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Abstract. We introduce some new weighted maximal operators of the Fejér
means of the Walsh—Fourier series. We prove that for some “optimal” weights
these new operators are bounded from the martingale Hardy space Hp(G) to the
space weak-L,(G), for 0 < p < 1/2. Moreover, we also prove sharpness of this
result. As a consequence we obtain some new and well-known results.

1. Introduction

All symbols used in this introduction can be found in Section 2.
In the one-dimensional case, the weak (1,1)-type inequality for the max-
imal operator o* of Fejér means o, with respect to the Walsh system

o"f :=sup oy f|
neN

can be found in Schipp [19] and P4l, Simon [14] (see also [4], [13] and [16]).
Fujii [7] and Simon [21] proved that ¢* is bounded from H; to L;. Weisz [29]
generalized this result and proved boundedness of ¢* from the martingale
space H, to the Lebesgue space L, for p >1/2. Simon [20] gave a coun-
terexample which shows that boundedness does not hold for 0 < p < 1/2.
A counterexample for p = 1/2 was given by Goginava [9]. Moreover, in [10]
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(see also [23]) he proved that there exists a martingale F' € H, (0 < p < 1/2)
such that

sup ||on Fl|, = 0.
neN

Weisz [29,32] proved that the maximal operator o* of the Fejér means is
bounded from the Hardy space Hj/; to the space weak-Ly .

For 0 < p < 1/2 in [25] it was investigated the weighted maximal opera-
tor

PR
(1) oE = oup (n+1)1/p-2

was investigated and it was proved that the following estimate holds:
[ F[|, < ep 1l
and

(2) le=F| < & l1Fla,

weak-L,

Moreover, it was proved that the rate of sequence {(n + 1)1/ P _2}, given in
denominator of (1) can not be improved. In the case p = 1/2 analogical
results for the maximal operator

~% ._ |UnF|
o' F:=sup
neN log (TL + 1)

was proved in [11] for Walsh system and [24] for Vilenkin systems.

In the study of convergence of subsequences of Fejér means and their
restricted maximal operators on the martingale Hardy spaces H,(G) for 0 <
p < 1/2, the central role is played by the fact that any natural number n € N
can be uniquely expression as n = > e on;2/, nj € Zy (j € N), where only
a finite numbers of n; differ from zero and their important characters [n],
In|, p(n) and V(n) are defined by

[n] :=min{j € N,n; # 0}, |n|:=max{j € N,n; #0}, p(n)=|n|—[n],

V(n):=ng+ Z |ng — ng_1|, for all n € N.
k=1
Weisz [31] (see also [30]) also proved that for any F' € H,(G) (p > 0), the

maximal operator sup,,cy |o2» F| is bounded from the Hardy space H,, to the
Lebesgue space L,. Persson and Tephnadze [15] (see also [4]) generalized



M

this result and proved that if 0 <p < 1/2 and {ny : k£ > 0} is a sequence of
positive numbers such that

(3) sup p(ng) < ¢ < oo,
keN

then the restricted maximal operator oV, defined by

(4) 7V F := sup|o,, F|
keN

is bounded from the Hardy space Hy,(G) to the space L,(G). Moreover, if
0 <p<1/2and {ng:k >0} is a sequence of positive numbers such that

sup p(ny) = o0,
keN

then there exists a martingale I € H), such that

sup||op, F'||p = oo.
keN

From these facts it follows that if 0 < p < 1/2, F € H, and {ny : k > 0} is
any sequence of positive numbers, then the maximal operator defined by (4)
is bounded from the Hardy space H), to the Lebesgue space L, if and only
if the condition (3) is fulfilled.

For 0 < p < 1/2 in [28] it was proved that if F' € H),, then there exists
an absolute constant c,, depending only on p, such that

lowElm, < 222 F .
Using this it follows that

onF

‘ 2p(m)(1/p-2) L < & lIFl,
and
onF
©) ‘ poisp-2)|| = I

Moreover, if {®,} is any nondecreasing sequence such that

9r(nk)(1/p=2)
sup p(ng) = oo, lim <I> = o0,
keN k—o00 n,



then there exists a martingale F' € H, (0 < p < 1/2) such that

I
8

(I)”k weak-L,
In [28] it was proved that if F' € H;/y, then there exists an absolute
constant ¢ such that

lonF .. < V() | Fllg,,

Moreover, the rate of sequence V2(n) can not be improved.

The (Hyjp—Lyj3)-type inequalities for the the restricted and weighted
maximal operators of Walsh-Fejér means were studied in [2] and [3]. Ana-
logical problems for partial sums of Walsh-Fourier series for 0 < p < 1 were
proved in [5] and [6] (see also [26,27]).

In this paper we generalize estimates (2) and (5). In particular, we prove
that the weighted maximal operator *V, defined by

~*V _ |JnF|
(6) E=sub o mase-2)

of Fejér means of Walsh—Fourier series is bounded from the Hardy space

H,(G) to the Epace, weak- Lp(G). Moreover, we prove that the rate of the
sequence {2°((1/P=2)} in (6) is sharp. We also prove that the maximal op-
erator defined by (6) is not bounded from the Hardy space H,(G) to the

Lebesgue space Ly(G). As a consequence we obtain some new and well-
known results.

This paper is organized as follows: In order not to disturb our discussions
later on some preliminaries are presented in Section 2. The main result and
some of its consequences can be found in Section 3. The detailed proof of
the main result is given in Section 4. Some open questions and final remarks
are given in Section 5.

2. Preliminaries

Let N4 denote the set of the positive integers, N := N, U {0}. Denote
by Zs the discrete Cﬁ clic group of order 2, that is Z; := {0,1}, where the
group operation is the modulo 2 addition and every subset is open. The
Haar measure on Zs is given so that the measure of a singleton is 1/2.

Define the group G as the complete direct product of infinite copies of
the group Z,, with the product of the discrete topologies of Z> and product
of the measures on Zy (it will be denoted by p). The elements of G are
represented by sequences x := (2o, 1,... ,Zj,...), where =0V 1.



It is easy to give a base for the neighborhood of x € G
Iy(z) =G, IL(z)={yeG:yo=10,...,Yn-1=2n-1} (n€EN).

Denote I,, :== I,,(0), I, := G \ I, and ¢, := (0,...,0,2, = 1,0,...) € G,
for n € N. Then it is easy to show that

M—-1 M-2 M-1 M—-1
(1) I = |J I\ = < U U Laler+ €l)> U < U IM(%));
i=0 k=0 l=k+1 k=0
where
IN(O,...,O,LBk #0,0,...,0,1% #O,:l?l_,_l,...,x]v_l,...),
el for k <l <N,
Iy =:
IN(O,...,O,LBk 75 O,ZEk_H = O,...,LITN_l = O,:BN,...),
foril=N

If n € N, then every n can be uniquely expressed as n = Z]O'io n;27,
where n; € Zy (j € N) and only a finite numbers of n; differ from zero.

Every n € N can be also represented asn = > 5, 2%, n! > n? > ... > n"
> 0. For such representation of n € N, let denote numbers

,',Li+1

p@ =™ o =1,

The norms (or quasi-norms) of the spaces L,(G) and weak-L,(G) (0 <
p < o0) are, respectively, defined by

1= 1P die s, 2= S0 W > ) < o

The k-th Rademacher function is defined by
rp(z) = (=1)** (z € G, keN).
Now, define the Walsh system w := (w,, : n € N) on G as:
wy(x) = kllorg’“ (z) = 7y (2) (1) =0 (n € N).

The Walsh system is orthonormal and complete in Lo(G) (see [18]).

If feLi(G), we can define the Fourier coefficients, partial sums of
Fourier series, Fejér means, Dirichlet and Fejér kernels in the usual man-
ner:

— [ fwndu e,
G



n—1 n
Suf = S Fkpun (n €Ny, Sof =0), oufi= > Sif,
k=0 k=1

n—1 n
1
D, = kE_O w, K, := TLkE_le (n € N+).

Recall that (see [8], [12] and [18]) for any ¢,n € N,

2n it x e I,
8 D n =
(8) () {0 ifod I,
and
2t=1 if v € I,(er), n>t, x€ L\,
(9) Kon(z) =< (2"+1)/2, ifz € I,,
otherwise.

Let n=3"_,2", n'>n?>-..>n" >0. Then (see [12] and [18])

T

A-1
(10) nKn=) (HW) (2" Kyua + 0 Dy0).
j=1

A=1
The next two lemmas can be found in [17] (see also [15]):

LeMMA 1. Letn >2M andz e IV}, k=0,..., M —1,1=k+1,...,M.
Then

/ | K (x +t)] du(t) < c28H—2M,
In

LEMMA 2. Let n € Ny, [n] # [n| and x € I iy (epn—1 +epn)). Then

92[n]
- 4 .

V

K (2)] = | (n—2M) K,y ()]

The o-algebra, generated by the intervals {I,,(z) : € G} will be denoted
by ¢, (n € N). Denote by F' = (F,,n € N) a martingale with respect to ¢,
(n € N) (for details see e.g. [30]).

The maximal function F* of a martingale F' is defined by

F* :=sup |F,|.
neN



In the case f € L1(G) the maximal function f* is given by

f*(@) == sup !

neN 1(In(x)) ‘ L(®) fu) dp(u)].

For 0 < p < oo the Hardy martingale spaces H,(G) consists of all mar-
tingales for which (for details see e.g. [17], [22] and [30])

1N g, = I1E7]],, < o0

It is easy to check that for every martingale F' = (F),,n € N) and every
k € N the limit

F(k):= lim [ F,(2)wy(z)du(z)

n—o0 G

exists and is called the k-th Walsh—Fourier coefficients of F'.

If F:=(S2-f:n €N) is a regular martingale, generated by f € Li(G),
then F(k) = f(k), keN.

A bounded measurable function a is called p-atom if there exists a dyadic
interval I such that

/zadﬂ=07 lalloe < u(1)~7,  supp(a) C I.

The dyadic Hardy martingale spaces H,, for 0 < p <1 have an atomic
characterization. Namely, the following theorem holds (see [17], [30], [31]):

LEMMA 3. A martingale F = (F,,,n € N) belongs to H, (0 <p <1) if
and only if there exists a sequence (ag,k € N) of p-atoms and a sequence
(pe, k € N) of real numbers such that for every n € N

00 oo
(11) Z,ukSQnak = F,, Z |;Lk|p < 0.
k=0 k=0

Moreover, ||F|| g, «inf ( Y72 |1xl?) l/p, where the infimum is taken over all
decomposition of F' of the form (11).

From this result it follows the following important lemma.

LEMMA 4 (Weisz [30]). Suppose that an operator T is o-sublinear and
suppPu{z € I:|Ta(z)| > p} < Cp < o0,
p>0
for every p-atom a, where I denotes the support of the atom. If T is bounded
from Ly to L, then

ITFlweateL, < cpll F'll, -



3. The main result and its consequences

THEOREM 1. a) Let 0 <p <1/2 and f € Hy(G). Then the weighted
mazimal operator 5V, defined by (6), is bounded from the Hardy space H,
to the space weak-L,,.

b) Let ¢: N — [1,00) be a nondecreasing function, satisfying the condi-
tion

9p(n)(1/p—2)
lim = 0.
n—00 w(n)
Then there exist a sequence {fn,,k € Ni} of p-atoms and a sequence {qp, ,
k€ Ny} of real numbers satisfying the condition |qy, | = ny such that

Tany, fry,

¢(any) weak- L,
sup =
keN el

We also prove the following theorem.

THEOREM 2. Let 0 < p < 1/2. There ezists a sequence { fi,k € N1} of
p-atoms such that
~x,V
sup 6% fillp _
ken | fellH,
From Theorem 1 immediately follows the mentioned result of Weisz [31]
(see also [30]):

COROLLARY 1. Let 0 < p <1/2 and f € Hy,(G). Then the mazimal op-
erator

sup |ogn F|
neN

is bounded from the Hardy space H,(G) to the Lebesgue space weak-Ly(G).
We also obtain results of Persson and Tephnadze [15] (see also [4]):

COROLLARY 2. Let 0 < p <1/2 and f € Hy,(G). Then the mazimal op-
erator, defined by (4) is bounded from the Hardy space Hp(G) to the space
weak-L,(G) if and only if condition (3) is fulfilled.

COROLLARY 3. a) Let 0 <p < 1/2 and f € Hy(G). Then the weighted
maximal operator

|90 4 2n/2F|
e 23(1/p=2)

is bounded from the martingale Hardy space H,(G) to the space weak-Ly(G).



b) Let p: N — [1,00) be a nondecreasing function, satisfying the condi-
tion
95 (1/p=2)
lim =
Then, there exists a p-atom a such that
[Py
(2 +27/2) llweak-L,
neN llallm,

COROLLARY 4. a) Let 0 <p < 1/2 and f € Hy(G). Then the weighted
maximal operator
su |0'2n+1F|
SUD on(1/p-2)
is bounded from the Hardy space H), to the space weak-L,,.

b) Let p: N — [1,00) be a nondecreasing function, satisfying the condi-
tion

on(1/p—2)
lim = o0.
n—00 (p(n)

Then, there exists a p-atom a such that

H O2n 411G

p(27+1) H weak-L,
neN lallm,
Theorem 1 immediately follows result given in [25]:

COROLLARY 5. a) Let 0 <p < 1/2 and f € Hy(G). Then the weighted
mazximal operator o*, defined by

o*F = sup jon |

is bounded from the martingale Hardy space H,(G) to the space weak-L,(G).
b) Let {on} be any nondecreasing sequence satisfying the condition

. (n41)t/r2
lim = +00.
n—oo gon

Then there exists a martingale f € H, such that

Jnf
©n

= OQ.
p

sup H
neN



4. Proof of the Theorems

PROOF OF THEOREM 1. Since o, is bounded from L, to L., by Lemma
4, the proof of Theorem 1 will be complete, if we show that

(12) tpf{z € Iy : 7Va(z) > 17} <c<oo, >0

for every p-atom a. We may assume that a is an arbitrary p-atom, with
support I, u(I) =2"M and I = Ij;. Tt is easy to see that o,a(x) = 0 when
n < 2M . Therefore, we can suppose that n > 2M. Since ||a||,, < 2M/7, we
obtain that

|ona(z)| 1
20m)(1/p=2) = g0(m(1/p-2) 10 /IM (@ + )] du(?)
1 M/p
S opm)(1/p-2) 2 /IM | K (@ 4 1)] dp(?).

Let z € I;1q(ex +e1), 0 <k, 0 <[n]<Mor0<k,l<M<|[n|. Then,it
is easy to see that z +t € I;y1(ex + ¢;) for t € Iy and if we combine (8) and
(9) with (10) we get that

Kp(z+1t)=0, fortely
and

|ona(z)|

(13) 90(n)(1/p—2)

=0.
Let = € I141(ex +e1), [n] <k Il<M or k<[n]<l<M. By using
Lemma 1 we can conclude that

(14) lona(x)| o oM/p ok+l—2M -, 9[n](1/p—2)+k+1+M(1/p—2)
2p(n)(1/p=2) — P 9p(n)(1/p=2) — P 2In|(1/p—2)
< Cpg[n}(l/p—2)+k:+l < Cp2k’+l(1/p—l)‘

By applying (13) and (14) for any = € I q1(ex +€;), 1 <k <l < M we
find that

~4 ¥ _ lona(z)| E+l (1/p—1
7 a(“)—i2§(2p<n><1/p—2>>Scpz e,

It immediately follows that for such k < < M we have the estimate

75 Va(z) < C2M/P for z € I]lf/’[l



and also that

(15) u{x € I]]f,’l o Va(x) > Cp23/p} =0, s=M+1,M+2,....
Suppose that

(16) ok+l (/p=1) 5 93/P for some s < M

It is evident that inequality (16) does not hold when k < [ < s. On the other
hand, inequality (16) holds for all [ > k > s, that is,

(17) o+ (/p=1) 5 98/P  where I > k > s.
If I > s>k, from (16) we can conclude that

k+1(1/p—1)>s/p, 1> (s/p—k)/(1/p—1)

and
(18) ok (1/p=1) 5 95/ where s > k, | > (s/p—k)/(1/p—1).
By combining (7), (17) and (18) we get that

{ZE ey :5"Va(z) > C’p25/p}

M-1 M
(G0 etz

k=s l=k+1
s M
U<U U {xeml:&*’vau)chzs/”})
k=01>(s/p—k)(1/p—1)

and

(19) ,u{a: €y :o"Va(z) > Cp28/p}

M-1 M s M
ST+ S uh

k=s l=k+1 k=00>(s/p—k)/ (1/p—1)

IN

k=s l=k+1 k=01>(s/p—k)/ (1/p—1)

1 1 ¢
= Z 2k * 2(s/p—k)/ (1/p—1)—1 < 95’



In view of (15) and (19) we can conclude that
2%{37 €y :o"Va(z) > Cp28/p} < ¢p < 00,

which shows (12) as well as part a).
Let g,, € N be sequence such that |q,, | = ng, [gn,] = sk and

(20) - 9(an, )(1/p—2) e
koo ¢ (qn,)
Set
frie () = Dgny+1(x) — Dani (z),  my > 3.

It is evident

~ 1, ifd=2m . . . 2%+l 1
fnk(z) = .
0 otherwise.

Then we can write that

Dz(fE) — D2nk (3’,‘)7 if1 = an’ . 721’Lk+1 o 1’

(21) Sifon (@) = < frp (@), if 4 > 2mtl
0 otherwise.
Since
(22) Dj+2"k(x) _D2"k($) :w2"ij($)7 ]: 1727"72nk>

from (8) we get

(23) i, = || sup S o | = 1D = Dol
neN
= [1Dare [ < 27712,

By applying (21) we can conclude that

Gny,— qny —
| T4, fon () Z Sy fi ()| = Z Sj fuu (@
Nk j=2mk
1 an—l 1 an—2"k—1
T j=omy el =0




By using (22) we find that

an—2"k—1

> Dy
=0

Let z € I, }+1(€[an}—1 + e[an}) . By using Lemma 2 we obtain that

"k

1
q?’l/k

_ Gn,, — 2" —1

(24) ‘O-anfnk(m)‘ = In

|ank_2nk_1(x)| .

e oy fu @) eo

|00, S ()] > 2 elan)  ~ 2™0(gn)

Hence, we can conclude that

|O-anfnk(f1;)‘ > 022[an} }

(25) M{x € o(qn,) 2™ 0(qn)

Z “(I[an}ﬂ(e[an}_l + e[an})) > C/Q[an].

By combining (20), (23) and (25) we get that

c9?lany ] Mo, Fo (@) c92lan, ] })1/1’
) (,u{a: eG: > )

27k @ (qn,, w(an,) = 2"k 0(qn,
| frr (@) || 1,
¢ 22[qn,] 1 ¢ onk(1/p—2)

2 21 (g, )27 (1=1/P) 9lan /P - 2l J(1/P=2) (g, )

2p(qn,)(1/p=2)
= — o0 ask—o0. O
gp(an)

PROOF OF THEOREM 2. Let f,, be the p-atom from part b) of Theo-
rem 1. If we replace ¢, by ¢, = 2"+ 2° (we note that |g, | = ns, [¢;,] = 5)
from (24) we find that

0223
‘Uqflkfmc(x)‘ > omi fOFmEIS+1(eS_1+68)
and
|ogs, fri ()] cp2°/P
o(1/p=2)p(gs,) = oni(1/p=1) for z € Is11(es—1+es).
Hence,

26) /G<Sup Iaq:kfnk(x)|)>pdu($)

ren 2(/P=2)p(a;,



el |ans Fre ()] \P
Z /s+1 (es—1Fes) <2(1/p—2)p(q;"lk)> du(x)
TLk—l

1 28 C'pnk
CPZ 95 9ni(1=p) = gna(1—p)’

Finally, by combining (23) and (26) we find that

logs  fry, ()] \P 1/p
(fg(SUP sup 2(1/pk—2>p<quk)) du(m))

keN 0<s<ny
( C’pnk )1/p

onp (1—p)

1/
—  9nk(l/p—1) >cpng ' — 00, ask —oo. [

5. Open questions and final remarks

REMARK 1. This article can be regarded as a complement of the new
book [17]. In this book also a number of open problems are raised. Also this
new investigation implies some corresponding open questions.

From Theorem 2 we can conclude the following result:

THEOREM 3. Let 0 < p <1/2 and f € H,(G). Then the weighted mazi-

mal operator 7*V defined by (6) is not bounded from the Hardy space H), to
the Lebesgue space L.

An open problem. Let us introduce some new weighted maximal op-
erator of the Fejér means of the Walsh—Fourier series with some “optimal”
weights such that this new operator is bounded from the martingale Hardy
space H,(G) to the Lebesgue space L,(G), for 0 <p < 1/2.

To study boundedness of restricted maximal operators from the martin-
gale Hardy spaces H,(G) to the Lebesgue space L,(G), where 0 < p < 1/2,
for any natural number satisfying the condition

2% <y, <mg, <---<my <2T sEN,
we define numbers
(27)  s_:=min{[ng,]}, s+ :=max{[ng]} =5, ps(ns):=s4—s5_.

CONJECTURE 1. Let 0 <p < 1/2, f € H,(G) and {ny : k > 0} be a se-
quence of positive numbers and let {ns, : 1 <i<r} C {ng: k> 0} be num-
bers such that

2°<ng, <ng,< -+ < ng <21 seN,



a) The weighted maximal operator

~ onF
VF:=sup sup lonF )
SEN 25<p, <25+1 2p5(n5i)(l/p—2)

where ps (ns,) are defined by (27), is bounded from the Hardy space H,(G)
to the Lebesgue space Ly(G).

b) For any nonnegative and nondecreasing function ¢: Ry — R satisfy-
ing the condition

ops(ns;)(1/p—2)
(28) sup sup = 09,
seN 2:<n,, <2s+1 p(ns,)

there exists p-atoms fs such that

sup  sup o0 |
sEN 2s Snsqy <Qs+1 So(ns . )

1 fsllm,

’p
— 00, as s — 00.
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