third component complet-
ing the triad (meridional, x) (Ivarsen et al., 2020; Park et al., 2017).

Figure 4 shows a conjunction between Swarm B and icebear at 06:45 UT on 28 August 2021, when icebear 
made continuous observations of echoes at two locations near Swarm B's orbit. We use 2 minutes of satellite 
observations. Panel a) shows the SNR of 22,000 echoes binned by magnetic longitude and latitude, with Swarm 
B's southward orbit shown by the red line. Panel b) shows the satellite's 2 Hz plasma density observations in the 
two-minute interval of the conjunction, while the corresponding density spectrum is shown in panel c). Here, 
the x-axis shows temporal frequencies, while the top x-axis shows the corresponding spatial scale,  assuming  that 
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Figure 3. Clustering statistics for two example echo populations. Panels (a)–(c) show an event during which 36,000 echoes were recorded between 05:42 UT and 05:43 
UT on 21 February 2021, whereas panels (d)–(f) show 20,000 echoes recorded in the subsequent minute, between 05:43 UT and 05:44 UT. Panels (a) and (d) show 
SNR, while panels (b) and (e) show echo Doppler velocity, both binned by magnetic latitude and longitude. Panels (c) and (f) show the two-point correlation function 
ξ(r) resulting from correlating echo pairs in both spatial distributions. Panel (g) shows the Hankel transform of ξ(r) for the two events, with Roman numeral indicating 
which is which. The lower x-axis shows wavenumber k while the upper x-axis shows spatial scale r, and the overall spectral slope (α) for both spectra is shown by the 
black dashed line. An orange arrow indicates a relative small-scale power enhancement in spectrum II compared to spectrum (i).
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the  local plasma velocity is negligible compared to Swarm B's orbital velocity (7,600  m/s). We overplot in 
blue line a composite clustering spectrum from icebear, normalized to the same RMS as the density spectrum. 
(During the two-minute interval, icebear observed two distinct echo populations, and so we calculated a total of 
four 1-min clustering spectra. The blue line shows the mean spectrum based on all four spectra.)

Panel d) of Figure 4 shows Swarm B's 50 Hz magnetic field observations in the MFA frame from the mentioned 
two-minute interval, exhibiting significant fluctuations reaching 200 nT. Panels e) and f) show the PSD of the 
east (e) and meridional (f) components in thin red line, for spatial scales between 25 and 1 km—the large-scale 
FAC fluctuations are hard to investigate with the current MFA coordinate transformation. Note that although 
the high-resolution magnetic field observations nominally are associated with a Nyquist scale of 300  m we 
cut the spectrum off at 1 km. The icebear clustering spectrum is again overplotted in blue line. For both the 
density spectrum and the perpendicular magnetic field spectra we use Welch's method of averaged periodograms 
(Welch, 1967).

To complement the conjunction in Figure 4 we present in Figure 5 two additional conjunctions, this time between 
icebear and Swarm A, on 19 April 2021 (upper six panels) and on 4 November 2021 (lower six panels), where we 
likewise use two minutes of satellite observations. Each panel's layout corresponds to Figure 4 and we refer to that 
Figure for description. The three conjunctions show consistency in some key aspects. First, the bulk of the echoes 
occur in areas not associated with strong FAC fluctuations (panel j of Figure 5 is an especially telling  example of 

Figure 4. A conjunction between Swarm B and icebear at around 06:45 UT on 28 August 2021. Panel (a) shows echo SNR 
binned by magnetic longitude and latitude, and Swarm B's descending orbit by the red line, where the red circles in panel (a) 
correspond to the x-axis tickmarks in panels (b) and (d). Panel (b) shows the Swarm-measured 2 Hz plasma density. Panel (c) 
shows the density spectrum based on the measurements in panel (b) by the red line, while the composite Hankel transform 
of icebear echo locations during the conjunction is shown in blue line. A dashed black line indicates the spectral slope of 
−2. Panel (d) shows the Swarm-measured high-resolution (50 Hz) residual magnetic field fluctuations in the MFA reference 
frame. Panels (e) and (f) show the PSD of the two field-perpendicular components by the red line, and the composite 
Hankel-transformed two-point correlation function by the blue line. In panels (c), (e) and (f), the icebear spectra are 
normalized to the same RMS as the Swarm spectra. The temporal sampling frequency is shown in Hz on the bottom x-axes 
(corresponding to the Swarm measurements), while the corresponding spatial scale is shown on the top x-axis.
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Figure 5. Two additional conjunctions between Swarm satellites and icebear, on 19 April 2021 (upper six panels) and on 4 
November 2021 (lower six panels). See Figure 4 for description.
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this behavior: the echoes are positioned just outside the large FAC fluctuations). Nevertheless, all three conjunc-
tions show that small-scale power decay in a similar fashion, with consistent small-scale spectral slopes (panels 
e, f, k, m of Figure 5). Whereas the large-scale density spectrum in Figure 4 matches that of the clustering spec-
trum, the agreement does not carry into the two conjunctions shown in Figure 5, where the clustering spectra 
are consistently steeper than the density spectra. However, the density observations have a sampling frequency 
of 2 Hz and so only 120 datapoints enter into the PSD analysis—resulting in considerably noisy spectra. The 
small-scale FAC structuring spectra, though, are based on 6000 observations during two minutes, and so make for 
stronger statistics. Lastly, we note that the vertical (field-aligned) wavelength of density irregularities observed 
in the F-region at field-perpendicular scales larger than 1 km maps to E-region altitudes (Ivarsen, St-Maurice 
et al., 2021), facilitating a comparison of the spectra.

4. Discussion
The sparsely sampled F-region density observations notwithstanding, we observe an overall good agreement 
between the shape of the B field fluctuations and the icebear 3D clustering spectra in all three conjunctions. In 
panels e) and f) (and to a limited extent in panel c) of Figure 4, we see that all spectra exhibit a kink around 15 km: 
the FAC structuring spectrum, the density spectrum (to a lesser degree), and the clustering spectrum all show a 
leveling off in the power as a function of frequency near 0.5 Hz, which translates into 15 km scale in space. In 
panels e) and f), this leveling off is followed by a wide bump centered on 5 km. In other words, for the conjunction 
shown in Figure 4, small-scale perpendicular magnetic field fluctuations in the F-region and the clustering of 3-m 
FB waves in the E-region exhibit excellent shape-wise correspondence.

The field-perpendicular magnetic fluctuations correspond to FAC fluctuations, which are in turn related to ener-
getic particles in the aurora, assuming that the FACs are driven by particle precipitation. The implications are 
that structured FAC patterns have an immediate link with the irregularities seen in the ionospheric E-region. We 
observe this link directly on kilometer-scale sizes, but it does not follow that the radar-observed 3-m FB waves 
are similarly linked to FAC structures. Rather, the irregularity echoes may simply trace the km-structures in ques-
tion, which links with the 3-m FB waves through turbulent cascade or dissipation. Indeed, the spectral steepening 
that starts at 3 km is particularly interesting. Seen in context with the enhancement in the 15 and 5 km, it could 
conceivably indicate turbulent dissipation on some smaller scales as a consequence of an energy injection on 
some larger scale, as first derived by Kolmogorov (1941). Waves created by the gradient drift instability comes 
to mind as possible causes of this 5 km -enhancement (Tsunoda, 1988). A more conservative interpretation holds 
that there simply is a preferred size to field-aligned tubes of precipitation, reflected both in the E-region irregu-
larity distribution organized around those tubes, and in the FACs.

This stated, the timestamps of the FAC fluctuation data reveal that while the prominent spikes in the perpen-
dicular field strength coincide with enhancements in the observed densities, they consistently occur outside the 
region of observed icebear 3D echo populations. This could be explained in terms of recent findings that the 
conductivity enhancements associated with precipitation events short-circuits the electric field locally, thereby 
ultimately suppressing the trigger of irregularities that can be observed by icebear (Huyghebaert et al., 2021). 
This reasoning resonates with recent in-situ observations from the cusp region (Spicher et al., 2022), aligned with 
existing viewpoints that predict reduced electric fields in the centers of precipitation regions (Aikio et al., 2002; 
Maynard et al., 1973).

Our last paragraph brings an interesting question to the fore, namely: why are the FAC structuring spectra in such 
good agreement with echo clustering spectra when the radar echo regions are outside the region of FAC observa-
tions? Irregularity suppression mechanisms can be identified, but why is it that outside the region of precipitation 
we see plasma echoes with a PSD structure that is basically identical to the FAC PSD? One very tentative answer 
could be that while the electric field may be too weak in the center of a precipitation region, its pattern outside 
that precipitation region would match that of the precipitation field. That is to say: as one moves away from the 
center of charge, the field becomes stronger and plasma instabilities triggered by Hall currents are introduced. But 
the electric field pattern would still match the source pattern, that is, the shape of the precipitation field in direc-
tions perpendicular to the magnetic field. An explanation in the context of recent work by Dimant et al. (2021) 
involves high-energy electrons. Increases in high-energy electron precipitation should normally be accompanied 
by conductivity enhancements brought about by the turbulence created by charge deposition at impact altitudes 
near 120 km. If those conductivity enhancements are suppressed, the action of the precipitating electrons would 
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cause strong electric field modulations. These electric field modulations could cause density structures and pres-
sure gradients that in turn drive small-scale structuring in the FAC (Laundal et al., 2019).

5. Conclusion
In this study, we have scrutinized the tendency for coherent scatter echoes from icebear 3D to cluster in space, 
with completely novel adaptations of techniques used in cosmological galaxy surveys. We demonstrate, through 
auspicious conjunctions with satellite observations from ESA's Swarm mission, that the two-point correlation 
function can indeed be used to estimate the power spectral density of the greater irregularity field in the auroral 
ionosphere. Since each icebear 3D echo corresponds to a 3-m Farley-Buneman wave, we are relating the apparent 
clustering of meter-scale irregularities to the ionosphere's greater plasma irregularity field through the nonlinear 
distribution of turbulent energy.

A remarkable result of the present study is the observation of a turbulent irregularity field simultaneously in the 
E- and F-region. The clustering spectrum of 3-m FB waves in the E-region matches the FAC structuring spectrum 
in the F-region. Both Figures 3 and 4 show clear evidence for a preferred clustering scale at around 5 km, and 
in an auspicious conjunction with the Swarm B satellite this preferred clustering scale is also found in the FAC 
structuring. While this preferred clustering scale could conceivably be interpreted in terms of an energy injection, 
it can also form the basis of investigations into what factors are driving the ionosphere-magnetosphere interaction.

The technique we propose is potentially widely applicable and useful, and opens up new avenues of study into 
the greater ionospheric plasma irregularity field and the vertical coupling between the E- and F-regions. The 
present study includes only an initial presentation, and we suggest that future studies into the spatial correlation 
between coherent scatter radar echoes include analysis of cylindrical symmetries and the general isotropy in the 
distribution of echoes.

Appendix A: Mathematical Treatment of the In-Situ Power Density Spectrum
In the time domain, for a function n(t), the PSD P(ω) of that time series reflects to what degree that function 
fluctuates at an angular frequency ω = 2π/t. Entirely analogous, in the spatial domain, a fluctuating function 
n(r) has a characteristic PSD P(k) which reflects the intensity of fluctuations at a wavenumber k = 2π/r. In both 
cases, given a weakly stationary function, its PSD is expressible as a Fourier transform of the original fluctuating 
function's autocorrelation function. That is to say.

𝑃𝑃 (𝜔𝜔) =
1

2𝜋𝜋

∞

∫

−∞

𝑑𝑑𝑑𝑑 𝑑𝑑(𝑑𝑑)𝑒𝑒−𝑖𝑖𝜔𝜔𝑑𝑑 for the temporal domain, and (A1)

𝑃𝑃 (𝑘𝑘) =
1

2𝜋𝜋

∞

∫

−∞

𝑑𝑑𝑑𝑑𝑑𝑑(𝑑𝑑)𝑒𝑒−𝑖𝑖𝑘𝑘𝑑𝑑 for the spatial domain, (A2)

where R is the autocorrelation function, for relative displacements in time (τ) and space (r). Considering the 
density field n(t) as samples of a stochastic process, the autocorrelation function is defined using the product 
between readings separated in time by a shift τ (Ochi, 1998),

𝑅𝑅(𝜏𝜏) =

∞

∫

−∞

𝑑𝑑𝑑𝑑 𝑑𝑑(𝑑𝑑)𝑑𝑑(𝑑𝑑 + 𝜏𝜏), (A3)

and similarly for the spatial domain. The fact that rockets and satellites rapidly sample plasma in a volume of 
space means that a time series n(t) can be directly related to the spatial fluctuations in the sample volume, given 
that the local plasma velocity is much smaller than the velocity of the spacecraft moving through that plasma. In 
other words, for this particular situation P(ω) (Equation A1) measures spatial fluctuations on a scale r through,

𝑟𝑟 =
2𝜋𝜋𝜋𝜋𝑠𝑠

𝜔𝜔
, (A4)
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where vs is the velocity of the spacecraft with respect to the plasma being sampled.

A1. Relation Between In-Situ Spectra and E-Region Clustering Spectra

We see the need to address the dimensionality of the quantities being compared in Figures 4 and 5, and also 
explicitly formulate the relation between in-situ observations with the two-point correlation function. After all, 
an orbiting satellite measures a 1D slice through the ionospheric irregularity field (Equation A1), while icebear 
clustering spectra from the Hankel transform stem from a 2D point cloud (Equation A2 via Equation 7). Formally, 
we can relate the methodology presented in Section 2.2 to a spectrum of large scale irregularities obtained along 
a straight line passing through the axis of symmetry of the system. Let x = r cos θ be the value of the spatial coor-
dinate in that case. The PSD P(kx) has to be given by

𝑃𝑃 (𝑘𝑘𝑥𝑥) = 𝜉𝜉𝑘𝑘𝑥𝑥 =
∫

∞

0

𝑑𝑑𝑑𝑑
∫

𝜋𝜋∕2

−𝜋𝜋∕2

𝑑𝑑𝑑𝑑𝑑𝑑𝜉𝜉(𝑑𝑑)exp[𝑖𝑖𝑘𝑘𝑥𝑥𝑑𝑑 cos(𝑑𝑑)], (A5)

which conforms to Equation 7:

𝑃𝑃 (𝑘𝑘𝑥𝑥) = 𝜋𝜋
∫

∞

0

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑑𝑑)𝐽𝐽0(𝑘𝑘𝑥𝑥𝑑𝑑). (A6)

This simple factor of 2 difference with the full Hankel transform (Equation 7) result is due to the symmetry prop-
erty J0(β) = J0(−β). In other words, there is a clear linear relationship between a 1D spectrum resulting from the 
satellite overpass and the two-dimensional distribution of irregularities. This requires axisymmetry up to a large 
enough scale, which may be of the order of 100 km, given the excellent agreement in Figures 4e and 4f on scales 
less than 50 km in size. The close correspondence between the in-situ and the ground-based spectra in Figures 4 
and 5 should then also be considered in the context of the efficacy of space-based 1D-slice power spectra calcu-
lated using Equation A1 (see Fredricks & Coroniti, 1976).

Data Availability Statement
icebear 3D echo data for 2020, 2021 is published with DOI 10.5281/zenodo.7509022. Data from the European 
Space Agency's Swarm mission can be downloaded from the webpage https://swarm-diss.eo.esa.int/.
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