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Abstract

Motivated by a connection to Timofte’s degree and half-
degree principle we study canonical hyperbolic slices, that
is, sets of univariate hyperbolic polynomials that share the
same first few coefficients. We study the geometric and
combinatorial properties of a natural stratification of these
slices and use these properties to improve upon the degree
principle.

Amongst the geometric properties we establish is a
description of the dimension and relative interior of the
strata along with a characterisation of some natural points
of “escapes” from these strata. And on the combinatorial
side we show that the lattice of strata is determined by the
zero-dimensional strata and that the boundary complex of
the dual lattice is generically a combinatorial sphere.

We finish by showing that a similar story can be told
about a natural stratification of even-hyperbolic slices.
These are the subsets of hyperbolic slices consisting of
the polynomials with only nonnegative roots and such
sets arise in the context of the degree principle for the
hyperoctahedral group.






Sammendrag

Grunnet en kobling til Timoftes grad- og halvgradprinsipp
studerer vi sakalte hyperbolske stykker. Dette er mengder
bestaende av hyperbolske polynomer i en variabel som har
de samme fgrste koeffisientene. Vi studerer geometriske og
kombinatoriske egenskaper ved en naturlig stratifikasjon
av hyperbolske stykker og bruker disse egenskapene til &
forbedre Timoftes gradprinsipp.

Innenfor geometri sa viser vi hvilke dimensjoner
stratene kan ha og vi beskriver det relative indre til
strataene i tillegg til & karakterisere noen naturlige
“rgmningspunkter” fra strataene. Innen kombinatorikk sa
viser vi at stratifikasjonen er bestemt av de nulldimen-
sionale strataene og at randkomplekset til den duale de-
lordnede mengden av strata er en kombinatorisk sfeere.

Vi avslutter med & vise at en naturlig stratifikasjon
av parhyperbolske stykker har lignende geometriske og
kombinatoriske egenskaper. Parhyperbolske stykker er
delmengder av hyperbolske stykker bestaende av de
polynomene med kun ikke-negative rgtter og slike mengder
har en kobling til gradprinsippet for den hyperoktaedriske

gruppen.
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Introduction

In this thesis we will mainly study the surprisingly nice geometric
and combinatorial structure of certain hyperbolic slices. That is,
sets of univariate hyperbolic (real-rooted) polynomials that share
the same first few coefficients. Since the coefficients of hyperbolic
polynomials can be expressed with the elementary symmetric
polynomials, the context in which hyperbolic slices appear is coming
from the study of the natural action of the symmetric group on
real multivariate polynomials. In particular, since the elementary
symmetric polynomials generate the algebra of invariants of the
symmetric group, hyperbolic slices can be seen as cross-sections
of the orbit space of the symmetric group. In a similar manner
is the action of the hyperoctahedral (signed symmetric) group on
real multivariate polynomials connected to even-hyperbolic slices.
That is, sets of univariate hyperbolic polynomials that share the
same first few coefficients and has only nonnegative roots. We will
study a natural stratification of both hyperbolic and even-hyperbolic
slices, in particular the geometric structure of the strata and the
combinatorial structure of the poset of strata.

The study of polynomials is of interest in general as polynomials
and their zero sets occur in many areas of mathematics like algebra,
geometry, analysis and number theory. Polynomials and their zero
sets also occur outside of mathematics in areas such as optimisation,
statistics, chemistry and physics and thus has uses in all the sciences
as well as in medical fields, data security and finance. In the
cases where the polynomials has an invariant structure, it is often
possible to reduce questions about the polynomials or their zero
sets to easier questions by modding out the invariant structure. In
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particular, the action of the symmetric group is of interest as it
plays a fundamental role in Galois theory, combinatorics and even
in the study of group theory itself, thus it makes sense to study
the action of the symmetric group on polynomials. We also have
that the symmetric group along with the hyperoctahedral group
appear as two of the main examples of Weyl groups. The Weyl
groups have been studied extensively in the past and are generated
by the reflections through a certain set of hyperplanes in Euclidean
space, thus their action is quite straightforward to visualise. These
reflections offer a rich combinatorial structure which we will exploit
in our study of hyperbolic and even-hyperbolic slices.

From invariant algebraic sets to slices of orbit spaces

The origin of the study of hyperbolic slices is their connection to
symmetric real algebraic sets. This connection comes from the fact
that the orbit space of the natural action of the symmetric group on
R™ can be identified with the set of monic hyperbolic polynomials of
degree n by using the Vieta map. So the image of a symmetric real
algebraic set under the Vieta map is a particular set of hyperbolic
polynomials and hyperbolic slices are certain subsets of such images.
This connection was used in [27] to provide an elementary proof of
Timofte’s degree and half-degree principle for the symmetric group
and it was used in [28] to generalise these results. After we have
studied hyperbolic slices we will also exploit this connection to make
further improvements on the degree principle.

To show how hyperbolic slices and the degree principle connect,
let f € R[t] be a monic hyperbolic polynomial of degree n, then by
the Fundamental Theorem of Algebra

n

fo=t"+ fit" P+ f, = Hﬁt — a;)
i—
for some aq, ...,a, € R. We can see by expanding the product above
that f; = (=1)'Ei(ay,...,a,), where Ei, ..., E, are the elementary
symmetric polynomials in n variables. Thus we can think of the
monic hyperbolic polynomials of degree n as the orbit space of the
symmetric group S(n) acting on R".

X



Suppose Fi, ..., F, € Rlzy,...,x,] are symmetric polynomials of
degree at most s < n, then it follows from a closer study of a classical
proof of the Fundamental Theorem for Symmetric Polynomials (see
Proposition 2.3 in [27]) that for each i € [k] :=={1,2,...,k} we have

for some G; € Rlyy,...,ys]. Thus Fi,..., F; has a common zero
b = (b1,...,b,) € R" if and only if Gj,...,G) has the point
(E1(D), ..., Es(b)) € R® as a common zero. In other words Fi, ..., F},
has a common zero if and only if

Fi(z) = wy, ..., Es(x) = wy

has a real solution for some common zero (wi,...,ws) € R® of
(G1,...,Gs. As we have seen, these equations have a solution if and
only if there exists a monic hyperbolic polynomial, f, of degree n
with

f1=—wi, ..., fs = (—=1)’ws.

This connection was used in [27] to prove Timofte’s degree
principle, namely that Fi, ..., F; has a common zero if and only if
they have a common zero with at most s distinct coordinates. It
also leads us to the main topic of this thesis which is to study the
following sets:

Definition. Let H denote the set of all monic hyperbolic polynomials
of degree n and let f € H. Then for any s € [n|, we call the subset
of hyperbolic polynomials

a (canonical) hyperbolic slice.

We introduce a natural stratification of hyperbolic slices defined
by considering the order and multiplicities of the roots of the
corresponding hyperbolic polynomial. Then we show that the strata
of hyperbolic slices have much in common with faces of polytopes
and that the poset of strata have a lot in common with the face
lattice of polytopes despite the fact that hyperbolic slices and their
strata are rarely convex sets.

Xi
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Specifically, if f is a monic hyperbolic polynomial of degree n with
distinct roots a; < ... < a; and respective multiplicities mq, ..., my,
we let

c(f) = (mq,...,my)

be the composition of f. For two compositions of n, u and v, we let
i < v if u can be obtained from v by replacing some of the commas
in v with plus signs and so we define the strata of H(f) as follows:

Definition. Let u be a composition of n, then

HE(f) =={h € Hs(f) | c(h) < p}
is a stratum of Hs(f).

Hyperbolic slices have implicitly been studied in several articles
before. In [3], [13] and [18] they studied the related Vandermonde
varieties which are real algebraic sets given by weighted power sums.
In particular they showed that the strata of hyperbolic slices are
contractible sets. Also, in [3] and [23] they studied a particular
kind of extremal points of hyperbolic slices that in a natural way
represents an “escape” from the domain of hyperbolic polynomials.
We build on these works and delve into other geometric properties of
the strata, but more importantly we use these properties to study the
somewhat unexplored combinatorial structure of the poset of strata
of hyperbolic slices. This in turn leads us to make improvements on
Timofte’s degree principle.

The degree principle for the symmetric group can also be extended
to other Weyl groups (see [12]), in particular to the hyperoctahedral
group. And similar to the connection between the symmetric group
and hyperbolic slices we can connect the hyperoctahedral group to
even-hyperbolic slices. Specifically, if Fi,...,Fy € Rlxy,...,x,] are
polynomials of degree at most 2s < 2n and they are invariant under
the natural action of the hyperoctahedral group B(n), then for all
i € [k] we have

Fy = Gi(Ey(2%), ..., Ey(2?))
for some G; € R[yy, ..., ys] and where 2% := (23, ..., 22).
2

Thus, by applying the variable change z; = x7, we see that

Fy, ..., F;, has a common zero if and only if
E1<Z) = W1, .eny ES(Z) = Wg

Xii



has a real solution with only nonnegative entries for some common
zero (wy,...,ws) € R of Gy,...,Gs. These equations have a real
solution with only nonnegative entries if and only if there exists a
monic hyperbolic polynomial, f, degree n and with only nonnegative
roots such that

fi=—wi, ..., fs = (—1)’ws.

We call hyperbolic polynomials with only nonnegative roots, even-
hyperbolic and analogously to the symmetric group we define the
following sets:

Definition. Let N denote the set of all monic even-hyperbolic
polynomials of degree n and let f € N. Then for any s € [n],
we call the subset

Ns(f) =Hs(f) NN

a (canonical) even-hyperbolic slice.

Such slices have implicitly been studied in [4], [13] and [29],
however we will see that by considering even-hyperbolic polynomials
as a subset of hyperbolic polynomials, many properties of even-
hyperbolic slices follow easily from hyperbolic slices.

To see how we stratify even-hyperbolic slices, note that zero
coordinates of a point in a hyperoctahedral-invariant real algebraic
set plays a particular role since the orbits of points with zero
coordinates are smaller. This leads us to stratify N(f) a bit
differently from H4(f). Namely, we will let N/ (f) := HE(f) NN
be a stratum of Ny(f), but we will also include strata of the form

NH() = {h e NE(H)IMO) = 0}

and we call £4 a signed composition.

We show that many of the geometric properties of the hyperbolic
strata transfer to the even-hyperbolic strata. Furthermore we will see
that many of the combinatorial properties of the poset of strata of
hyperbolic slices can be established for the poset of even-hyperbolic
strata and we also obtain an improvement of the degree principle for
the hyperoctahedral group.

Xiii
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Contribution

The main geometrical results we contribute with in this thesis is
firstly a description of the relative interior of the strata (Theorem
2.1.9). Next, we show that the strata of hyperbolic slices are either
empty, a point or of maximal possible dimension (Theorem 2.1.10)
and we show that the strata equals the closure of their relative
interior (Corollary 2.1.11). These results tell us a lot about how
the polynomials in hyperbolic slices are distributed. We continue by
generalising the main theorem from [23] and show that any stratum
has a unique polynomial with a minimal (s 4+ 1) coefficient and
a unique polynomial with a maximal (s + 1) coefficient and we
characterise the composition of these polynomials (Theorem 2.2.3).
Finally, we show that similarly to the strata, the relative interior of
the strata are also contractible when nonempty (Theorem 2.3.4).

The main combinatorial results we contribute with are firstly to
show that the poset of strata of hyperbolic slices are graded, atomic
and coatomic lattices (Theorem 3.1.7). This gives us a combinatorial
algorithm to compute the lattice of strata from its zero-dimensional
strata (Algorithm 3.1.8) which allows us to study more examples
than we otherwise would have been able to. Next, we show that
the boundary complex of the dual lattice is generically a shellable
simplicial complex (Theorem 3.2.6) and thus a combinatorial sphere
(Corollary 3.2.10). This lets us provide general bounds on the
number of i-dimensional strata in a hyperbolic slice. That is, we get
a “g-conjecture” and an “upper bound theorem” for generic (resp.
general) hyperbolic slices (Corollary 3.2.14 and Corollary 3.2.16).

These results are what we use to derive improvements on the
degree principle for the symmetric group. We use them to cut down
on the number of orbit types needed to consider when checking if a
symmetric real algebraic set is empty or not. We present a set of
orbit types which is sufficient to check (Theorem 4.1.1) which gives
an upper bound for the number of orbits needed to check and we
provide lower bounds for the number of orbit types needed to check
(Theorem 4.1.4). As neither of these bounds are sharp in general, we
show how one may use our results to find smaller test sets of orbit
types for given values of s and n (subchapter 4.2).
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Before we look at the even-hyperbolic strata, we show that if
we order any hyperbolic polynomials’ roots from smallest to largest,
then the polynomial with the minimal first root also in a hyperbolic
slice have either the minimal or the maximal (s + 1) coefficient and
conversely for the polynomial with the maximal first root (Theorem
5.1.3). This gives us a condition to check which even-hyperbolic
strata are nonempty subsets of hyperbolic strata and allows us to
extend many of the properties of hyperbolic strata to even-hyperbolic
strata. Namely, we show that the even-hyperbolic strata are either
empty, a point or of maximal possible dimension (Theorem 5.1.7)
and we provide a new way to show that the strata are connected
when nonempty (Theorem 5.1.9). We also show that the strata
of nonnegative slices have a unique polynomial with a minimal
(s+1)"" coefficient and a unique polynomial with a maximal (s+1)%"

coefficient and we characterise their signed compositions (Theorem
5.1.11).

Finally, we use these properties to establish that the poset of even-
hyperbolic strata is a lattice that can be computed combinatorially
from its zero-dimensional strata (Algorithm 5.2.3). We also identify
the posets of even-hyperbolic strata for s and n as a subset of
potential posets of hyperbolic strata for s + 1 and n + 1 which
means that the boundary complex of the dual lattice is a shellable
simplicial complex and thus a combinatorial sphere (Theorem 5.2.5).
And as with the hyperbolic slices, we show that we can make some
improvements on the degree principle for the hyperoctahedral group
(Theorem 5.2.10). In particular we find that improvements on the
degree principle for s+ 1 and n+ 1 with the symmetric group can be
translated to improvements on the degree principle for s and n with
the hyperoctahedral group.
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Chapter 1
Background

1.1 Symmetric and hyperoctahedral group

We start by introducing some important definitions and results
from representation theory of the symmetric and hyperoctahedral
group. Throughout the article, we denote by S(n) the symmetric
group on the set [n]. We will consider the natural action of S(n)
on Rlz] := R[zy,...,z,] and so we let R[z]™ denote the ring of
symmetric polynomials.

When S(n) acts on R[z| by permuting the variables, this induces
an action of §(n) on R" given by permutation of the coordinates. The
orbit of a point a € R" is described by the partition A = (A1, ..., \),
where a = o(by, ..., b1, ..., b, ..., by) for some o € S(n) and b; occurs
Ai times and b; # b; for any ¢ # j. Therefore we call A, the orbit
type of a. We see that the only points in R” that are invariant are
the points whose orbit type is (n), namely the points with only one
distinct coordinate. For invariant polynomials in R[z], the story is a
bit more involved.

Definition 1.1.1. For i € [n], we denote by
Ei= > xw

1<ji<<gi<n

the i elementary symmetric polynomial and by
n .
PL‘ = Z LU;
j=1

the i™ power sum.
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We see that both the power sums and the elementary symmetric
polynomials are symmetric. Moreover, we can pass between them by
using Newton’s identities:

Proposition 1.1.2 (Newton’s identities). For i € [n] we have

i =Y (-1Y"'E,_;P;,
j=1
where we set Ey := 1.
Proof. See the proof of Theorem 8 in [§]. O

The Fundamental Theorem of Symmetric Polynomials states that
every symmetric polynomial can be uniquely written in terms of the
elementary symmetric polynomials, but it can also be strengthened
to the following;:

Theorem 1.1.3 (Fundamental Theorem of Symmetric Polynomi-
als). Any symmetric polynomial F € R[x]°™ of degree s < n, can be
uniquely written as

F=G(Ey,...,Ey),

where G is a polynomial in Ry, ..., ysl.
Proof. Proposition 2.3 in [27]. O

This formulation of the Fundamental Theorem of Symmetric
Polynomials is a key tool in the proof of the degree principle in [27].

Theorem 1.1.4 (Degree principle). Let F, ..., F, € R[z]*™ be
symmetric polynomials of degree at most s < n. Then the real
algebraic set

Ve(FL,...,Fy) = {a € R"|Fi(a) = ... = Fiy(a) = 0}

is nonempty if and only if it contains a point with at most s distinct
coordinates.

To define the hyperoctahedral group, let us for a moment think
of the symmetric group S(2n) as the permutations of the set —[n] U
n] = {—n,—n+1...,—1,1,2,....n}. Then the hyperoctahedral (or
signed symmetric) group is the subgroup B(n) C §(2n) consisting of
the permutations ¢ such that —o (i) = o(—i) for all i € —[n] U [n].

2



1.1. Symmetric and hyperoctahedral group

We let B(n) act on R[z] by permutation and sign change, that is,
for F' € R[x] we let

O'(F) = F(éa(l)x‘g(m, ceey 5g(n)$|a(n)|),

where §,(i1) = |Z8| and we see that the reflections z; = =£z;, for
1 <i < j <mn, generate B(n). Thus the action on R[x] induces an
action on R" by sign change and permutation of coordinates. But
due to the sign changes the orbit types under the hyperoctahedral
group is slightly different. Just note that if a € R™ has a coordinate
equal to zero, then we can change the sign of this coordinate without
changing a.

To find the generators of the ring of invariant R[z]5(™, note that
if F € R[z]3™), then F(x) = F(x1, ..., %, =i, Tiy1, ..., Tp,) for any
i € [n]. Thus every term of F' that contains the variable x; must
contain x; to an even degree. So we see that F' is of even degree
and we can replace each instance of z? with y; and get a polynomial
G € Rlyi,...,y,] that is invariant with respect to the symmetric
group. Thus we have a bijection ¢ : R[z]3™ — R[y]*™ given by

2
xi = yia

which by Theorem 1.1.3 gives the following:

Theorem 1.1.5. Any polynomial F € R[z]P™) of degree 25 < 2n,
can be uniquely written as

F =G(E(2?), ..., Eyz?)),
where G is a polynomial in Rlyy, ..., ys] and * = (23,...,22).

Similarly to the method in [27], this can be used to prove the
following:

Theorem 1.1.6. Let F,. .., F}, € R[z]3™ be polynomials of degree
at most 2s < 2n. Then the real algebraic set

Va(F, ..., Fy) = {a € R"|F(a) = ... = F,(a) = 0}

is nonempty if and only if it contains a point with at most s distinct
coordinates.

Proof. See Theorem 2 in [12]. O

3
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1.2 Polytopality and sphericity

Here we introduce some key concepts and results from combinat-
orics. As names and notations often seem to be an individual choice
in combinatorics note that we will mostly be following conventions
from [32] and [37].

Definition 1.2.1. A poset (L, <), or partially ordered set, is a
set L equipped with a partial order <.

We usually just write L if the partial order is clear from context.
Also, we say that an element a, of a poset, L, covers b € L if b < a
and for any ¢ € L with b < ¢ < a, we have either ¢ = a or ¢ = b.

Definition 1.2.2. A totally ordered subset of a poset is a chain
and if a chain is maximal with respect to inclusion, it is a maximal
chain. A poset in which every maximal chain has the same length
is called graded (or pure).

To see why we call such a poset graded let yy < ... < gy and
2o < ... < z; be two maximal chains of a finite graded poset L,
where y; = z; for some ¢ and j. Then we have i = j, otherwise
Yo <Y1 < ... <y = 2zj < Zjy1 < ... < 2z is a maximal chain which
is not of length [ + 1 contradicting the gradedness of L. Thus the
rank of y;, rank(y;) := i, is well defined and the poset is the union
L = Up>oL(k), where L(k) contains the rank k elements. Also, we
say that the rank of a graded poset is the length of a maximal chain.

We will largely concern ourselves with the following type of poset:

Definition 1.2.3. A lattice is a poset L such that there exists a
least upper bound for any subset () C L and a greatest lower bound.
We call it the join (resp. meet) of Q.

We will also need to look at the following subposet of lattices: If
L has the maximal element 1, then we call L\{1}, the boundary
complex of L. Note that if a poset L is finite and any subset () C L
has a join, then L is a lattice since the meet of ) will have to be
the join of of all the elements a € L such that a < b for all b € Q.
We will look at a particular type of lattice but before we introduce
these, note that the poset (L, >), where the partial order is reversed,
is called the dual poset of (L, <). Thus in particular, if L is a lattice,
the dual poset is also a lattice as the notion of join and meet are dual.

4



1.2. Polytopality and sphericity

Definition 1.2.4. In a lattice with a smallest element 0, the elements
covering 0 are called atoms. The lattice is called atomic if any
element can be expressed as the join of atoms. Conversely, a lattice
with a greatest element 1, is called coatomic if if the dual lattice is
atomsic.

Typical examples of atomic and coatomic lattices come from
polytopes, namely the face lattice of a polytope P C R" which
is the poset of faces of P (including P and ()) partially ordered by
inclusion. In fact it is known that the poset of faces of a polytope is
a graded, atomic and coatomic lattice (see [37], Theorem 2.7).

We will be concerned with the question of whether or not a lattice
is “polytopal” in this thesis, so for the next definition note that we
call two posets (L, <) and (Q,<*) isomorphic if there exists an
order-preserving bijection between L and () whose inverse is also
order-preserving.

Definition 1.2.5. A lattice is polytopal if it is isomorphic to the
face lattice of a polytope.

The problem of determining whether or not a lattice is polytopal
is often referred to as Steinitz problem and is generally considered to
be a difficult problem. In fact for graded lattices of rank 5 or more
there are no known combinatorial way of classifying these lattices,
therefore we will introduce a slight weakening of this property.

Definition 1.2.6. A polytope complex is a family, C, of polytopes
in R™, such that each face of a polytope is in C' and such that the
intersection of two polytopes is a face of each.

We see that in particular a polytope is a polytope complex. And
just as for polytopes we call the elements of C' faces. The dimension
of C is the dimension of its highest-dimensional faces. The proper
faces that are maximal with respect to inclusion are called facets, the
second largest are called ridges. Similarly, the smallest nonempty
faces are called vertices and the second smallest are called edges.

If a poset L is isomorphic to the poset of faces of a polytope
complex C, we call C' a geometric realisation of L. And as we
will not be working with the geometric realisations directly we will
abuse the terminology and call a poset a polytope complex if it has
a geometric realisation. If we find it too difficult to determine if a
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lattice L is polytopal, we may instead ask if the boundary complex
of L is a polytope complex. And as the following will show this can
oddly enough be a much easier question to answer if our guess that
L is polytopal was correct. Firstly we need another definition:

Definition 1.2.7. A simplicial complex is a family of finite sets
that is closed under taking subsets.

Thus any simplicial complex may be identified with a family,
C, of subsets of [m] for some nonnegative integer m, such that if
A C B e C, then A € C. We may identify the smallest nonempty
sets of C' with the points e1,...,e,, € R™, where ¢; is the i-th
standard basis vector, and then take the convex hull of ¢; ,..., ¢;
whenever {iy,...,i;} is an element of C'. Then it is not too difficult
to see that this is a geometric realisation of C' so C' is a polytope
complex.

If a lattice L is polytopal, then it might very well be isomorphic
to the face lattice of a simplicial polytope (a polytope whose
proper faces are simplices) since simplicial polytopes are the generic
polytopes with the appropriate notion of genericity (see Chapter
0 in [37]). And if L is isomorphic to a simplicial polytope,
then its boundary complex must be a simplicial complex which is
realisable. However, there are many simplicial complexes that are not
isomorphic to the face poset of the boundary of a simplicial polytope
so let us look a different weakening of the question of polytopality.

Definition 1.2.8. A polytope complex is a sphere if it has a
geometric realisation which is homeomorphic to a sphere.

If a spherical polytope complex is also a simplicial complex, we
call it a simplicial sphere. Since a the boundary of a polytope is
homeomorphic to a sphere, we see that sphericity is also a weakening
of polytopality. However, similarly to polytopality, sphericity is a
property that is generally quite difficult to establish. For that reason
we need to introduce a subclass of spheres that can be easier to
recognize.

Definition 1.2.9. A subdivision of a polytope complexr C is a
polytope complex S such that

JUlI=U JCR"
1eS JeC
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and such that each face of S is contained in a face of C. Moreover,
we say a subdivision S is stmplictal if S is a simplicial complex.

Definition 1.2.10. A combinatorial (or PL) (m-1)-sphere is a
polytope complex for which there exists a simplicial subdivision which

is isomorphic to a simplicial subdivision of the boundary of an m-
dimensional simplex.

A great tool for recognizing combinatorial spheres is the notion
of shellability.
Definition 1.2.11. A shelling of a pure simplicial complex, C, is
an ordering of the facets, Fi, ..., Fy, such that for anyi € {2,...,k},
the simplicial complex

is graded of dimension dim(C') — 1. If there exists a shelling of C,
then C 1is called shellable.

From Proposition 1.2 in [9] we have the following useful result:

Proposition 1.2.12. A shellable simplicial complex of dimension m,
where each ridge is contained in exactly two facets, is a combinatorial
m-sphere.
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List of notations

neN={1,2..}

n] =41,2,...,n}

S(n) is the symmetric group

B(n) is the hyperoctahedral group
dist(a,b) = \/Zznzl(ai —b;)? for a,b € R".

BE(a) is the open ball around a € R¥ of radius e.

‘H the set of monic hyperbolic polynomials of degree n
f=t"+ fit" 1+ .+ f.eH

c(f) is the composition of f

Hs(f)={t"+ht" '+ ...+ hyJh€Hand h; = f; Vi€ [s]}

W (f) = {h € Ho(P)lelh) < g}

o= (p1, -y ) and €(p) =1

A/ = v, where v is such that A\ = (g1 + ... + fluy, oo flipyy11 +
o)

E;(z) is the i'" elementary symmetric polynomial in n variables.

For + € R!, Ef(z) = Ej(xy,...,71,...,27,...,7;), where x; is
repeated p; times.

E1(z) = 1" — BU@) + -+ (—1)" Bl (x)
P;() is the i power sum in n variables.

For + ¢ R, P'(z) = Pyay,...,x1,...,77,...,7;), where z; is
repeated p; times.

Vs(f) ={z e R"| = Ei(z) — f1 =0,...,(=1)°Es(z) — fs = 0}
Vi(f) ={z eR| - El'(z) = i =0,...,(—1)*El(z) — f, = 0}
W, ={z e Rz, < .. <}

7" R¥ — R¥=" denotes projection (ay, ..., a) = (a1, .., ap_,)

b, VE(f) N W, — C" denotes the inclusion (zy,...,2;)
(1, .oy X1, oory Ty, .., 7 ), Where x; is repeated p; times

Ls(f) is the lattice of strata of H(f)
LA(f) is the dual of L,(f)
O(LA(f)) is the boundary complex of £2(f)
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- For two elements, v and v, of a lattice, u V v denotes the join
and u A v denotes the meet.

- C(n) is the compositions of n

- C(n, s) is the compositions of n of length s

- P(n) is the partitions of n

- P(n,s) is the partitions of n of length s

- Cin(n, s) = {p € C(n, s)|p is alternate odd}

- Crax(n, 8) = {u € C(n, s)|p is alternate even}

- Puin(n, s) :=={\ € P(n"S)‘/\LgJH =.=X=1}

- Puax(n, s) := {\ € P(n, s)|)\[§w+1 =.=X\=1}

- N the set of monic even-hyperbolic polynomials of degree n
-h=t"+ht"t+ ..+ h, € N (in the last chapter)
- Ny(h) = Ho(h) NN

- sc(h) is the signed composition of h

- NY(h) ={g € Ni(h)|sc(g) < v}

- v =cly| = c(v,...,v), l(v) =1 and sgn(v) = ¢ € {—1,1} (in
the last chapter)

- Ks(h) is the lattice of strata of Ns(h)
- /CA(h) is the dual of ICy(h)
O(K2(h)) is the boundary complex of K5 (h)
- SC(n) is the signed compositions of n
- §P(n) = UiLy(n — 1) x P(i)
- SP(n,s) ={m x X € SP(n)|t(\) = s}
- 1 : SC(n) — C(n) is the map given by

Lv, ... if =1
U ( , U1, 7Vl)7 1 SgH(V) )
(n + L, ...,1), if sgn(v) = —1.
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Chapter 2
Geometry...

In this chapter we establish several geometric/topological prop-
erties of the strata of hyperbolic slices. In the first part we see that
the previous study of Vandermonde varieties in [18] implies that the
strata are contractible. This gives us a tool to determine the possible
dimension of any stratum and describe the relative interior and its
closure. In the second part we generalise the main theorem from [23]
on the “escape from hyperbolic space” and show that any stratum
has a unique polynomial with a maximal (s + 1) coefficient and a
unique polynomial with a minimal (s + 1) coefficient. Lastly, in
part three we use this result to show that the relative interior of the
strata are also contractible.

Before that we will define the stratification and have a look at an
example of a stratified hyperbolic slice. Throughout this thesis we
will let f := t" + fit" 1 + ...+ f, € R[t] be a monic hyperbolic
polynomial of degree n. That is, f is a monic polynomial of degree
n with only real roots. Then we will study the following sets of
hyperbolic polynomials:

Definition 2.0.1. Let H denote the set of all monic hyperbolic
polynomials of degree n. Then for s € [n], we call the subset

a (canonical) hyperbolic slice.

We will also let s € {0,...,n} throughout this thesis. For an
h =t + ht" "+ ..+ h, € Hy(f), we will refer to h; as the i
coefficient of h and if s < n, we refer to hs,1 as the first free

11
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coefficient of h. To introduce our stratification of hyperbolic slices
we recall the notion of compositions and their partial order.

Definition 2.0.2. A composition of n is a tuple of positive
integers, = ({1, ..., 7)), that sum up to n. We call ¢(pn) := 1 the
length of i and the u;’s the parts of .

We will let 1 be a composition of length [ throughout this thesis
and we partially order the compositions the following way:

Definition 2.0.3. For two compositions of n, p and A we let A < p
if there is a composition, v, of | = {(u) of length £(\) such that

A= (1 gy By 41+ ).

Thus p < A if p can be obtained from A by replacing some of the
commas in A with plus signs. For a hyperbolic polynomial i with
distinct roots b; < --- < b; and respective multiplicities mq,...,my
we will let ¢(h) := (my,...,m;) denote the composition of h. We
stratify Hs(f) as follows:

Definition 2.0.4. Let p be a composition of n, then
HE(S) = {h € Ho(f) | e(h) < p}

is a stratum of Hs(f).

Note that since the composition (1”) = (1, ., 1) is greater
than any other composition then H{")(f) = s( ). Also, by
definition of the strata, if u < v, then ’Hg(f) C HY(f). However, the
reverse statement does not need to hold as not all compositions need
to occur in any hyperbolic slice. For instance, already in the following
example of a stratified hyperbolic slice, not all the compositions
occur:

Example 2.0.5. Let d =5 and s = 2 and let
h = (t+m)(t+V2)t(t — 1,23456789123456789)(t — ),

then if we plot the last three coefficients of the polynomials in Ho(h),
we get this picture:

12



Third coefficent

There is no polynomial with only one distinct root in Ha(h), that
is, the composition (5) does not occur and so 7—[§5)(h) = (. The
other compositions does occur however and the polynomials with no
repeated roots make up the interior, the other compositions occur in
the parts of the boundary as indicated by the following picture:

(3.2)

211 (2,LL1)
(154) ( =yt )

(L1.2,1)

(2.3)

In the example above we see that the strata of Hs(h) have some
nice geometrical properties. For instance, they are all compact and
connected. Also, we can see that the poset of strata is isomorphic
to the face lattice of a tetrahedron. Thus, other than not being
convex, Ha(h) and its strata have a lot in common with a tetrahedron
and its faces. Since the main point of this project is to explore
hyperbolic slices, we can think of polytopes as a “guiding star” as we
will establish some of the similarities between hyperbolic slices and
polytopes.

13
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2.1 Hyperbolic strata

To study the geometric properties of the strata of hyperbolic slices
we need to introduce Vandermonde varieties. For this recall that we
let E;, for i € [n], denote the i elementary symmetric polynomial.

Definition 2.1.1. For s € [n] we let
Vs(f) = VR(_El(x) - f17 SR (_1)8E5(x) - fs) —
{z eR"| = Ei(x) = fi=--- = (=1)"Es(x) — fs = 0}.

Real algebraic sets as above is usually referred to as the
Vandermonde varieties (see [3] for the general definition). If
a = (ay,...,a,) € R" is a tuple of the roots of h € H, then h can be
written as t" — Fy(a)t" ' + ... + (—=1)"E,(a). Thus we see that the

hyperbolic slice H(f) arise as the image of the Vandermonde variety
Vs(f) under the Vieta map,

E R" = H,
given by
" — B ()" 4 (=D B (2).

Furthermore, we see that the Vieta map is a bijection between the
hyperbolic slice and the intersection of the Vandermonde variety with
the Weyl chamber

W, ={zeR" | x; <..<uz,}.

More generally we have the following definition:
Definition 2.1.2. Let the map E* : R' — H be given by

x> " — B (a)t" 4 (1) Bl (),
where

Ef(x1,...,x)) = Ej(x1, ..oy 01, ooy Ty, ooy 1Y)
and x; is repeated fi; times.

Then the image of W, under £* are the polynomials in H whose
composition is smaller than or equal to pu. Furthermore, £* is a
bijection between the stratum H#(f) and the intersection of W, and:

VI(f) = {z e R'| (-1)'El'(z) = fi Vi € [3]}.

14
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The reason for the terminology comes from the following: by
Newtons identities (Proposition 1.1.2) we can find some ¢4, ...,cs € R
and rewrite V¥(f) as

{z eR'| P! (z) =¢; Vie€[s]}
where
Pl(xy,...,x) = Pi(x1, .., X1, ooy T, vy 1)
and z; is repeated p; times. As we will see later, the Jacobian

of the first s power sums is a constant multiple of a Vandermonde
determinant.

We can now get started at studying the hyperbolic strata and due
the preceding discussion we immediately have the following:

Lemma 2.1.3. The stratum H(f) is a semialgebraic set.

Proof. We just saw that the stratum HY(f) is image of the
semialgebraic set V¥(f) N W, under a polynomial function. And
a well known consequence of the Projection Theorem, see Theorem
2.2.1 in [6], is that a polynomial function maps semialgebraic sets to
semialgebraic sets. [l

Thus a hyperbolic stratum is the polynomial image of a subset of
a real algebraic set given by s polynomials and we will call it generic
if it contains no polynomial with at most s — 1 distinct roots. Thus
if a hyperbolic slice is generic, then all its strata are generic. It can
be shown (using for instance Proposition 3.2.8) that there is an open
dense subset U C H such that H,(f) is generic for any f € U.

We will often identify a polynomial f = t"+ fit" 1 4. -+ f,, with
(f1, .- fn) € R™ without mentioning this change of basis, thus we can
consider H,(f) as a subset of R"%. Therefore we equip hyperbolic
slices and their strata with the subspace topology of the Euclidean
topology. Similarly, we equip the Weyl chamber and Vandermonde
varieties with the subspace topology of the Euclidean topology.

We will soon see that work by [13] and [18] implies that the
strata of hyperbolic slices are contractible. But first we need to
show that the restriction of the Vieta map is a homeomorphism. So
let B¥(a) denote the open ball about a € R* of radius ¢ > 0 and
let its closure be denoted by B¥(a). Unless we work with balls of

different dimensions, we omit the superscript k.

15
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Lemma 2.1.4. The stratum H!(f) is closed in R"™* and
ELVE(f) W — HE(f),
where | = €(p), is a homeomorphism.

Proof. Recall that £ is a bijection and a polynomial mapping, thus
it is a continuous bijection. To see that the inverse map is continuous
and that H”(f) is closed in R"™*  we show that the image of closed
sets in V#(f) N W, are closed in R"7%.

Let S be a closed subset of V¥(f) N Wj, then since V!(f) and W,

are closed in R, so is S. Let
Lo VE() N, — C"

be the inclusion (x1,...,2;) — (x1,...,21, ..., 2, ..., x;), where z; is
repeated j; times. Then £¢(z) = (€ o,)(x) and clearly ¢,(S5) is
a closed subset of C".

Let h = t"+ht" 4. +h, ¢ E*(S) have the roots a = (ay, ..., a,)
and let h; = f; Vi € [s]. Let € > 0 be such that D*(o(a)) N, (S) is
empty for any o € S(n), where D¥(z) denotes the complex open ball
about z € CF of radius e. If by, ..., by are the distinct roots of h with
respective multiplicities vy, .., v, then by [36] there is a § > 0 such
that any polynomial, g, of degree n, with |h; — g;| < ¢ for all i € [n]
has exactly v; zeroes in D}(b;). Since D¥(a(a)) N ¢,(S) is empty for
any o € §(n), then so is Bs(h) NE*(S) and therefore is £#(S) closed
in R"™%. ]

Proposition 2.1.5. The sets VF(f)NW, and H!(f) are contractible
or empty.

Proof. We have seen that we can use Newton’s identities to define
VE(f) in terms of the first s power sums in n variables. Then the
proof that V¥(f) N W, is contractible or empty can be found in [18]

(Theorem 1.1). By Lemma 2.1.4 the map & : VH(f)NW, — HE(f) is
a homeomorphism, thus H#(f) is contractible if it is nonempty. [

To see how this proposition can be used to further describe our
strata we need some more definitions. First note that as H¥(f)
is semialgebraic the dimension of the stratum is the maximum

16
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integer, d, such that H¥(f) contains a nonempty open set which
is homeomorphic to an open set of R? (see Chapter 2.8 of [6]).

Definition 2.1.6. If H!(f) is a nonempty stratum of dimension d,
then

o the relative interior of H!(f) is the set of polynomials h €
HE(f) for which there exists an open neighbourhood of h which
is homeomorphic to an open set in R? and

« the relative boundary of H!(f) is the set of polynomials in
HE(f) which does not lie in the relative interior.

We can use Proposition 2.1.5 to give a description of the relative
interior and relative boundary of our strata and also determine their
dimension. But the first consequence of the proposition that we need
is the following:

Lemma 2.1.7. If {(u) < s, then HY(f) contains at most one
polynomial.

Proof. Suppose h € H"(f) has the distinct roots a = (ay, ..., ax) and
composition v = (vq,...,1), then k < l(u) < s. If k = 1, then
v = (n) and there is only one solution to the equation

—F{(z) = —nx1 = f1.

And so we have HY(f) = H(f) = {h}. If £ > 1, then as previously
mentioned, V{(f) can be defined as

{z € R¥ | P{'(z) = cq, ..., Pl'(z) = e},

where ¢q,...,c; € R are obtained from fi,..., fz using Newton’s
identities.

The map P : R* — R where P(z) = (Pi(xy),..., Pu(z0)),
is a continuously differentiable function whose Jacobian matrix is
(ivja )i j<r and so its determinant is

k
[Tivi 11 (xj— ).
=1 1<j<r<k

Since all the a;’s are distinct, the determinant is nonzero at a.
Thus the Jacobian matrix is invertible and by the Inverse Function
Theorem, P is invertible on some neighbourhood U of P(a) =

17
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(c1, ..., cx). By Proposition 2.1.5, V) ( f)NW is contractible and since
a is isolated in this set, it must be the only point there. Therefore
we have HY(f) = H(f) = {h}.

So for any composition v < u, that occurs in H”(f), we have that
HY(f) contains a single polynomial. Since there are finitely many
compositions smaller than or equal to p, HH(f) contains finitely
many polynomials. But since H¥(f) is contractible it can contain
at most one polynomial. ]

We will let
" RF — RFT
denote projection that forgets the last r coordinates. This map will

be very useful, firstly for helping us describe the relative interior of
the strata.

Lemma 2.1.8. If | = {(u) > s, then the map
™ HA(f) = RS
is a homeomorphism onto its image and the image is closed in R'=%.

Proof. Firstly we consider the case when | = 1. Then pu = (n) and
s = 0 so for any a € R we have that (t — a)" = t" — nat" ! + ... +
(—a)® € Hy(f). Thus 7" 1((t — a)") = —na and so the map

oM RS R

is essentially just mapping a to —na. This is naturally a
homeomorphism and since, by Lemma 2.1.4, £/ is a homeomorphism,
then so is 7" !. Lastly, since the image of 7" is all of R, the image
is closed in R.

Next suppose [ > 2. By Lemma 2.1.7, the polynomials of H#(f)
are uniquely determined by their first { coefficients, thus 7" is a
bijection between HX(f) and 7"~ {(H%(f)). Also, the topology on
HE(f) is the subspace topology of the product topology on R"™*
with respect to the projections on each coordinate. Thus the map

7! is by definition continuous.

To see that the inverse is continuous and that 7"~!(H¥(f)) is
closed we will show that the image of closed subsets of H”(f) are

closed in R'=*. So let S be a closed subset of H"(f) and let g be

18
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a point in the closure of 7"7!(S). Then for any ¢ > 0, the closed
ball B,(g) meets 7"7!(S) and since 7" o0 EH is continuous by Lemma
2.1.4, the inverse image

M = (&" o) (Be(g) N 7"(S5))

is nonempty and closed. Since V(f) N W, is closed in R, then so is
M. We also have that

M C(EMHS) N{r eWlgi—e < (-1)'Ef(z) < gi+eVie[l]}

So if @ € M, then Ef'(a) < g; — e and EY(a) > gy — € since [ > 2.
Thus, by Newton’s identities, we have

Pj(a) = (Ef(a))* — 2E5(a) < gf — 201¢ + € — 292 + 2¢

and so M is bounded. Since M is closed and bounded, it is compact.

Since 777! o £* is continuous and the continuous image of a
compact set is compact, we have that (7" o E#)(M) is compact.
Thus

ge ("o &M (M) C a9

and so 7"71(S) is closed in R'~%. Therefore 77! is a closed map and
thus 77! is a homeomorphism. Lastly, by setting S = H~(f), we see
that 7" H(H~(f)) is closed in RI~%. O

We see from Lemma 2.1.8 that when [ > s, the largest dimension
that H#(f) can have is | — s. Therefore we say that the maximal
dimension of H¥(f) is max{l — s,0}.

Theorem 2.1.9. If H!(f) contains a polynomial with composition i,
then HE(f) is maximal dimensional and its relative interior consists
of the polynomials with composition .

Proof. If s = 0, the map &* : W, — H{(f) is a homeomorphism by
Lemma 2.1.4 and since the dimension of W, is [ and its interior are
the points with no repeated coordinates, then the dimension of H{(f)
is [ and its relative interior are the polynomials with composition pu.

Next suppose s > 0 and let A% denote the affine hyperplane of
R" defined by fixing the i*" coordinate to be equal to f;. Then

T HEP) = 7" HE(f)N A NN A}) =
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T HE () N AL NN AL

Thus if there is a polynomial h € H#(f) with composition p then
by the first paragraph and Lemma 2.1.8, 7"~!(h) lies in the interior
of 7"~ Y(H}(f)) and therefore also in the interior of 7"~ /(H“(f)) and
7" H(H#(f)) must be of dimension max{l — s,0}. Since 7'~* is a
homeomorphism, H*(f) is maximal dimensional and h lies in its
relative interior.

For the reverse inclusion, suppose [ > s so that H?(f) is at least
one-dimensional. If its relative interior contains a polynomial g with
c(g) < p, then 7"7(g) lies in the interior of the (I — s)-dimensional
set 7" H(HA(f)) € R, Thus 7" !(g) lies in the interior of the one-
dimensional set 7" /(1" | (g)) = 7" "(HA(f))N AL N..nAl CR.

By Lemma 2.1.7, there are finitely many polynomials in H}' ;(g)

with a smaller composition than p. Thus there are two polynomials
p_ and py in H}' {(g), with composition p, and a § > 0 such that

™ p_) = 7" g) — § and 7" (py) = 7" (g) + 6.

Since 7" !(p_) and 7" (py) are in the interior of 7~ '(H}(f)),
there is an ¢ > 0 such that B.(7" '(p_)) and B.(7" !(p,)) are
contained in the interior of 7" {(H}(f)). And since 7" !(g) is in
the boundary of 7"~ !(Hf(f)), the ball B.(7"'(g)) must contain a
point ¢ = (qu, ..., ¢,—;) that is not in 7" (H(f)).

Thus Afh N...N Af]H is a line that passes through ¢ and the

two balls B(7m"!(p_)) and B.(n" (p;)). But if ¢ separates the
nonempty sets

B(n"(p-)) N AL n..n A

qi—-1

and
Be(ﬂ-n_l(p-i-)) N Aél M..n Af]l—17

then

T (HE(f) N Afh N NAy  =7""(H{(p+) CR

qi—1

is nonempty but not contractible. This contradicts Proposition 2.1.5
and g can therefore not be in the relative interior of H(f). O
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Thus, if [ > s, the stratum H#(f) is of maximal dimension if and
only if it contains a polynomial with composition y. We can use
this observation to determine all the possibilities for the dimension
of H¥(f). It is worth mentioning that a similar observation to the
following can be found in [5], Proposition 5.

Theorem 2.1.10. If {(p) > s and HE(f) contains a polynomial with
at least s distinct roots, then HH(f) is mazimal dimensional. If not,
then HH(f) is either empty or a single polynomial.

Proof. Any composition occurs in Ho(f) and so by Theorem 2.1.9,
any stratum is maximal dimensional. Similarly, if s = 1, then for
any composition yu, the polynomial —F/'(x) — fi has a real zero with
[ distinct coordinates ordered increasingly. To see this pick [ real
numbers ay, ..., a; such that a;/p; < .... < a;/p and let

_h (al az)
Siai\p’ )

—E(a) = Z 1y

a =

then

Ezazuj Zzaz 4
Thus the composition p occurs in H;(f) and so by Theorem 2.1.9,
Hi(f) is maximal dimensional.

Next we suppose s > 2. If [ < s or H¥(f) does not
contain a polynomial with at least s distinct roots, then HY(f) =
Uy<ple()=s—1HI(f). By Lemma 2.1.7, H](f) contains at most one
polynomlal when ¢(y) = s — 1. Since there are finitely many
compositions of length s — 1, then H#(f) contains finitely many
polynomials and since H”(f) is contractible it contains at most one
polynomial.

So suppose h € H”(f) has k > s distinct roots and c(h) < p. Let
v < p be a composition that covers ¢(h). Then ¢(v) =k + 1 and so
by Lemma 2.1.8, H}(h) is at most one-dimensional. Since c¢(h) < v
we can write h as I/ (t —b;)% and without loss of generality we may
assume that by < ... < b = b1.

Since V¥ (h) equals {z € R¥|P/(2) = ¢, ..., P/(z) = ¢}, the

Jacobian matrix of the defining polynomials is (w]xﬁ Dicki<kr1-
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Thus the determinant of the leftmost k X k submatrix is
k .
v, I (zj—a).

1 1<j<r<k

7

Since the first k£ coordinates of b = (by,...,bx+1) are distinct,
the determinant does not vanish at b € V{(h). So by Proposition
3.3.10 in [6], b is a nonsingular point of a one-dimensional irreducible
component, V', of V}/(h). Thus b lies in an open neighbourhood U of
V where U is a one-dimensional manifold.

By Lemma 2.1.7, the one-dimensional manifold U only intersects
the hyperplane H = {z € R*"|z; = 25,1} once. So U must meet the
open halfspace H* := {x € R¥"|2;, < 23,1} and thus there is a point
in V¥(h) N W1 with no repeated coordinates. So Hy(h) C HY(f)
contains a polynomial with composition v. So by induction we can
find a polynomial with composition p and by Theorem 2.1.9, H¥(f)
is therefore maximal dimensional. ]

Corollary 2.1.11. Any hyperbolic stratum equals the closure of its
relative interior.

Proof. By Theorem 2.1.10 we may suppose HY(f) is maximal
dimensional and at least one-dimensional. @ We will prove the
statement by induction on the dimension of the strata. If H¥(f)
is one-dimensional, then it is connected by Proposition 2.1.5. Thus
the relative boundary contains at most two polynomials and any
open ball about a polynomial of H¥(f) contains infinitely many
polynomials from the relative interior. Thus H¥(f) is the closure
of its relative interior.

Suppose the statement is true for all (m — 1)-dimensional strata,
where m — 1 > 1. Suppose H¥(f) is n-dimensional and h € H(f).
By Proposition 2.1.5, H?(f) is connected, so for any € > 0, B.(h)
must contain infinitely many polynomials from H#(f). Since there
are finitely many polynomials in H*(f) with at most s distinct roots,
there is a g € Bc(h) NHX(f) with at least s + 1 distinct roots.

Then by Theorem 2.1.10, HE, ;(g) is (m — 1)-dimensional and by
the induction hypothesis, g is in the closure of its relative interior. So
by Theorem 2.1.9, any open ball about g contains a polynomial with
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2.2. Escaping hyperbolic strata

composition p. Thus B.(h) contains a polynomial with composition
p and so h is in the closure of the relative interior of H”(f). ]

2.2 Escaping hyperbolic strata

In this subchapter, we look at the question of which polynomials
in a stratum of a hyperbolic slice have a minimal or maximal first
free coefficient. This question was asked for hyperbolic slices in
23] and it turned out that the question could be fully answered by
looking at the compositions of the polynomials. Thus they classified
which polynomials in H,(f) have the maximal first free coefficient
and which have the minimal (when such polynomials exist). We
shall give an analogous classification, except that we will restrict the
domain to be any of the strata of H(f).

To state the result, we first need some terminology.

Definition 2.2.1. If s < n we call h € HY(f) a minimal (resp.
maximal) polynomial of H(f) if hsy1 < gs+1 (resp. hsi1 > gsi1)
for all g € HE(f).

Note that if h € HX(f), then h = TI'_,(t — b;)* for some
by < ... < b, so b; must have multiplicity at least u; for any
i € [l], thus we can mod out this information. Also, note that if a
composition A is less than or equal to p, there is a unique composition
v such that A = (pq + -+ + fiy, - - - s M-y 41+ 1)
Definition 2.2.2. If A < pu, let A\/p denote the composition v such
that A = (:ul T+ +/ul/17"'7:ul—l/e(y)+1 + "'—|—,Lbl)-

So A/p can be thought of as “modding out” u, not dividing by
1. Lastly, we call the composition i alternate odd if y; = ;2 =
.-+ =1 and alternate even if y; 1 = p;_3=---=1.

Theorem 2.2.3. Let A\ be the composition of h € HE(f) and let
s > 2, then
1. there is a unique minimal (resp. maximal) polynomial in H!(f)
and

2. the polynomial h is minimal (resp. mazximal) if and only if \/u
is less than or equal to an alternate odd (resp. even) composition
of length s.
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Chapter 2. Geometry...

Example 2.2.4. Let d = 5 and s = 3 and let [ = (t +2)3(t — 5)?,
then if we map the last two coefficients of the polynomials in Hs(f)
we get the following picture:

Fifth coefficient (3,2)
200 -

150

100

Fourth coefficient

150 200

(2! 1}1!’1)

-100

(2,2,1)

We see that f is mazimal in the stratum H5(f), where p = (2,1,1,1),
and that c(f) = (3,2). This fits with Theorem 2.2.3 since c(f)/pn =
(2,2) and this is smaller than the alternate even composition (1,1, 2)
of length 3. Similarly, we see that (2,2,1)/u = (1,2,1), which is
alternate odd and of length 3, so the polynomial with composition
(2,2,1) is minimal in HE(f).

When s = 1 there is also a maximal polynomial for all strata,
but no minimal polynomial for any strata other than H{(f), where
= (n). The maximal polynomial for all the strata is the unique
polynomial with only one distinct root. This follows from [23] and
therefore we only focus on the cases when s > 2.

Note that in the generic case, one can replace A/p being “less than
or equal” by “equal” in the above theorem since no two compositions
of the same length are comparable. It should be said that the proof
of Theorem 2.2.3 is based on many of the same ideas as in [3] and
23], however some of their techniques do not work in this general
setting and others need to be adjusted. We start by proving the first
item and we will let [ = () > s for this subchapter as H”(f) is
either empty or a point if [ < s according to Theorem 2.1.10.
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2.2. Escaping hyperbolic strata

Proof of Item 1 from Theorem 2.2.3. The statement is clear when
HE(f) is just a point so we will assume H¥(f) is (I — s)-dimensional.
Since V¥ (f) is given by the first s powersums and s > 2, then V¥(f)
lies on a sphere and is therefore compact. Since £" is continuous,
then H”(f) is also compact so the existence of minimal and maximal
polynomials is clear.

Let h € H!(f) be a minimal polynomial. To show uniqueness, we
assume that H%, (k) contains another polynomial which by Theorem
2.1.10 means that it is of dimension [ —s—1 > 0. By Theorem 2.1.9,
HY 1 (h) therefore contains a polynomial g with composition p. By
Lemma 2.1.8 and Theorem 2.1.9, 7! (H*(f)) is full-dimensional and
its interior is the image of the polynomials in H#( f) with composition
p. This contradicts g being minimal in H”(f) as only the boundary
of "~ I(H(f)) can have minimal coordinates. The argument for
maximal polynomials is analogous. [l

The proof of the second part of Theorem 2.2.3 will require a lot
more work and so we start with some useful tools. For the proof we
will use some local arguments so we will need a local definition of
minimality and maximality.

Definition 2.2.5. If s < n we call h € HX(f) a locally minimal
(resp. locally maximal) polynomial of HX(f) if hsi1 < gs+1 (Tesp.
hsi1 > gsi1) for all g € N, where N C HE(f) is some open

neighbourhood of h.

Lemma 2.2.6. Any locally minimal or locally maximal polynomial
in HE(f) has at most s distinct roots.

Proof. Assume H!(f) is at least one-dimensional since otherwise it
follows from Theorem 2.1.10. By Lemma 2.1.8, 77! : HA(f) — RI=*
is a homeomorphism onto its image which is closed in R'™*. So
by Theorem 2.1.9, the image of the polynomials whose composition
is strictly smaller than pu make up the boundary of 7" {(H!(f)).
Thus a locally minimal or locally maximal polynomial lies in the
relative boundary and therefore has strictly less than [ roots and so
the statement follows inductively. ]

Note that due to the following lemma, we can just work with the
local definition of minimal and maximal polynomials:
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Lemma 2.2.7. A polynomial h € HH(f) is locally minimal (resp.
locally mazimal) if and only if it is minimal (resp. maximal).

Proof. One implication is clear, so suppose h € HY(f) is locally
minimal but not minimal. If H{ (k) is at least one-dimensional
then by Corollary 2.1.11, for any ¢ > 0 there is a polynomial
g € H: ((h)NB*71(h) with composition x. Thus, by Lemma 2.1.8,
there is a 0 with 0 < § < € such that 7" {(H~(f)) N B *(7"(g))
lies in the interior of 7" '(H~(f)). So there is a polynomial in
HE(f) N B 5(h) whose first free coefficient is smaller than the first
free coefficient of h contradicting the local minimality of h.

Thus, by Theorem 2.1.10, HE,;(h) must be a point. Since H!(f)
is contractible, there is a path, ® : [0, 1] — H¥(f), where [0, 1] is the
unit interval, from h to the minimal polynomial. Since HE  (h) is a
point we may assume that the first free coefficient of ®(y) is strictly
smaller than the first free coefficient of h for all y € (0, 1]. But this is
a contradiction since h was assumed to be locally minimal. Thus if
h is locally minimal, it must also be minimal. The proof for locally
maximal polynomials works analogously. ]

To prove the second part of Theorem 2.2.3 we will first consider
the generic case and do an induction on the dimension of the strata,
then we extend the statement to the general case. For the initial
step of the induction we consider a generic one-dimensional stratum
HE(f). Since s > 2, the one-dimensional stratum, H*(f), is compact
and therefore has two polynomials, h and ¢, in the boundary. Due
to Lemma 2.2.6, one of those is the minimal polynomial and the
other one is the maximal polynomial and since H¥(f) is generic both
c(h)/p and c(g)/p are alternate. We will use Lagrange multipliers
to determine which is which and we should point out that this part
of the argument (from here up to and including Proposition 2.2.9)
we get from [3] we just go through it for completeness.

Firstly, for the Lagrange multiplier argument it will be useful to
work with power sums instead of elementary symmetric polynomials.

Lemma 2.2.8. Let a,b € R" and suppose E;(a) = E;(b) for all
i € [s], then Pyi1(a) > Pyy1(b) if and only if (=1)*"1E, 1(a) <
(~1)* B (b).
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2.2. Escaping hyperbolic strata

Proof. This is straightforward to show using Newtons identities. []

Due to Lemma 2.2.8, instead of looking at the minimisers (resp.
maximisers) of (—1)FY,;, we will look at the maximisers (resp.
minimisers) of P! ;. Recall that the set V¥(f) can be written as
VE(f) = {xz € R¥T | PF(z) = ¢; Vi € [s]} and that the Jacobian

matrix of (P/'(x),..., P*(z)), where x = (x1,...,xs11), equals

J(@) = (in2} " )izs jzstt.

Let = € V¥(f) N Wsy1 be one of the two points with s distinct
coordinates. Suppose z;,, .., z;, are the distinct coordinates of x, then
as we have seen before the s x s submatrix of J(x) consisting of the
TOWS j1, ..., Js has the determinant cIlj,<;, (x;, —;,) for some positive
constant c¢. Since the x;’s are distinct, the determinant does not
vanish and VP{'(x), ..., VP!(z) are linearly independent.

Similarly, the Jacobian of P{(z),...,P"(x),Pl(x) has a
vanishing determinant since x only has s distinct roots. Therefore
VP (z),...,VPl(x) are linearly dependent and so there exist
scalars aq, ..., as such that VL(x) = 0, where

S

L(z) = Py () — ; a; Pf (z).

The gradient of L at x is

VL(z) = VP{(z) - Z:laivpiu(x) = (mQ(r1), ..., ps1Q(541))),
where Q(t) = (s+1)t*—x%_, a;it'""!. The univariate polynomial Q(t)
is of degree s and since () vanishes at x; for any j, then @) have s
distinct roots. Thus we have the following:

Proposition 2.2.9. Let H!(f) be generic and one-dimensional, then
h € HE(f) is the minimal (resp. maximal) polynomial if and only if
l(c(h)) = s and c(h)/p is alternate odd (resp. even).

Proof. We continue with the notation above and let © = (x1, ..., xs11),
where 1 < .. < 4,1, be the roots of a polynomial, A, in the relative
boundary of H”(f) and let aq, .., as and @) be as above. From Lemma
2.2.6, h has at most s distinct roots and since H#( f) is generic h have
exactly s distinct roots.
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By Theorem 5.4 in [34], x is a local maximiser of P, (resp.
minimiser) if v'H(z)v < 0 (resp. v'H(z)v > 0) for all nonzero
vectors v € R**! in the kernel of J(z) where

,ulQ/(xl) o --- 0
H(z) := V’L(z) = 0 .. .. O
0 0 Ms—HQ/('rs—i-l)

Let x; = xp,1 be the repeated coordinate of . If vp+vi, 1 = 0 and
all other coordinates of v are zero, then v lies in the kernel of J(z).
Also, since the set of such vectors is a one-dimensional subspace of
R*™! they make up the kernel of J(z). So we have that

H(z)v = Zuy "(2)v] = Q' (k) (il + Hr410711)

is negative (resp. positive) for all v # (0,...0) in the kernel of J(z)
if and only if Q'(xy) is positive (resp. negative).

The univariate polynomial () has only the simple roots x; < ... <
T < Thyo < ... < Xsy1, 80 by Rolle’s Theorem the roots of ()’ strictly
interlace the roots of (). Also, since the leading coefficient of () is
positive, Q'(xs,1) is positive and thus Q'(zs) < 0, Q'(xs_1) > 0, .
Thus z is a maximiser (resp. minimiser) of P!, if and only 1f
k=s+4+1—2m (resp. k = s — 2m) for some nonnegative integer m.
That is, z is a minimiser (resp. maximiser) of (—1)*™'E¥ , if and
only if c(h)/p is alternate odd (resp. even). O

Remark 2.2.10. The reason we will not wuse the Lagrangian
argument above for higher-dimensional strata is that it is not a priori
clear that the tuple of roots of a locally minimal (resp. mazimal)
polynomial in an stratum is a local minimiser (resp. maximiser) of
(=1)*TTEY  over VE(f). Other than that, the argument would work
similarly as above for the higher-dimensional strata. So it might be
possible to use a Lagrange multiplier argument with the additional
inequalities, x; < x;41 Vi € [((n)], for the higher-dimensional strata.
However, the main tools for the inductive step in the following proof
is needed later on anyway so it makes sense for us not to look any
further into other methods.
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2.2. Escaping hyperbolic strata

Having settled the initial step of our induction, we need to
establish some tools for the inductive step. For the inductive step
we need to show that if a polynomial is minimal (resp. maximal)
in all strict substrata of a stratum #H#(f), it is also minimal (resp.
maximal) in H?(f). For that we need to look closer at the projection
. It should be noted that the following discussion and lemma is
analogous to the approach in [18], where the image of the power
sums are studied instead of the elementary symmetric polynomials.
Before we begin recall that [ > s for this subchapter.

By Lemma 2.1.8, H*(f) is homeomorphic to 7"~ (H#(f)) C RI~*
and thus by Theorem 2.1.10, M := 7"~ {(H*(f)) is full-dimensional
when H#(f) is neither empty nor a single polynomial. If we apply
the projection to M, that is, we let 7 : M — R!=*~! be the projection
given by (x1,...,2-5) = (21,...,2_s1), then for h € H!(f), the
fibre 7= Y(w (7" I(h))) is equal to 7" {(H}' ;(h)). This fibre is by
Theorem 2.1.10, either the point 7"~‘(h), in which case it must lie
on the boundary of M, or it is an interval. And if it is an interval,
then its endpoints must lie on the boundary of M and its relative
interior must lie in the interior of M.

Thus the boundary of M can be written as the union of a “lower”
and an “upper” part, L U U, where
L= {(:Elv S 7xl—3) cM ‘ T < Yi—s v (yh S 7yl—s) € 7T_1(7T($))},

and
U={(z1,....,01-) EM | xi_s > y_s ¥ (y1, ..., y1—s) € 7 (m(z))}.
Lemma 2.2.11. The sets L and U are closed.

Proof. We just show that U is closed since the proof for L is
analogous. So suppose 7" !(q) is in the closure of U but not in U.
By Lemma 2.1.8, the boundary of M is closed and thus 7" (¢) € L.
The fibre 7! (7(7"7!(q))) is an interval whose relative interior lies in
the interior of M. Let 7" !(g) be one of those relative interior points
and let € > 0 be such that B (7" !(g)) C M.

For any 7"~!(h) € B.(7"!(g)), the point 7= (7 (7"~*(h))) N L lies
below B.(7"!(g)). Thus the distance between 7"~!(¢) and any point
in U is at least as large as ¢/2. Thus 7" /(¢) cannot be in the closure
of U which is a contradiction and so 7"!(¢) must lie in U. O
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Lemma 2.2.12. Let | > s+ 2, then the polynomial h € H(f) is
minimal (resp. maximal) if and only if it is minimal (resp. mazimal)
for all strata that contain h and that are strictly contained in HY(f).

Proof. One implication is clear, so we just have to show that if for
all compositions v with h € HY(f) C H¥(f) we have that h is
minimal in H%(f), then h is minimal in H"(f). We assume H"(f)
is (I — s)-dimensional since the statement is clear when it is just a
single polynomial. Also, the argument for maximal polynomials is
analogous so we just prove it for minimal polynomials.

Suppose h is not minimal in H¥(f), then by Lemma 2.2.7 it is
not locally minimal. So for any i € N, By /;(h) N HY(f) contains a
polynomial g; whose first free coefficient is smaller than the first free
coefficient of h. Without loss of generality assume 7"~!(h) lies in
the upper part of the boundary of M = 7"~/(H#(f)). Then for each
fibre 7= 1(7 (7" !(g;))), let 7 !(g;) be the point in the upper part
of the boundary of M. Since the upper part is compact, (7" *(¢;))
converges to a point in the upper part which by design equals 7"~ (h).

As there are finitely many compositions, there is an infinite
subsequence of (777 !(g;)), where all the ¢’s have the same
composition A # p, that converges to 7" !(h). By Lemma 2.1.8,
Theorem 2.1.9 and Corollary 2.1.11, the image 7"~ !(H}(f)) is the
closure of its relative interior which consists of the images of the
polynomials with composition A. Thus h € H}(f) and it is by
construction not the minimal polynomial. This is a contradiction
and so h must be minimal in H(f). O

For the inductive step we need something analogous to Lemma
2.2.12 on the combinatorial side:

Lemma 2.2.13. Let A,y < u be compositions of n, then A\ < v if

and only if A\/pu < ~v/p and in this case we have A/~ = ;\/LZ

Proof. Let v = X u, 7 = ~v/p and let r = ((\) = {(v) and
k = {(y) = £(7). Then

A= (l1 4 o g i1 + o 1)

and
Y= (1 e gy e P e ).
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Thus A < v if and only if there is a composition, p, of k of length r
with
A= (V14 F Vs Vompotl + oo+ 7)) =

1STI+. FTpy 1>T1+ .+ Th_p,

which equals (g1 + ... + fyys ooy fhi—p+1 + .. + ) if and only if

P1 k
V1:ZTJ,...,VT: Z Tj,
j=1 j=k—pr+1

that is, if and only if v < 7. In particular, we see that in this case
Ay=p=r/T. O

Now we just need one small lemma before we are ready to prove
Theorem 2.2.3 for the generic case:

Lemma 2.2.14. Let | = l(u) > s+ 2 and let h € HX(f) have
s distinct roots. Then there are two polynomials with distinct

compositions, v and v, in H!(f) of length ¢(u) — 1 and with c¢(h) <
V.
Proof. Let A = ¢(h), then since [ > s+ 2, {(A\) = s and A < pu

one must replace at least two of the commas in y with plus signs to
obtain \. So let j # i be two indices such that

7= (H’l) ceey -1, Uy + Hj+1y Hj+25 - - - 7#’1)

and
Vo= (1, ooy ety b i1y [it2y -« 5 1)

are both greater than A\. By Theorem 2.1.9 and Theorem 2.1.10,
both of these compositions must occur in H(f). O

Proposition 2.2.15. Let H!(f) be of (I — s)-dimensional and
generic. Then h € HE(f) is the minimal (resp. maximal) polynomial
if and only if £(c(h)) = s and c(h)/p is alternate odd (resp. even).

Proof. We prove this by induction in the poset of strata of H¥(f).
The initial step is when [ = s+ 1 and is covered by Proposition 2.2.9.
Next, we assume the statement is true for the strata of dimension
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[ —s—1>1 and we show that it is true when the stratum is (I — s)-
dimensional. We will just show the proof for minimal polynomials
as the proof for maximal polynomials is analogous.

Let A = ¢(h) and suppose A/u is alternate odd and that £(\) = s.
Let v be any composition with A < v < p such that H)(f) is at least

one-dimensional. By Lemma 2.2.13 we have that \/vy = % Note

that the i'® part of \/v is equal to the " part of A/ minus some
integer, thus A/~ is alternate odd since A/u is. So by the induction
hypothesis, h is the minimal polynomial of HY(f) and thus by Lemma
2.2.12, h is the minimal polynomial of H#(f).

For the reverse statement, let A be the minimal polynomial. Then
by Lemma 2.2.6, h has s distinct roots. Since H¥(f) is at least two-
dimensional, then by Lemma 2.2.14, there are at least two distinct
(I — s — 1)-dimensional strata H)(f) and HY(f) in H#(f) containing
h and thus ¢(y) = ¢(v) = [ — 1. By Lemma 2.2.12 and the induction
hypothesis A/~ and A/v are alternate odd compositions. And since
~v and v are of length [ — 1, there are two indices j # ¢ such that

A=l ooy 15 H o By H2y -5 M)

and
V= ([, - s him1s M i1y [l 2y - - -5 J10)-

Thus v/p = (1,...,1,2,1,...,1), where the index 2 is in the ;"

position and v/u = (1,...,1,2,1,...,1), where the index 2 is in the

i" position. Since \/y = % and \/v = %’j, we have

A= (A, (M )1, (A )y — L (A )1, (A 1))

and

ANy = (M), N )imr, M )i = 1, (A )iza, - (A 1)s)-

Since j # i then \/y # A\ /v and since both compositions are alternate
odd then so must A/u be. O

Now that we have established the second part of Theorem 2.2.3
for the generic case we will extend it to the non-generic cases. Firstly
recall that [ > s, then we need the following lemma:
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Lemma 2.2.16. If H!(f) is (I—s)-dimensional, then there is a d > 0
such that for any e, with 0 < € < ¢, there is a monic polynomial p of
degree n — s such that H"(f + ep) is generic and nonempty.

Proof. By Theorem 2.1.9, there is an h € H¥(f) with composition u
and by Theorem 2.1.10, H%_,(f) is of dimension [ — s+ 1 > 0. Thus
h is in the relative interior of H#(f) and by Lemma 2.1.8 we can
choose a § > 0 such that Bs(7"'(h)) C 7" ' (HL_,(f)). Since there
are finitely many polynomials in H,_1(f) with at most s — 1 distinct
roots we can choose d such that for any 7" '(g) € Bs(7"(h)) with
gs # fs, H(g) is generic. By Theorem 2.1.9, ¢(g) = p and we can
choose g such that g, = fs £ € for any 0 < € < 9. ]

Lemma 2.2.17. If h € H!(f) and c¢(h) < v for some v of length
s where v/ is alternate odd (resp. even), then h is minimal (resp.
maximal).

Proof. We will let v/u be alternate odd as the proof is analogous
when v/ is alternate even. If H(f) is just a point, the statement is
clear so by Theorem 2.1.10, we may assume it is (I — s)-dimensional.

Suppose h is not minimal, then by Lemma 2.2.7, h is not locally
minimal. Thus for any § > 0, there is a ¢ € By *(h) N HY(f) with
hsi1 — qss1 = 7 > 0. By Corollary 2.1.11, H#(f) is the closure of
its relative interior, so we may assume c¢(q) = p. Thus by Theorem
2.1.9 and Lemma 2.1.8, 7"7(q) is in the interior of 7"~ !(H{(f)) and
so B (q)) € 7Y (HE(f)) for some € with 0 < € < r/2.

Next, note that all compositions occur in Hy(f) and since H{(f)
is the closure of its relative interior then BL(7"~!(h)) N 7" Y (HJ(f))
contains a point, 7 !(g), where ¢(g) = . The intersection

7rn—l(/;(_[ét(g)) N Be(ﬁn_l(q)) = Algl MN...N Algé M Bi<7Tn_l(Q))

is nonempty since ¢; = h; V i € [s] and A! n...N Al N Bl(z""!(h))
is nonempty. Thus there is a polynomial from B”(q) in H(g).

By Lemma 2.2.16, we may pick g such that H#(g) is generic so
by Proposition 2.2.15, g must be the minimal polynomial in H#(g).
However the first free coefficient of any polynomial from B!(q) is
smaller than hsyq — r/2 and gs,1 is greater than hg,q; — /2. This is
a contradiction and so h must be minimal in H¥(f). O
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Lemma 2.2.18. If h € H!(f) and c(h) £ v for any v of length s
where v/ is alternate odd (resp. even), then h is not minimal (resp.
maximal).

Proof. Again we just show the statement for alternate odd
compositions. If s = 2, then by the main theorem in [23] either
[ has only one distinct root and Ha(f) = {f} or Ha(f) contains
no polynomials with strictly less than two distinct roots. Since
h € H(f) does not have composition (n), Ha(f) is generic and
the statement follows from Proposition 2.2.15.

Next we let s > 3 and by the previous paragraph we have that
Ho(f) is generic and all but the composition (n) occurs. By Corollary
2.1.11, H5(f) is the closure of its relative interior, so for any integer
i > 1 there is a polynomial g; € By;(h) N H5(f) with composition
p. Due to Lemma 2.2.16, we may pick the g;’s such that H%(g;)
is generic. Thus, by Proposition 2.2.15, the composition, v, of the
minimal polynomial in H#(g;) is such that v/u is alternate odd.

Since there are finitely many compositions with this property,
there is a composition v such that for infinitely many ¢, the minimal
polynomial of H*(g;) has composition v. For notation’s sake we will
assume that for all ¢ > 1, the minimal polynomial, ¢;, of H*(g;) has
the same composition v. Since (1/7);>1 converges to zero and H5(f)
is compact, the sequence (g;);>1 converges. Similarly, since Hb(f)
is sequentially compact, an infinite subsequence of (¢;);>1 converges
and so for notation’s sake we will assume this is the sequence (¢;);>1.

The limit of (g;);>1 is h and since the first s + 1 coefficients of
¢; is equal to the first coefficients of g;, the limit, ¢, of (¢;);>1 also
lies in HY(f). Since HY(f) is the closure of its relative interior and
c(q;) = v for all 4, then ¢(q) < v and thus by Lemma 2.2.17, ¢ is
the minimal polynomial of H#(f). Since c¢(h) is not smaller than a
composition v such that v/u is alternate odd, then c(h) £ v and
thus h # ¢. So h is not the minimal polynomial of H#(f). O

Proposition 2.2.15, covers the second part of Theorem 2.2.3 for
the generic cases and the combination of proves it for the non-generic
cases. And since we proved the first part of Theorem 2.2.3 for all
cases in the beginning of this subchapter, we are done.
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2.3 Contractible interior

An interesting consequence of Theorem 2.2.3 is that we can,
without too much work, argue that the relative interior of any
hyperbolic stratum is connected. From that point on we only
need to slightly strengthen the argument in [18] to show that the
relative interior is also contractible. Before we do that however,
note that in Theorem 2.1.10 we saw that a stratum is either
empty, a single polynomial or maximal dimensional. Thus Theorem
2.2.3 immediately gives a condition to determine when a nonempty
stratum is maximal dimensional and when it is just a single
polynomial:

Corollary 2.3.1. Let s > 2 and let H(f) be nonempty. Then HE(f)
is a single polynomial if and only if for any h € HE(f), c(h)/u is
smaller than an alternate odd and an alternate even composition of
length s.

Remark 2.3.2. The condition in Corollary 2.5.1 can also be phrased
as in [23]: that is, let m be the number of odd sequences of consecutive

1’s lying between integers greater than 1 in the composition v =
c(h)/u and let

w=m+ Y (v;—2).

v;>2

Ifv < (1,1,...,1), then v is smaller than or equal to an alternate odd
(resp. even) composition of length s and no alternate even (resp.
odd) composition of length s if and only if w=1—s—1 and v ends
in an odd (resp. even) number of 1’s. Similarly, v is smaller than
or equal to both an alternate odd and an alternate even composition
of length s if w>1—s—1.

Now we are ready to show that the relative interior of the
hyperbolic strata are connected and the argument is roughly as
follows: by arguing inductively, starting from s = [ — 1 and then
let s =1 — 2 and so on, we can see that by the inductive hypothesis
a stratum is like a string of sausages and then we can use Corollary
2.3.1 to say that there can be at most one sausage in this string.

Lemma 2.3.3. [Sausage Lemma] The relative interior of HE(f) is
either empty or connected.
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Proof. We prove the statement with induction starting at the case
when HF(f) is one-dimensional and going up in dimension. So
suppose HH(f) is one-dimensional. Then by Proposition 2.1.5,
7" (Hs(f)) C R is an interval and so the interior is connected. By
Lemma 2.1.8, H,(f) is homeomorphic to 7"~ (H,(f)), so the relative
interior of H#(f) is also connected.

Assume the statement is true whenever H¥(f) is d-dimensional
for d > 1, then we will show that it is true if H¥(f) is (d + 1)-
dimensional. So let H”(f) be (d + 1)-dimensional. By induction
we have that the relative interior of H., (k) is connected for any
h € HY(f). That is any affine hypersurface, A?~* C R"™* defined
by fixing the first free coordinate to be a, meets only one connected
component of the relative interior of H¥(f).

Suppose the relative interior of H¥(f) has more than one
connected component. By Proposition 2.1.5 and Corollary 2.1.11,
HY(f) is connected and the closure of its relative interior. So if
B is one connected component of the relative interior then there is
another connected component, C, of the relative interior with

dist(B, C) := inf{dist(g,h) : g € B and h € C'} =0,

where dist(g, k) denotes the Euclidean distance.

Since dist(B, ) = 0 and any hypersurface A”~* meets only one
connected component of the relative interior of H”(f), then there is
a value b € R and 6 € R, with > 0, such that A}’ meets B and

pee meets C' for all 0 < e <0 and where
Al7PNB=A"°nC=0.

Without loss of generality, assume that A;,° meets B for some
¢ > 0. Then B contains only polynomials where the first free
coefficient is greater than b and C' contains only polynomials where
the first free coefficient is smaller than . But by Proposition 2.1.5
HE(f) is connected, thus there is a polynomial h € HH(f) with
hsy1 = b. By Theorem 2.1.10, HL (k) is either of dimension d > 1

or a single polynomial.

If it is d-dimensional, then by Theorem 2.1.9, it contains a
polynomial, g, with composition u. Therefore g is a relative interior
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point of H”(f) and sits in a connected component, D, of the relative
interior. By Lemma 2.1.8, 7" /(g) sits in the connected component
7"~ 1(D) of the interior of 7 ~!(H®(f). Thus thereisa 0 < ¢ < § such
that B (7" !(g)) € 7" Y(D) and thus the hyperplane Aéfe,/Q C R
meets both 7"7!(D) and 7" /(B). But that means D = B, since

the relative interior of HY(f) N Ay, is connected and HY(f) and

7" Y (H!(f)) are homeomorphic. This is a contradiction and thus
H'. 1 (h) must be a point.

By Corollary 2.3.1 and Remark 2.3.2, we therefore have that
m+ > (v —2)>1—s—2,

v;>2
where m is the number of odd sequences of consecutive 1’s lying
between integers greater than 1in v = ¢(h)/p. Thus by Remark 2.3.2
and Theorem 2.2.3, h is either the minimal or maximal polynomial of
HE(f). But this is a contradiction since any polynomial in B have a
first free coefficient greater than h,,; and any polynomial in C' have
a first free coefficient smaller than h,,1. Thus the relative interior of

HE(f) is connected. ]

Theorem 2.3.4. The relative interior of H!(f) is either empty or
contractible.

Proving that the relative interior of H¥(f) is contractible is
by Lemma 2.1.8 equivalent to proving that the interior of M :=
7" Y(HA(f)) C R!™* is contractible, so we will do this instead.
This will be done by an inductive argument starting with the
one-dimensional set 7'~*'(M) and then the two-dimensional set
7'=572(M) and so on. Thus we will need to study the projection
7 (M) — RI7*7F=1 that forgets the last coordinate. We will
follow the line of argument in section 2.4 of Kostov’s article [18] (see
statements 2.7 to 2.12), but we need to strengthen a technical part
in Kostov’s argument. However the main idea can be found in his
article so we will be a little less rigid with the proof.

We will assume that M is (I —s)-dimensional and we let [ > s and
k <l — s —1 for the remainder of this subchapter. Also, we will let
s > 2 since the theorem follows from Lemma 2.1.4 when s < 1. Note
that as s > 2, any closed subset K C M is compact and since 7 is
continuous, then 7(K) is compact. Thus 7 maps open sets to open
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sets and similar for 7%. The first step is to generalise Lemma 2.2.11
and show that the boundary of 7*(M) can be split into a “lower”
and an “upper” part, both of which are closed.

Lemma 2.3.5. Every fibre of m : 7% (M) — R'=57%=1 js either a point
or a compact interval.

Proof. If p € 7**Y(M), then p = 7" "*(h) for some h € H(f)
and 7 1(p) = 7" HF(HY ,_(h)). As usual we view 7" {(H)' . (h))
as a subset of R¥*! and by Lemma 2.1.8 and Proposition 2.1.5,
7ML, (h))is connected and either a single point or of dimension
k+ 1. Thus 7—!(p) C R is a point or an interval and since 7 maps

compact sets to compact sets 7" F(H), | (h)) is compact. O

Lemma 2.3.6. Every fibre of = : 78(M) — R'"=5"%! that is an
interval contains exactly two points from d(w*(M)), these points are
the endpoints of the interval.

Proof. We saw that if p € 7*1(M), then 7 1(p) = 7" "T*(H} ,_(h))
for some h € HH(f), thus 7—!(p) is the intersection of 7¥(M) and a
line in R"=*~*. Therefore a boundary point of 7—!(p) is a boundary
point of 7F(M), so we just need to show that these are the only
points in 7~ (p) from 9(7*(M)).

First we show that there are finitely many points from 9(7*(M))
in 7T_1(p). To see this note that as 7* maps open sets to open
sets, then for any composition v with ¢(v) > [ — k — 1, it maps
the relative interior of HY(f) into the relative interior of 7(HY(f))
and so the boundary of 7%(M) consists of some of the points 7%(q),
where ¢ € H¥(f) has at most [ — k — 1 distinct roots. So any point in
7~ 1(p) from O(7*(M)) are of the form 7*(g), where g € H} , ,(h) has
a composition of length at most [ — k — 1. But for each composition
v < poflengthl —k —1, Hy ;_,(h) is at most a single polynomial,
thus since there are finitely many compositions, there must be finitely
many points from 9(7*(M)) in 7~ 1(p).

Lastly, we can use this to argue just as in the proof of Theorem
2.1.9 so we just sketch the argument here. We assume that 7—1(p)
contains a point ¢ in its interior, where ¢ € d(7*(M)). Then since
there are finitely many points from 9(7%(M)) in 7! (p) = conv(a, b),
there is a ¢ € Int(7*(M)) lying between ¢ and a and a point,
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q+ € Int(7*(M)) lying between ¢ and b. Thus there is an € > 0 such
that the balls B'~**(¢_) and B/=*7%(q, ) lie in #*(M) and B!=57%(q)
does not. By translating the line spanned by ¢_ and ¢, slightly, it
will meet all three balls but contain a point from B!=*7%(q) that lies
outside 7%(M). Thus the intersection of the line with 7*(M) is a
disconnected set of the form 7"~ *%(H}' , ,(r)), for some r € H(f),
which contradicts Proposition 2.1.5. []

Due to Lemma 2.3.6, we can separate the boundary of 7%(M)
into a lower and an upper part. That is d(7*(M)) = Ly U Uy, where

Ly ={x = (x1,...,51_4_1) € T (M)|
Tios b S Yosk V (Y1, Yi-s—k) € 771(7(5’3))}9

and

Up={x = (21,...,71-5-k) € (M)
Tis b > Ysk ¥V (Y1, ooy Yos—k) € 7 (m(2))}

The following is proven just like Lemma 2.2.11 so we will skip the
proof:

Lemma 2.3.7. The sets L;. and U} are closed.

Since 7 maps open balls in R™*7* to open balls in RI7$7+~1
the fibre of a point in d(7*™(M)) must contain only points from
O(7*(M)). Thus by Lemma 2.3.5 and Lemma 2.3.6, the fibre is a
single point. However, due to the connectedness of the interior of M
we get the following strengthening of statement 2.11 in [18]:

Lemma 2.3.8. The fibre 7=1(p) of m : 7F(M) — RI=57%~1 js a point
if and only if p € O(7*T1(M)).

Proof. We will do a contrapositive proof, but firstly note that as 7*
maps open balls to open balls and by Lemma 2.1.8 and Corollary
2.1.11, M is the closure of its interior so is 7%(M). Also, by Lemma
2.3.3 Int(M) is connected and since 7% is continuous the interior of
7%(M) is connected.

Let p lie in the interior of 7**'(M) and suppose the fibre
7Y p) = 7R (HY . (h)) just contains the point 7" "*(h). Since
p = " EHL(R) lies in the interior of 7*1(M), which is of dimension
|—s—k—12>1, then 7" k() . ,(R)) is one-dimensional and so
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R (L, ,(Rh)) is two-dimensional. Thus for notation’s sake we
will assume 7%(M) is already two-dimensional.

Since p = 7" "**1(h) lies in the interior of 7**!(M) there is
a point in 7F(M) that have a first coordinate greater than the
first coordinate of 7" '**(h) and a point whose first coordinate is
smaller than the first coordinate of 7" "**(h). We can chose those
points to be interior points because 7F(M) is the closure of its
interior. Thus 7" **(h) separates the interior of 7*(M) which is
a contradiction. ]

Due to Lemma 2.3.8 we see that m(Ly N Uy) = O(x*1(M)) and
we are now in a position to prove Theorem 2.3.4:

Proof of Theorem 2.3.4. We will do an induction on the dimension of
O(7*(M)) and the interior of O(7*(M)) is clearly contractible when
O(m*(M)) is one-dimensional. So let the dimension of d(7*(M)) be

greater than one, that is, we have that k <[ —s — 1.

The restrictions 7|z, : Ly — 7*"YM) and 7|y, : U, — 7" T(M)
are continuous and bijective. Also, due to the Closed Graph Theorem
(see exercise 8 in paragraph 26, chapter 3 of [25]), their inverses are
continuous since Ly and U} are closed by Lemma 2.3.7. Therefore
7|, and 7|y, are homeomorphisms and thus so is the map

O : 7rk+1(M) — Wk(M),

given by |
6(p) = 5 (7l (p) — 7l (p).

Combined with the induction hypothesis, there is therefore a
deformation retract

0 : ¢(Int (7" (M) x [0,1] = ¢(Int(x"(M)))
of ¢(Int(7**1(M))) to some point ¢ € ¢(Int(7*+1(M))).

The projection P := ¢ on : 7¥(M) — «¥(M) is continuous and
maps the interior of 7%(M) onto ¢(Int(nw k“( ))), so the map

¢ Int(7%(M)) x [0, 1] = Int(7*(M)),

given by
Y(a,t) = (1 —t)a+tP(a),
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is a deformation retract of the interior of 7*(M) onto the subset
(Int(7*T1(M))). Thus the map

W : Int(7%(M)) x [0,1] — Int(7F(M)),

given by
lat) = {zp(a,Qt), 1ft§ [0,1/2],
O(a,2t — 1), if t € [1/2,1],

is a deformation retract of Int(7*(M)) to the point ¢ € Int(7*(M)).
[
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Chapter 3
... and combinatorics

In this chapter we use the results from the previous chapter to
establish several combinatorial properties of “hyperbolic lattices”,
that is, posets of hyperbolic strata. In the first part we ask which
compositions occur in any given hyperbolic slice. To answer this
we show that similarly to the face lattice of polytopes, hyperbolic
lattices are graded, atomic and coatomic lattices. In particular, this
gives us a combinatorial algorithm to compute which compositions
occur in a hyperbolic slice assuming we know which compositions of
length at most s occur. This enables us to compute more examples
of hyperbolic lattices than we otherwise would be able to.

In the second part we imitate a line shelling of polytopes and
show that in the generic case the boundary complex of the dual of
hyperbolic lattices are shellable simplicial complexes. In particular
that means that generically the boundary complex of the dual of
hyperbolic lattices are combinatorial spheres. This gives us bounds
and relations on the number of ¢-dimensional strata in hyperbolic
slices since, according to [2], combinatorial spheres satisfy the g¢-
theorem. Next we show that the boundary complex of the dual of
hyperbolic lattices are generically like “subdivisions” of the boundary
complex of some non-generic dual hyperbolic lattice. This allows us
to show that the dual lattices satisfy the Upper Bound Theorem
(UBT) in general.
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3.1 The hyperbolic lattice

In this subchapter we establish that the poset of strata of
Hs(f) is a graded, atomic and coatomic lattice and we use this to
construct a combinatorial algorithm to compute which compositions
occur hyperbolic slices. We end by giving a restriction to which
compositions can occur in hyperbolic slices which can improve the
algorithm further. We begin by establishing that the poset of
compositions is a simplex before we move on to the posets of strata.
So let C(n) denote the poset of compositions of n.

Lemma 3.1.1. The poset of compositions of n is isomorphic to the
face lattice of an (n — 2)-dimensional simplex.

Proof. Let D(n — 1) denote the subsets of [n — 1] partially ordered
by inclusion and let ¢ : C(n) — D(n — 1) be the map given by

(:uh ...,Ml) = {/’Lla/il T2, g1 ,LLl—l}-
Also, let 6 : D(n — 1) — C(n) be the map given by
{mq,...,mp} — (M1, mg —my, ..., My — Mp—_1,n — My,),

where the m;’s are ordered increasingly. Then it is clear that both ¢
and 0 are injective and we see that 6 o ¢ is the identity map on C(n)
so 6 is the inverse of ¢. Secondly, we can see that the composition
v is smaller than p if and only if ¢(r) C ¢(u), thus ¢ is a poset
isomorphism. Since D(n — 1) is isomorphic to the face lattice of any
(n — 2)-dimensional simplex then so is C(n). O

Note that in particular the poset of compositions is a lattice and
the isomorphism in the preceding proof lets us compute the join and
meet of any two compositions quite easily. That is, if 4 and v are
two compositions of n, then their join, u V v, equals ¢~1(M), where
M is the smallest subset of [n — 1] containing both ¢(u) and ¢(v).
Similarly, the meet of © and v equals the preimage of the largest
subset contained in both ¢(u) and ¢(v).

From Lemma 3.1.1 we also get that the set of strata of H,(f),
partially ordered by inclusion, form a lattice. To see this let us
determine the meet of two faces of H,(f), HY(f) and HY(f): The
meet of two strata must be contained in their intersection since the
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partial order is given by inclusion. Also, by definition the of the
strata we have
HE(f) NHI(f) = H (),

so the intersection is a stratum of H(f). Thus we have that

HL(f) NHL(S) =1 (f)
and we have shown that the poset of strata of H(f) is a lattice. This
gives rise to the following definition:

Definition 3.1.2. We let L(f) denote the lattice of strata of Hs(f)
and we call L;(f) a hyperbolic lattice.

Note that by Theorem 2.1.9 and Theorem 2.1.10, Ly (f)\0 is
isomorphic to the poset of compositions occurring in H,(f). Thus
we will identify L£,(f) with

{c(h)|h € H(f)}U{(n)}
when it makes the notation easier.

It is worth pointing out that just because the meet of H¥(f) and
HY(f) equals HAY(f), this does not a priori mean that u A v is
the only composition, 7, such that HY(f) A HY(f) = HI(f). For
instance if H¥(f) is empty, then HY(f) A HY(f) = H(f) even when
A v # u, so different compositions may label the same stratum.
Thus {c(h)|h € Hs(f)} U{(n)} is a subposet of the compositions of
n and a lattice since L(f) is a lattice, but it need not be a sublattice
of the compositions of n.

We shall get started on studying the lattice properties of
hyperbolic posets. First we will shortly discuss what happens when
s = 0 and s = 1 and then we move on to the more interesting
case of s > 2. When s = 0 naturally all compositions occur in
Ho(f) so Lo(f) is isomorphic to the set of compositions of n. Also,
note that there are no maximal or minimal polynomials in Hg(f),
so all compositions occur in Hi(f) and £;(f) is isomorphic to the
set of compositions of n. Thus by Lemma 3.1.1, Lo(f) and L£;(f)
are isomorphic to the face lattice of an (n — 2)-dimensional simplex
which by Theorem 2.7 in [37] means that these lattices are graded,
atomic and coatomic.

For the remainder of this subchapter we will let s > 2 and recall
that when s > 2 the strata are compact. Also note that by the main
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theorem in [23] there is one maximal polynomial h € Hy(f). It is
the unique polynomial in H;(f) with only one distinct root and h
is maximal for all the strata of Hi(f). Thus if s > 2 and H(f)
does not equal H{”(f), then the stratum H{™(f) must be empty
and since the composition (n) is smaller than all compositions, then

every stratum contains the empty set. Thus we will also assume
H,(f) # H™(f) for the remainder of this subchapter.

Proposition 3.1.3. When s > 2 the lattice Ls(f) is graded and the
rank of a stratum is one more than its dimension.

Proof. The statement is clear when H,(f) contains only one
polynomial so suppose it contains more than one polynomial.
Suppose a stratum HY(f) is strictly contained in HY(f), then by
Theorem 2.1.10, dim(H4(f)) < dim(HY(f)). Also, since L(f)
contains the empty set as its minimal element, any maximal chain in
the lattice of strata has length at most dim(H(f)) +1=n— s+ 1.

Conversely, suppose we have that H?(f) is strictly contained in
HY(f), where dim(H#(f)) < dim(HY(f)) — 1, let us show that there
is a stratum, H)(f), with H¥(f) C HI(f) C HL(f). Firstly, it H(f)
is empty, HY(f) is at least one-dimensional and by Theorem 2.1.9 its
relative interior are the polynomials with composition v. But since
it is compact it must contain a nonempty stratum, HI(f), in its
relative boundary. Since HY(f) contains the empty stratum H#(f)
we have HE(f) C HI(f) C HU(S).

Next, if H#(f) is nonempty and contains no polynomials with
at least s distinct roots, then by Theorem 2.1.10, H”(f) is a single
polynomial. Since H#(f) is zero-dimensional, H”(f) is at least two-
dimensional and by Proposition 2.1.5, it is contractible. Since it
is compact and contractible, its relative boundary is at least one-
dimensional and connected. If H¥(f) is not contained in a one-
dimensional stratum of HY(f), it must be an isolated part of the
relative boundary of HY(f). But since the relative boundary is
connected, H¥(f) must be the whole relative boundary which is
impossible since H¥(f) is zero-dimensional. Thus there is a one-
dimensional stratum, H](f) C HY(f), which strictly contains H"(f).

Lastly, if there is a h € H¥(f) with at least s distinct roots, then
we may assume i = c(h) by Theorem 2.1.9 and Theorem 2.1.10.
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Since all compositions greater than p occurs in Hy(f) and
((p) = s = dim(H{(f)) < dim(HJ(f)) =1 =L(r) —s— 1,

then ¢(u) < £(v)—1 and so there is a composition ~y, with u < v < v.
By Theorem 2.1.10, H](f) is of dimension (¢(7y) — s) and therefore
HL(f) C HI) € HI(S).

Thus any maximal chain will be at least of length n —s+1 and so
any maximal chain has length n—s+1. Also, by the above argument
any stratum of dimension m > 0 covers a stratum of dimension m—1,
thus its rank must be m + 1. []

Next up, we will show that hyperbolic lattices are atomic.

Lemma 3.1.4. If s > 2 and m > 0, any m-dimensional hyperbolic
stratum contains at least two distinct (m — 1)-dimensional strata.

Proof. By Proposition 3.1.3, an m-dimensional stratum, H*(f), con-
tains an (m — 1)-dimensional stratum HY(f) which, by Proposi-
tion 2.1.5, is contractible. But since H¥(f) is compact its relative
boundary is nonempty and not contractible so H%(f) cannot be the
whole relative boundary of H#(f). Also, since HY(f) is closed, then
RelBd(HY(f))\HZ(f) is relatively open in RelBd(H%(f)). Thus by
Corollary 2.1.11, RelBd(H(f))\H%(f) is (m—1)-dimensional and so
there must be another (m — 1)-dimensional stratum in H#(f) since,
by Theorem 2.1.9, the polynomials with composition p does not lie
in the relative boundary of H(f). O

Proposition 3.1.5. The lattice L(f) is atomic.

Proof. By convention the empty set is the join of an empty set of
atoms and an atom is naturally the join of itself. Also, by Proposition
3.1.3, the lattice is graded and a stratum’s rank is its dimension plus
one, so the atoms are the zero-dimensional strata.

If H(f) is an m-dimensional stratum, where m > 0, then by
Lemma 3.1.4, there are two distinct (m — 1)-dimensional strata,
HY(f) and H)(f), contained in H¥(f). Since HY(f) and H](f) are
distinct, then by Proposition 3.1.3 any stratum that contains both
strata must be at least m-dimensional. Since H¥( f) is m-dimensional
and contains both HY(f) and HI(f), it must be the join of HY(f)

47



Chapter 3. ... and combinatorics

and H)(f). By induction, both HY(f) and H](f) are joins of atoms
and since H#(f) is the join of HY(f) and H](f), it must also be a
join of atoms. ]

Similar to the property that hyperbolic lattices are atomic we will
show that hyperbolic lattices are also coatomic.

Lemma 3.1.6. If H,(f) contains at least two polynomials and s > 2,
then for m < n — s — 1 any m-dimensional hyperbolic stratum is
contained in at least two distinct (m + 1)-dimensional strata.

Proof. Let HY(f) be an m-dimensional stratum. If m > 0 the
statement follows from Lemma 2.2.14. If m = 0, then H(f) = {h}
and since n — s > 1, the set Hs(f) is at least two-dimensional.
By Proposition 3.1.3, h is contained in a two-dimensional stratum,
H1(f), and a one-dimensional stratum, HY(f) C HI(f). By
Theorem 2.1.9, HY(f) is in the one-dimensional relative boundary
of H)(f) and h is in the relative boundary of HY(f).

According to Corollary 2.1.11, H](f) is the closure of its relative
interior which by Lemma 2.3.3 is connected. Thus, starting from h,
we can traverse its boundary clockwise or counter-clockwise. But
since h is one of the relative boundary points of HY(f), at most
one of the directions consists immediately of polynomials whose
composition is v. Thus there must be some other one-dimensional
stratum for which A is a boundary point.

Lastly, if m = —1, then H¥(f) is empty. Since H,(f) is at least
one-dimensional and, by Proposition 3.1.5, the lattice of strata is
atomic, it must contain at least two atoms. Thus the empty stratum
is contained in at least two zero-dimensional strata. ]

All together we therefore have:

Theorem 3.1.7. When s > 2 the lattice Ls(f) is graded, atomic and
coatomic and it is ranked by dim(H(f)) + 1.

Proof. The argument for coatomicity is analogous to the proof of
atomicity, just start the induction from the (n — s — 1)-dimensional
strata and use Lemma 3.1.6 instead of Lemma 3.1.4 for the induction
step. ]
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3.1.1 Computing lattices

We will use Theorem 3.1.7 to construct an algorithm to compute
which compositions occur in H(f) based on the compositions of
length at most s that occurs. Next, we will use what we know about
minimal and maximal polynomials to bound which compositions can
occur in a generic slice and thus improve the computation of which
compositions occur in H(f).

Algorithm 3.1.8. Let s > 2, Hs(f) be (n — s)-dimensional and let
U denote the set of compositions in Hs(f) of length at most s.

Step 1: Compute the join of every pair of compositions in U:
Vi={uVvvipvelU& u+#v}

Step 2: Compute the upward closure of V :
Vi={y|3veV withv <~}

Then U UV s the set of all compositions occurring in Hs(f).

Proof. Let v € W, then v > u V v for some pu,v € U. Thus both u
and v occur in H,(f) and so H](f) contain at least two polynomials.
So by Theorem 2.1.10, H](f) is maximal dimensional and therefore
there is a polynomial with composition ~. Thus all compositions
computed in the algorithm occurs in H(f).

Suppose a composition p, with ¢(u) > s, occurs in H(f).
Then by Theorem 2.1.10, H¥(f) is at least one-dimensional and
by Theorem 3.1.7, H¥(f) is the join of at least two distinct atoms
HY(f) = {h} and H)(f) = {g}. We may assume v and = are the
compositions of A and g respectively. Then vV~y € V and vV~ < p,
thus © € W so it was not left out by the algorithm. ]

Remark 3.1.9. We can see from Theorem 2.1.10 and Proposition
3.1.3 that if Hs(f) is generic, step 1 in Algorithm 3.1.8 can be skipped
and one can just compute the upward closure of the set U to compute
all the compositions occurring in Hs(f).

Remark 3.1.10. Step 1 in Algorithm 5.1.8 can be accomplished
using the method described after Lemma 3.1.1. That is, the join
of i and v can be computed by first constructing the set

M = {H’lnul + 2., M, VL, VLTV, 7”}
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Next, let mq,....,my be distinct, increasingly ordered and such that
{my,...,mi} = M. Then the join of p and v is the composition

(m1,m2 —my,mg —Mma,...,M; — mz—1)-

However, compositions and our partial order are both implemented
in Sage (/30]), so the algorithm can easily be implemented there.

We finish by discussing how to find the compositions of length
at most s that occurs in Hs(f). At first glance this requires one to
check which of the sets V¥(f)NW; are nonempty for all compositions
i of length s, or equivalently, check which compositions the points
in V)(f) gives rise to for all partitions A of length s. However for
generic slices we can improve this approach.

Proposition 3.1.11. Suppose p and v are the minimal and mazimal
compositions, respectively, of some generic slice Hs(f). If ((y) = s
and 7y occurs in Hs(f), then v; < max{u;,vi} for alli € [s].

Proof. By Remark 3.1.9 and Lemma 2.2.7 if v # v there is a
composition of the form v = (v1, ..., Ys—j—1, Vs—j — Ly 1, Yo—j1s -es Vs)
in Hs(f) such that v is the minimal composition in the stratum
HY(f). Thus by Theorem 2.2.3 j is in the set {1,3,5,...}.
Similarly, the maximal composition in H? (f) must be of the form
(Vs ooos Vo> Vosi F Voii s Yeisas s vs) with @ € {2,4,6,...} and
thus has a strictly larger (s — )™ part than 7.

That is, for every composition other than the maximal compos-
ition, there is a composition with a strictly larger (s — )'h part for
i € {2,4,6,...}. So unless v has the maximal (s — 7)™ part, for every
i €{2,4,6,...}, then there are infinitely many compositions in H(f)
which is impossible. Thus v has the maximal (s — 7)™ part for every
i €42,4,6,...}. The argument for minimal compositions is analogous
so we conclude that v; < max{u;,v;} for all . O

Remark 3.1.12. When s = 3, and H,(f) is generic, it can be shown
that the compositions in Proposition 3.1.11 will all occur in Hs(f).
This happens since when s = 3 and H(f) is generic, there is only
one choice for a minimal composition of any stratum. However, when
s = 4, there are more choices of minimal and mazximal compositions
and one can find a counterexample.
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Thus if H(f) is generic, we can start by looking for the minimal
and maximal compositions. That is we can check which of the
sets VH(f) N W; is nonempty for all alternate odd and alternate
even compositions, p, of length s. Next, we check which of the
sets VJ(f) N W, are nonempty for all compositions, 7, of length s,
whose parts are bounded by the parts of the minimal and maximal
composition. For non-generic slices we can do something similar by
considering a generic slice “close by”, see Proposition 3.2.8 in the
following subchapter.

3.2 Sphericity of the dual

In this subchapter we focus on the dual of L£,(f) and we will
first see that the boundary complex of this lattice is generically
a simplicial complex. This will make it easier to show that the
boundary complex of the dual lattice is shellable in the generic case.
This implies that the complex is generically a combinatorial sphere
and we can in particular make use of the g-theorem for spheres to
bound the number of i-dimensional strata. Next we show that the
boundary complex of the dual of a non-generic hyperbolic lattice is
like a weld of some generic complex, that is, the boundary complex
of a dual generic lattice is like a subdivision of the boundary complex
of some dual non-generic lattice. Thus we can use the Upper Bound
Theorem for spheres to give an upper bound on the number of -
dimensional strata in general.

We denote the dual lattice of £,(f) by £2(f) and the boundary
complex of L2(f) by O(LA(f)) = L2(f)\D. As we saw in the
beginning of the previous subchapter, L4(f) is a simplex when s < 1
and therefore the dual lattice is also a simplex. Thus for this
subchapter we will restrict to the cases when s > 2.

Lemma 3.2.1. The boundary compler of L2(f) is generically a
simplicial complex of dimension (n —s —1).

Proof. Since Hy(f) is generic, then by Remark 3.1.9, £,(f)\0 is the
upward closure in C(n) of the compositions of length s that occurs in
H(f). So by Lemma 3.1.1, (L2 (f)) is a collection of simplices and
by Proposition 3.1.3 these simplices have dimension n —s —1. [
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Remark 3.2.2. The restriction to the generic case in Lemma 3.2.1
is sufficient, but not necessary. That is, there are examples of non-
generic slices where the boundary complex, O(L2(f)), is a simplicial
complex and examples where it is not (see for instance Example 2.2./
in the previous chapter and Example 3.3.5 in the next subchapter).
However, the same kind of argument as in Lemma 3.2.1 can be used
to show that if we remove the empty set and the zero-dimensional
strata from Lg(f), then the dual poset is a simplicial complex even
for mon-generic cases.

We will consider a generic slice H4(f) and construct a shelling of
the pure simplicial complex (£L2(f)). To do so we shall use Theorem
2.2.3 to define a partial order on the zero-dimensional strata of H(f).
This will allow us to imitate dual line shellings of polytopes and give
a shelling order for the dual lattice. So let Vi,..., Vi be the zero-
dimensional strata of H(f), then Vi,...,V; are also the facets of
0L (f))-

Definition 3.2.3. Let “<,” denote the partial order on Vi,...,Vj
that is defined by V; < V; if there are indices t© = mqy, Mo, ...,mq = j
such that for any r € [d — 1], V,,. and V,, ., are contained in a one-
dimensional stratum for which the polynomial in V,, is minimal and
the polynomial in V,, ., is maximal.

Lemma 3.2.4. Let S be a stratum of Hs(f) and let h € V; be the
minimal (resp. mazximal) polynomial of the stratum S. If V; C S,
then V; <, Vi (resp. V; >, V;).

Proof. Since h is minimal in S, then either V; = V; or S contains a
one-dimensional stratum, S, for which g € V; is maximal. Otherwise
g would be minimal in S by Lemma 2.2.12. By Theorem 2.2.3, the
stratum S7 also contains a minimal polynomial ¢ € V,, for some m
and therefore V;,, <, V;.

And by the same argument as above, either ¢ = h or there must
be a one-dimensional stratum Sy C S, for which ¢ is maximal. We see
that by continuing this process we must eventually end up at h and so
V; <, Vi. The argument for maximal polynomials is analogous. [

Definition 3.2.5. Let < and <* be partial orders on a set P. Then
< is finer than <* if for any a,b € P with a <* b we have a < .
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Theorem 3.2.6. Let H(f) be generic and let < be a total order on
the zero-dimensional strata {V1,...,Vi}. If < is finer than <,, then
the total order (and its reverse) induces a shelling of O(L2(f)).

Proof. We may assume by relabelling that V; < --- < V. As we
are shelling the boundary complex of the dual lattice we will first
rephrase the definition of a shelling to suit our setting:

Vi,..., Vi is a shelling of 9(L2(F)) if for any i € {2,...,k} and
any j € [i — 1], there is an r € [i — 1] such that the minimal stratum
containing both V; and Vj also contains a one-dimensional stratum,
R, which contains both V; and V.. Note that this guarantees that in
O(L2(f)), the intersection of the facets V; and V; is contained in the
ridge R, which again is contained in the facets V; and V.

So let S be the smallest stratum containing both V; and V. The
polynomial h € V; cannot be the minimal polynomial of S, otherwise
Vi <, V; by Lemma 3.2.4, which would contradict < being finer than
<,. So by Lemma 2.2.12, h is maximal for a one-dimensional stratum
R C S. Let g € V; be the minimal polynomial of R. then V, <, V;
and therefore V,. < V; since < refines <, and so r € [i — 1]. ]

Corollary 3.2.7. The boundary complex of L2(f) is generically a
combinatorial (n — s — 1)-sphere.

Proof. Any ridge of 9(L2(f)) corresponds to a one-dimensional
stratum HY(f) € Ls(f). As we have seen before, since s > 2 H”(f)
is compact and thus there are exactly two distinct zero-dimensional
strata in H*(f) making up its relative interior. That is, (L2 (f)) is
an (n — s — 1)-dimensional shellable simplicial complex where every

ridge is contained in exactly two facets. So by Proposition 1.2.12,
O(L2(f)) is a combinatorial (n — s — 1)-sphere. O

Next let us look at how the non-generic lattices differ from generic
lattices. The main difficulty lies in the fact that 9(L$(f)) is not
always a simplicial complex and thus it is not so easy to see if
refinements of <, will induce a shelling of (L2 (f)). An even bigger
problem is that since (L2 (f)) is not always a simplicial complex (for
instance the pyramid in Example 3.3.5), it is not clear if 9(L2(f)) is
even a polytope complex in general. However we can use Theorem
2.2.3 to compare non-generic slices to generic slices “close by”.
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Proposition 3.2.8. If f has no repeated roots and n — s > 0, then
there is a 0 > 0 such that for all € with 0 < e <9,

1. Hs(f + €t"%) is nonempty and generic,
2.N€ELy(f +et"?) = X >pu for some p € Li(f),
3. u€L(f)&l(p)>s = peL(f+et"®) and

4. for any p € Ly(f) with €(u) < s, there is a X € L(f + et"™*)
of length s such that A\ > and X is incomparable with all other
compositions of length at most s in Ls(f).

Proof. Note that as f has no repeated roots and n — s > 0, then
dim(Hs(f)) > 1 by Theorem 2.1.9. The first statement follows from
Lemma 2.2.16. For the second statement, let A € L,(f + €t"™*) and
let h be the minimal polynomial of H} ;(f). By Theorem 2.2.3, h has
at most s — 1 distinct roots. Thus since H(f + €t"~%) is nonempty
and generic for any 0 < ¢ < ¢, h does not lie in H(f + €'t"%). So
we either have h € Hs(f) and c(h) < XA or h & Hs(f) and A € L,(f).

For the third statement, let ¢ be a polynomial in H,(f) with at
least s distinct roots and composition p. By Theorem 2.1.10, HL_(f)
is of dimension #(u) — s+ 1 > 0. By Theorem 2.2.3, HY ,(f) has
a maximal polynomial, g, with at most s — 1 distinct roots. Thus
the first free coefficient of g € H,_1(f) is at least as large as f, + 6.
Since HL_;(f) is contractible the intersection of HL_;(f) and either of
the hyperplanes A 5 C R" ! and Ay, is nonempty, thus so is the
intersection with the hyperplane A; .. So H?(f+e€t"*) is nonempty
and contains no polynomial with strictly less than s distinct roots.
Thus H”(f + et"~*) contains a polynomial with composition pu.

For the last statement, suppose p € H,(f) is a polynomial with at
most s — 1 distinct roots. By Theorem 2.2.3, p is neither the minimal
nor the maximal polynomial of H, 1(f). Therefore s —1 > 1 by
the main theorem in [23] and so by Lemma 2.2.12; there is a one-
dimensional stratum H, _;(f) for which p is the minimal polynomial.
Similar to the argument above, H}(f-+et"~*) must therefore contain a
polynomial with composition A. Also, by Theorem 2.1.10, the length
of \ is s since H)(f + et" %) is generic and zero-dimensional. Lastly,
by Theorem 2.2.3, p is the unique minimal polynomial of H? |(f),
thus ¢(p) is the only composition in L,(f) with c¢(p) < A. O
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Remark 3.2.9. We see in Proposition 3.2.8 that a non-generic slice
Hs(f) can be obtained from some generic slice Hs(h) by “contracting”
some of the strata of Hs(f) to points. This corresponds to merging
some of the faces of O(LS(h)). In other words if O(L2(f)) is
a polytopal complex, then the simplicial compler O(L2(h)) is a
simplicial subdivision of O(L2(f)). Thus, in particular, whenever
O(LA(f)) is a polytopal complex it is also a combinatorial sphere.

Conjecture 3.2.10. The boundary complex O(L2(f)) is a polytope
complex and thus by Remark 3.2.9, a combinatorial sphere.

Proving the conjecture above includes proving that the upward
closure of a zero-dimensional stratum is a polytopal lattice. It is
clearly a lattice, and as we saw in Remark 3.2.2, the boundary
complex of the dual lattice of the upward closure of a zero-
dimensional stratum is a simplicial complex even in the general case
and thus realisable. This is not enough to prove Conjecture 3.2.10,
however it may be a good place to start.

3.2.1 Bounding f-vectors

Due to Corollary 3.2.7, we can make use of some previously
established results for simplicial spheres to say something about
the number of i-dimensional strata in Ls(f). Namely we get a
“g-theorem” for generic slices and an “Upper Bound Theorem” for
general slices.

Definition 3.2.11. Let d = dim(H(f)) and for i € {0,1,...,d},
let «; denote the number of i-dimensional strata of Hs(f). Then
(g, ..., aq) is the f-vector of Li(f).

Note that the dimension of a stratum is one less than its rank
in Ls(f), so the f-vector depends only on the isomorphism type of
Ls(f). And as we are looking at the dual poset of L4(f), generically
; is the number of (d — i — 1)-dimensional simplices in L2(f).
Thus (ayg, . .., ap) is the f-vector of the simplicial complex d(L2(f))
(see Definition 8.16 in [37]). Although the f-vector has an easy
interpretation, it is often more convenient to work with the h-vector,

(Bo, - -, Ba), of D(LA(S)), where
=501 Jars
=

1=
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Conversely, we can pass from the h-vector to the f-vector by using
the following relations (see page 249 in [37]):

Qq-i = EZ: (d_‘y:)ﬁj-

=0\t —J
For generic hyperbolic slices the h-vector has another interpretation:

Lemma 3.2.12. Let H(f) be generic and (By,...,Bs) be the h-
vector of O(L2(f)). Then B; is the number of polynomials in H(f)
that are maximal in exactly i one-dimensional strata. Also, (; is
the number of polynomials in Hs(f) that are minimal in ezactly i
one-dimensional strata.

Proof. Let again < be a total order on the zero-dimensional strata
{Vi,..., Vi} that is finer than <, and assume that V; < --- < Vj,
then by Theorem 3.2.6, Vi,...,V; is a shelling of 9(L2(F)). We
will denote by U; the set of vertices of the facet V; of the simplicial
complex (LS (F)). Also we denote by R; C U, the restriction of
V;, which is defined as the subset of vertices of V}, such that for every
v € R; the set U; \ {v} lies in V}, for some m < j. Then from the
first part of section 8.3 in [37] we have that (; is equal to

{7+ [Ry] = i}.

Let v € R, and let m < j, such that U, \ {v} C V;,,. Then V,, and
V; lie in a one-dimensional stratum E of H,(f) and since V,,, < V},
then h € V; is maximal in . Conversely, for any one-dimensional
stratum E’ of H,(f) such that the polynomial in V; is maximal and
the polynomial in V; is minimal in E’, we have that V, < V; and
Ui\{v} C V, for some v € Uj;.

Thus |R,;| counts the number of one-dimensional strata of H(f)
for which h € V; is maximal. And so 5; counts the number of zero-
dimensional strata that are maximal in exactly ¢ one-dimensional
strata. If we now take the reverse order (which by Theorem 3.2.6
is also a shelling), then by an analogous argument, f; is equal to
the number of zero-dimensional strata that are minimal in exactly ¢
one-dimensional strata. []

If a polynomial is maximal for ¢ one-dimensional strata, it must be
minimal for the other n — s — ¢ one-dimensional strata that contain
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it. Thus Lemma 3.2.12 implies that the h-vector of O(L2(F)) is
palindromic, that is, it satisfies the Dehn-Sommerville equations:

Bi = Bn_s—; forall i€ [(n—2s)/2].

Moreover, since (L2 (f)) is a combinatorial sphere, we can obtain
further properties of its h-vector from the g-conjecture for simplicial
spheres that was recently proven in [2]. In order to state those results,
we have to introduce some notation.

Firstly, for k,7 € N there are unique integers a; > -+ > a; > 0
such that

' (C:) ' (iai 11) T (af) (see page 265 in [37]).

Definition 3.2.13. We say that g = (go,-..,9,) € Nj is a
Macaulay (or M-) vector, if go = 1 and for any i € [r — 1]

< a; +1 n a;—1+1 n n a; +1
It =11 i 141)
(G aj—1 ai
o= (1) () e (9)

s the unique representation of g; introduced above.
Corollary 3.2.14 (“g-theorem”). Let H,(f) be generic, then the h-
vector (By, . . ., Bns) of O(LL(f)) satisfies

1. Bi = Bns—i for alli < [(n—s)/2| (Dehn-Sommeruville),

2. B; > Bi—q1 foralli < |(n—s)/2]| (lower bound) and

8. (Bo, B1 — Boy- -+ Bln—s)/2] = Bl(n—s)/21-1) is a Macaulay vector.

Since we have situations where L£2(f) is isomorphic to non-
simplicial polytopes where the g-theorem does not hold, we cannot

where

extend the theorem in its entirety to the general setting. See for
instance the pyramid in Example 3.3.5, where the h-vector is not
palindromic. However, the third condition in Corollary 3.2.14 can
be used to deduce the Upper Bound Theorem for (see Section 3 in
[22]) and this is a bound that we can extend to the general case. To
state the bound for the general case we need one more definition:
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Definition 3.2.15. We call the map ¢4 : R — R? given by
x i (z, 2%, ... 2

the d™ moment curve. If x1,...,x, € R are distinct, we say
that the convez hull of ¢pq(x1), ..., ¢a(Tn) is the d-dimensional cyclic
polytope on m vertices.

Corollary 3.2.16 (Upper Bound Theorem). Let (ao,...,a,—s) be
the f-vector of Ls(f). If ¢; is the number of i-dimensional faces of
the (n — s)-dimensional cyclic polytope with c,_s_1 vertices then

Aps—i <1 Vi€n—s].

Proof. By Theorem 2.1.10, we may assume Hi(f) is (n — s)-
dimensional where n — s > 0 and we may assume [ has no repeated
roots. Then, by Proposition 3.2.8, there is an ¢ > 0 such that
Hs(f + et"*%) is generic and whose f-vector is component-wise an
upper bound on the f-vector of H(f). Thus we can reduce to the
case when H,(f) is generic.

When H,(f) is generic we know that the h-vector of d(L2(f))
is palindromic. From this, it can be shown that the upper bound
on the f-vector of A(L2(f)) is obtained by establishing the following
upper bound on the h-vector of d(L2(f)) (see chapter 8.4 in [37]):

B, < (ozn_s_l —n'—l—s— l—l—i).
1

The claim now follows directly from the Upper Bound Theorem
for simplicial spheres (Corollary 5.3 in [33]) since O(L2(f)) is a
simplicial complex and a combinatorial sphere for generic H,(f) by
Lemma 3.2.1 and Corollary 3.2.7. ]

Remark 3.2.17. In [27] (Theorem 4.2) it was shown that the
extremal points of the convex hull of Hs(F') are contained in the set
of polynomials in Hs(f) with at most s distinct roots. Thus an upper
bound on the number of zero-dimensional strata is also an upper
bound on the number of extremal points. Corollary 3.2.16 together
with Ezercise 0.9 in [37] gives us an upper bound which improves the
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bound in [28] (Theorem 2.14 and Remark 2.15) to the following:

(n_(ln__(z)_/;)/ 2) + (“(f_‘s(;};?{ 2) if n — s is even and
0= 2(n_2_(n_8_1)/2> if n— s is odd
(n—s—1)/2 )

_ (<”+§l/12‘1) + ((nJri/lQ_Q) if n — s is even and
N 2<(n+;__13)/2) if n — s is odd.

We have computationally verified that the bound in Remark
3.2.17 can be attained when n < 8 and s < n and one can also
use Theorem 2.1.10 to argue that the bound is attained when s < 2
and when s > n — 1. Therefore we have the following conjecture:

Conjecture 3.2.18. The bound stated in Remark 3.2.17 is sharp.

If one were to show that for any degree n and for s = n — 2 there
is a slice Hs(f) where all compositions of the form (1,...,1,2,1,...,1)
occurs then one would have maximised the number of vertices of
the dual lattice £2(f) for all s < n — 2. Thus to prove the above

conjecture it might be a good idea to focus on the case when s = n—2.

Remark 3.2.19. As in [3], [13] and [18] we could have studied the
intersection of the Weyl chamber VW and Vandermonde varieties with
positive real weights. That is, we could consider the set

M = {x € R"|wx} + woxh + ... + wnxfl =g Viels]}nW

were w1, ..., w, € R are positive and ¢y, ...,cs € R. If x € M is of the

formxy = ... =2y, < Tyl = oo = Tppipy < oo < Tpyypl = ... = Tpy,
we associate to it the composition c(x) = (v1,vs,...,v) and for
a composition p we may define a stratum of M as M" = {y €
Mlc(y) < p}.

When the weights wy,...,w, are integers (and by extension
rational numbers) then M" is equal to 1,(V!'(f) N W)) (see the proof
of Lemma 2.1.4) for some monic hyperbolic polynomial f of degree n.
However, if the weighs are irrational we do not see how to interpret
the set M and so we did not consider such cases. But it can be shown
that for any positive real weights Theorem 2.1.9, Theorem 2.1.10 and
Theorem 2.2.3 also hold for M". Thus the arquments for Theorem
3.1.7 and Corollary 3.2.7 should follow through the same way on thus
hold for the poset of strata of M.
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3.3 Polytopality of the hyperbolic lattice

We have seen quite a few properties of hyperbolic lattices so
far and we have seen examples where hyperbolic slices looks like
polytopes, except with a kind of “concave” faces. And although
we do not know if hyperbolic lattices are always polytopal, we will
discuss the instances when we can answer this question.

We saw just before Proposition 3.1.3 that Hy(f) and #H;(f) has
a polynomial with composition u, for any composition, u, of n.
Similarly, either Hs(f) contains just a polynomial with composition
(n) or all other compositions occur. Thus by Lemma 3.1.1, Lo(f)
and L1(f) are are (n —2)-dimensional simplices and Lo(f) is either a

point or an (n — 2)-dimensional simplex. Thus we will assume s > 2
and dim(Hs(f)) =n — s > 0 for this subchapter.

We can push this a little bit further and consider the case when
s = 3. Then L5(f) is a simplex and by the following lemma L3(f) is
polytopal:

Lemma 3.3.1. When L, 1(f) is simplex Ls(f) is polytopal.

Proof. Since Ls 1(f) is a simplex then by Theorem 3.1.7, it is a
(n—s+1)-dimensional simplex. Thus there are n — s+ 2 polynomials
in H,_1(f) with at most s — 1 distinct roots.

Let Ay, € R"**! be the hyperplane such that Hs(f) = Hs—1(f)N
As . It h,g € Hs1(f) have at most s — 1 distinct roots then there is
a one-dimensional stratum, H%_;(f), containing both of them since
Ls 1(f) is a simplex. By Theorem 2.1.10 H*(f) contains at most one
polynomial, thus h and g cannot both lie in H(f) so Hs(f) contains
at most one of the polynomials of H,_1(f) with at most s —1 distinct
roots.

Next, note that by Theorem 2.2.3, Proposition 2.1.5 and Theorem
2.1.9 Ay meets the relative interior of a stratum, H”(f), of Hs_1(f)
if and only if one of the open halfspaces given by Ay contains
the minimal polynomial of HY ,(f) and the other one contains the
maximal polynomial of H” ;(f). Thus L,(f) is determined by how
Ay separates the polynomials of H,_1(f) with at most s — 1 distinct
roots.
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Let P C R"**! be a simplex whose face lattice is isomorphic to
L 1(f). Since P is a simplex, for any partition of the vertices into
two nonempty disjoint sets, there is a hyperplane strictly separating
them. Similarly, there is a hyperplane containing any one of the
vertices and strictly separating the rest. So if we choose a hyperplane
A C R"*! that separates (or strictly separates) the same number
of vertices as Ay, separates polynomials with at most s — 1 distinct
roots, then the face lattice of P N A is isomorphic to L,(f). O

The Lemma above is also useful when s # 3 as there are cases
other than s = 3 when L, 1(f) is a simplex. To see this suppose
Hs—1(f) is generic and contains the minimal polynomial h with
composition v. Then we know from Theorem 2.2.3, that Hg(h) is
a point and from Theorem 2.1.10 we know that each composition
strictly greater than v occurs in Hs(f). By Proposition 2.1.5 and
Corollary 2.1.11, the strata are contractible and the closure of their
relative interior. Thus if € > 0 is smaller than the distance between
h and any other polynomial with s — 1 distinct roots in H, 1(f),
there is a monic polynomial p of degree n — s such that Hs(h + ep)
is generic and all compositions strictly greater than v are all the
compositions occurring in Hy(h + €p). Since by Lemma 3.1.1 the
lattice of compositions is a simplex, we have by Lemma 3.2.1 that
L(h+e€p) is a simplex. So by slicing a generic slice Hs_1(f) close to
the minimal polynomial we obtain a slice H(h + €p) whose poset of
strata is a simplex. We can also slice H;_1(f) close to the maximal
polynomial and obtain an analogous result. Thus we have:

Lemma 3.3.2. If H,_1(f) is generic and g € Hs_1(f) is “sufficiently
close” (see above) to the minimal or mazximal polynomial of Hs_1(f),
then Ls(g) is a simplex.

We have seen that hyperbolic lattices are polytopal when s is
small, so let us see what happens when s is large. We know that
L,(f) is a point and that L, 1(f) is either a point or the one-
dimensional polytope. Also, if £, »(f) is not a point, then due
to Theorem 2.1.10 and Theorem 3.1.7, it is a graded, atomic and
coatomic lattice of rank 3. Therefore £, _o(f) is a two-dimensional
ball and thus a polytope. All told we therefore have the following
cases of polytopality:
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Theorem 3.3.3. The lattice L(f) is polytopal when
1. either s <3 ors>n— 2,
2. Hs(f) is generic and either s <4 or s >n — 3,
3. Ls1(f) is a simplex and
4

. Hs-1(f) is generic and f is “sufficiently close” to the minimal
or mazimal polynomial of Hs_1(f).

Proof. Ttem 1 was shown for s < 3 in the beginning of this subchapter
and for s > n—2 in the preceding paragraph. The last two items was
already shown in Lemma 3.3.1 and Lemma 3.3.2 so let us consider
item 2.

For item 2 then due to item 1 we need to consider the cases when
s = 4 and when s = n — 3. For s = 4 note that since the atoms of
L2(f) are labeled by compositions of length n — 1, there can be at
most n — 1 of them. So by Corollary 3.2.7 9(L2(f)) is a (n — s — 1)-
sphere with at most n — 1 vertices. By Theorem 4.12 in Chapter
18 in [15], a d-sphere with at most d + 4 vertices is the boundary
complex of a polytope. So when s < 4, £2(f) and its dual £,(f) is
polytopal.

Secondly, for s = n — 3 then due to the formulation of Steinitz
Theorem in Chapter 18 in [15] (Theorem 4.3), a two-dimensional
polytope complex is isomorphic to the boundary complex of a
polytope if and only if it is a sphere. By Corollary 3.2.7, d(L2(f)) is
generically a sphere and thus £2(f) and its dual £,(f) is generically
polytopal when s =n — 3. ]

Based on the results of this chapter we have the following natural
conjecture:

Conjecture 3.3.4. The hyperbolic lattices are polytopal.

To prove the conjecture above it would be helpful to have a good
guess as to what polytope to identify a given hyperbolic lattice with
and a natural guess would perhaps be the convex hull of H(f).
However, as the following example shows, this will not always work:

Example 3.3.5. Let n = 6, s = 3 and let g = % — 21 /4t + 3 +
21/4t* — 1, then the slice H4(g) is generic and L(g) is isomorphic
to the face lattice of a triangular prism (a toblerone):
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. Y Last coefficient

+
e ——

Fifth +
coefficient ~ Fourth
coefficient

We can also perturb the polynomial g slightly to get a non-generic
slice.  So if we let h = 1% — 21/4t* + 21 /41> — 1, then Hy(h) is
non-generic but full-dimensional and Ls(h) is isomorphic to the face
lattice of a pyramid.

(1,4,1)
(1,3,2) + Y Last coefficient
(2,3,1)
Fifth :
- coefficient Fourth
(3,3) coefficient

The convex hull of Hs(g) and Hs(h) are not a triangular prism or
a pyramid respectively. For instance the polynomials in Hs(h) with
compositions (1,4,1),(1,3,2),(2,2,2) and (2,3, 1) does not lie in one
hyperplane and therefore are not the vertices of a square but rather
the vertices of two triangles in the boundary of conv(Hs(h)) and so
conv(Hs(h)) is a triangular bipyramid (two tetrahedra glued together
along a facet) instead of a pyramid.
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On the other hand, if one wants to look for counterexamples of
polytopality then due to the previous corollary, the first non-generic
case where we may find non-polytopal hyperbolic lattices is when
n = 7 and s = 4 and the first generic case is when n = 9 and
s = 5. Thus we could in theory go through all the possible subsets of
compositions that may arise from a slice in degree 7 with s = 4 or go
through all the possible subsets of compositions that may arise from a
generic slice in degree 9 with s = 5 and check if these are polytopal.
However computing all the possible hyperbolic lattices is already
getting quite time consuming for the generic case when the degree is
7, so we have not done this. But the topic of “potential hyperbolic
lattices” in the following chapter could be helpful to anyone wishing
to give it a try.
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Chapter 4
The degree principle

Having established quite a few geometric properties of hyperbolic
slices and combinatorial properties of hyperbolic lattices we return
to our original motivation for studying hyperbolic slices. So in
this chapter we will return to Timofte’s degree principle and use
our results to see how much we can improve upon this principle.
However, as symmetric algebraic sets are usually not lying in a single
Weyl chamber, this will implicitly involve passing from strata defined
by compositions to strata defined by partitions. And as partitions
can be viewed as equivalence classes of compositions some of the
properties of hyperbolic lattices follows.

Since the degree principle is a reduction of dimension for showing
nonemptyness of real symmetric algebraic sets, we improve on this
by additionally reducing the number of orbit types needed to check.
The orbit types of the points in R" are characterised by partitions, so
we improve the degree principle by considering test sets of partitions
of a given length instead of having to go through all the partitions
of a given length. In the first subchapter we give a lower and an
upper bound on the size of optimal test sets and in the second we
outline a computational approach on how to get better test sets for
real algebraic set given by symmetric polynomials in few variables
and low degrees.

We start by establishing a variation of the degree principle and
as we will be working a lot with partitions we start with some useful
notation. We will denote by P(n) the set of all partitions of n and
we partially order P(n) by the induced partial order on C(n):
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Definition 4.0.1. For \,v € P(n), A < v if there are permutations
ogeSWUN) andT € S(U(7)), such that o(N) < 7(7) as compositions.

In other words, A < v if A can be obtained from + by summing
up some of the parts in 7 and then ordering the parts decreasingly.

Similarly to the composition of a hyperbolic polynomial, we will
denote by p(f) the partition of f and we define it as the partition
p(f) == (A1, ..., Ax), where ¢(f) = (i), ..y Ay ) and Ay > .0 > A

Definition 4.0.2. Let C(n,s) and P(n,s) denote the set of all
compositions and partitions, respectively, of n into s parts and let

1. Cuin(n, s) :={p € C(n, s)|u is alternate odd},

2. Chax(n, s) :={pn € C(n, s)|p is alternate even},
3. Puin(n,s) :={\ € P(TL’S)’)‘L%JH =..=X=1} and
4. Puax(n,s) :={\ € P(n, s)|>\[%]+1 =..= X =1}

Note that if & is the minimal polynomial in a generic slice H(f)
for some f € H, then by Theorem 2.2.3 for the generic case (see the
end of page 24), ¢(h) € Cupin(n,s) and p(h) € Puin(n, s). Similarly,
Cimax(n, s) and Pyax(n,s) contain c(h) and p(h), respectively, if
h is instead the maximal polynomial in the generic slice H,(f).
Additionally, if ¢ € H has composition p € Cupin(n,s) (resp. p €
Cumax (7, 8)), then by Theorem 2.2.3, g is the minimal (resp. maximal)
polynomial of H(g).

Timofte introduced the degree principle in [35], namely that
symmetric polynomials of degree at most s have a common real root
if and only if they have a common real root with at most s distinct
coordinates. We will improve on this result by considering subsets
of the set of points with at most s distinct coordinates. To this end,
we introduce some new terminology:

Definition 4.0.3. Let P C P(n,s). We say that P is a (n,s)-
Vandermonde covering, if for every hyperbolic slice Hs(f) there
is a partition X\ € P and a polynomial h € Hs(f) with A > p(h).

Instead of considering all points in a symmetric real algebraic set
with at most s distinct coordinates in the degree principle, we want
to consider only some of the points with orbit types corresponding to
a partition in a Vandermonde covering. Thus we define the subsets:
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Definition 4.0.4. If P C P(n,s) then we let

. n
Op =3 (x1,...,21, T2, ..., Ty, Ts,...,T5) €ER
| S ——

A1 —times Ao —times As—times

AEP}.

The following theorem motivates the name “Vandermonde
covering” and can also be seen as a first step in strengthening the
degree principle that we saw in Theorem 1.1.4.

Theorem 4.0.5. Let P C P(n,s), then the following are equivalent:
1. P CP(n,s) is a (n,s)-Vandermonde covering.

2. For any Fy, ..., F, € R[z]5™) of degree at most s we have

VR(F1,...,Fr) 0 < Vr(Fy, ..., E,) N Op # 0.

3. For all ¢ € R® and with H; = F; + ¢; ¥V i € [s] we have
VR(Hl,...,HS) %@@VR(Hl,...,Hs)ﬂOP%Q).

Proof. (1)=(2): Let P C P(n,s) be a (n,s)-Vandermonde covering
and let a = (ay,...,a,) € VR(F1,...,F)). Consider the univariate
polynomial

f=t"—Ef(a)t" '+ 4+ (=1)"E,(a)

with roots aq,...,a,. Then there is a partition A € P and a
polynomial g € H(f) with corresponding partition p(g) < A\ and
roots

b= (b,...,b,) € Op,

because P is a (n,s)-Vandermonde covering. Since Fi, ..., F} are
polynomials of degree at most s, we can write

Pi=Gi(Br,...,E), ..., F. =GB, ... E)
for some Gy,...,Gr € Rlyy,...,ys] by Theorem 1.1.3. We have
0= Fi(a) = Gi(Er(a),...,Eia)) = Gi(EL(b),...,Eyb)) = F;(b)

and therefore b € Vg(F1, ..., Fy).
(2)=(3): Is clear since E; + ¢; is symmetric of degree i < s.
(3)=(1): Assume (3) holds. Let f = t" + fit" 1 + ... + f, be a
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hyperbolic polynomial with roots a = (ay,...,a,) € R". Then the
Vandermonde variety Vi(E1(x) + f1, ..., Es(z) + (—=1)*71f,) contains
a by construction and is therefore nonempty. By (3) there is a
be Vr(Ei(x) + fi,..., Es(x) + (=1)*71f) N Op, that is

—Ei(b) = fi,...,(=1)°E,(b) = .
Thus
g =t"— Bt -+ (=1)"E,(b)

is a polynomial in H,(f) with corresponding partition p(g) < A for
some A\ € P. ]

4.1 Bounds for the degree principle

Since every generic hyperbolic slice has a unique minimal
polynomial with a corresponding alternate odd composition, we have
the following Vandermonde covering:

Theorem 4.1.1. The set Pupin(n,s) is an (n,s)-Vandermonde
covering of size ’73 (n — [ﬂ, Em

Proof. Follows directly from Theorem 2.2.3 or from the less general
version presented in [23]. O

We will see in Proposition 4.2.7 that Ppn(n, s) is not generally
the smallest Vandermonde covering. In order to estimate how good
this Vandermonde covering is, we will construct lower bounds on the
size of Vandermonde coverings. To this end, we need some properties
of the set of minimal and maximal partitions.

Lemma 4.1.2.
1. Puin(n, s) € Pmax(n, s).
2. |Pmin(n, 8)| = |Pmax(n — 1,5 — 1)|.
3. Let P C P(n,s) be a (n,s)-Vandermonde covering, then for any
A € Puax(n, s — 1) there must be a v € P with v > \.

4. Bvery partition in P(n,s) covers at most

2+ [ [
2 2

partitions in Pupax(n,s — 1).
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Proof. 1. This is clear from the definition.

2. Follows from the bijection

¢: Chpax(n—1,s—1) —  Cuin(n, s)
(1, vs1) > (i, 061, 1)

3. Let v € Chpax(n,s — 1) and let f be a polynomial whose
composition is v. By the argument preceding Lemma 3.3.2 there
is an € > 0 and a monic polynomial, p, of degree n — s, such
that the zero-dimensional strata of Hs(f — ep) corresponds to
all compositions that cover v. Since P is a (n, s)-Vandermonde
covering, there has to be a v € P such that v > p(g) for some
g € Hs(f — ep) and so we have v > p(g) > p(f).

4. In order for A € P(n,s) to cover a partition in Pyax(n,s — 1)
there can be at most [%W + 1 entries different from 1 in \.
Additionally, all partitions in Ppax(n, s — 1) that are covered by
A can be obtained by adding two of the first {%W + 1 entries in

A and reordering. So A covers at most

(5] ) - 2

5 =

_
[\
v | 4
I
»
o |
I
_

partitions in Ppax(n,s — 1).

Note that the inclusion in item 1 above is an equality when s is
even. From this lemma, we get the following lower bound on the size
of any Vandermonde covering:

Proposition 4.1.3. Let P C P(n,s) be a (n,s)-Vandermonde
covering, then

1P| > 2‘7) (n—l— 1— [%L ED‘
— s—=11[s+1 )
i
Proof. By Lemma 4.1.2 (3), every partition in Ppa.c(n,s — 1) is
covered by a partition in P. Any partition in P(n, s) covers at most

254725
2
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Chapter 4. The degree principle

partitions in Pyax(n, s —1) by Lemma 4.1.2 (4). To have at least one
partition from every generic slice, then by the pigeonhole principle

we need at least
2| Prax(n, s — 1)|
] iW

5

partitions in P. By Lemma 4.1.2 (2
2

e -

and Theorem 4.1.1 this equals

)
Pl L)
BIE

]

We can improve this lower bound by using a more detailed
recursive argument.

Theorem 4.1.4. Let P C P(n,s) be a (n, s)-Vandermonde covering.
Then
H
|Pl=> B
i=0
where By :=0, By :=1 and

|P(TL — S+ 1 Z)‘ iBz’—l — BZ'_Q

B; =
! i2 4

for all i € {2,..., SJ}
Proof. Denote by

P; = {X € Puax(n,s = 1) | {7 € [n] | A # 1}] = 4}

the partitions in Ppay(n, s — 1) that have exactly i entries different
from 1. Note the following:
L. |B| =|P(n—s+1,i)].
2. Every partition in P(n, s) covers at most (
in P; by a similar argument as in the proof of Lemma 4.1.2 (4).

1
8 ) =1 “ partitions

3. Any partition in P(n, s) that covers a partition in P;, covers at
most ¢ + 1 partitions in F;,; and at most one partition in P, s.

In order to cover all partitions in Pp.x(n,s — 1), we have to cover
all partitions in P, for all i € {1,2,..., |*3*| = |5]}. Combining (1),
(2) and (3) we get recursively: We need B; = 1 partition in P(n, s)
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to cover the partition in Pj. It covers at most (1 + 1)B; partitions
in P, and at most B; partitions in P3 by (3). To cover the at least
P, —2B; remaining many partitions in P, we need by the pigeonhole
principle and (1) at least

[Po| —2B1 — By| _ [, |P(n—s+1,2)]—2B, — By
(22+2)/2 | 22 +2

o]

additional partitions in P(n, s). Those partitions cover again at most
(24 1) By partitions in P; and at most By partitions in Py. To cover
at least the P; — 3B, — B; remaining partitions in P3 we need at least

| P3| =3By — Bi| 2\73(”—3+1,3)\—332—B1
(3243)/2 | 32+ 3

o]

additional partitions in P(n,s). In general, if B; denotes the number

of additional partitions needed to cover the remaining partitions in
P;, then

B. R 2|P(n — S + 1,@)‘ - ,Z:Bi_l - Bi_2
Z' 2+ '

3]

In total, we need at least Y°,°5 B; partitions in P(n,s) to cover all
partitions in Pyax(n, s — 1). ]

We will see in Example 4.2.8, that this lower bound is also not
generally attainable.

4.2 Algorithmic improvements

In the following we present an algorithmic approach on how to
obtain smaller and possibly optimal Vandermonde coverings for small
s and n. To this end, we try to characterise if a set of compositions
S C C(n, s) corresponds to the set of zero-dimensional strata of some
hyperbolic slice.

Definition 4.2.1. Let S C C(n,s) let
L(S) :={v | there is a p € S with p < v}

denote the upward closure of S. We say that L(S) is a potential
hyperbolic poset, if for every v € L(S) there are unique
Mhmins Pmax € S, such that

71



Chapter 4. The degree principle

1. pmin/v is alternate odd and
2. ,umax/u is alternate even.

Furthermore, we say that L(S) is a realisable hyperbolic poset,

if there is a hyperbolic slice Hs(f) where exactly the compositions in
L(S) occurs.

Note that Theorem 2.2.3, for the generic case (see the end of
page 24), states that every realisable hyperbolic poset is a potential
hyperbolic poset.

Remark 4.2.2. We can also consider more general potential
hyperbolic posets, where S is a set of compositions of n with at most
s parts. For this we construct L(S) analogous to Algorithm 3.1.8,
but for simplicity we will focus on the generic cases.

Since the poset of compositions is a simplex, the upward closure
of a composition v in some potential hyperbolic poset £(.5) is also a
simplex. Thus, by the argument in Proposition 2.2.15, analogously
to Lemma 2.2.12 potential hyperbolic posets have the following
property:
Lemma 4.2.3. Let L(S) be a potential hyperbolic poset and let v € S
and v < p for some pu € L(S) with {(u) > s+ 2. Then v/p is
alternate odd (resp. even) if and only if v/ is alternate odd (resp.
even) for all X € L(S) with v < X < p.

One can see that the arguments in the proof of shellability in
subchapter 3.2 only uses the fact that the boundary complex of the
dual poset is a pure simplicial complex along with Theorem 2.2.3 and
Lemma 2.2.12. By the argument in the proof of Lemma 3.2.1, the
dual £2(S) of a potential hyperbolic poset £(S) is a pure simplicial
complex of dimension n — s — 1. So by the defining property of
potential hyperbolic posets and Lemma 4.2.3, we get the following:

Theorem 4.2.4. Let L(S) be a potential hyperbolic poset, then

1. L2(S) is a shellable simplicial complex and therefore a
combinatorial sphere.

2. the h-vector of LA(S) satisfies the “g-theorem”, that is, the
inequalities stated in Corollary 3.2.14, in particular

15| < <(”+§l/f‘1) + ((n+i/12_2), if n — s is even
a 2((n+::f)/2)7 if n — s is odd.
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Since all the known combinatorial properties of generic Ls(f)\{0}
hold for all potential hyperbolic posets, we do not know any
combinatorial way to distinguish potential from realisable hyperbolic
posets.  Moreover, after computationally realising all potential
hyperbolic posets for s < n < 6, we state the following conjecture:

Conjecture 4.2.5. Fvery potential hyperbolic poset is realisable.

Since it is easy to check if the upward closure of a set of
compositions in C(n,s) is a potential hyperbolic poset, one can
compute better Vandermonde coverings for small n and s. We
illustrate this with an example:

Example 4.2.6. For n = 6 and s = 4 there are 10 compositions
of 6 into 4 parts. One can check that out of the 210 subsets only in
17 cases are the upward closures potential hyperbolic posets. Up to
symmetry (we identify S with S := {(pa,...,p1) | p € S}) we get
the 11 subsets

{(1,1,1,3),(1,1,2,2),(1,1,3,1)},
{(1,1,3,1),(1,2,2,1),(1,3,1,1)},
{(1,1,1,3),(2,1,1,2),(2,1,2,1)},
{(1,1,2,2),(1,1,3,1),(1,2,1,2),(1,2,2,1)},
{(1,2,1,2),(1,2,2,1),(2,1,1,2),(2,1,2,1)},
{(1,1,1,3),(1,2,2,1),(2,1,1,2),(3,1,1,1)},
{(1,1,1,3),(1,1,2,2),(2,1,2,1),(2,2,1,1)},
{(1,1,1,3),(1,1,3,1),(2,1,1,2),(2,2,1,1)},
{(1,1,2,2),(1,2,1,2),(1,2,2,1),(2,1,2,1),(2,2,1, 1)},
{(1,1,1,3),(1,1,2,2),(1,2,2,1),(2,2,1,1),(3,1,1,1)} and
{(1,1,3,1),(1,2,1,2),(1,2,2,1),(2,1,1,2),(2,2,1,1)}.

From this we see that {(2,2,1,1)} is a (6,4)-Vandermonde covering,
which naturally is optimal in this case.

Example 4.2.6 generalises in the following way:
Proposition 4.2.7. {(2,2,1,...,1)} is a (n,n — 2)-Vandermonde

covering.

Proof. Suppose it is not a Vandermonde covering. Then there is a
hyperbolic slice H,(f) where all the compositions of length at most s
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are smaller than or equal to compositions of length s with one entry
equal to 3 and the other entries equal to 1. By Theorem 2.2.3 all of
these compositions correspond to minimal or maximal polynomials
in H4(f) and therefore H,(f) contains at most two zero-dimensional
strata. But by Theorem 2.1.10, H(f) is two-dimensional and thus
have at least three extremal points. But by Theorem 2.8 in [28],
the extremal points of H,(f) have at most s distinct roots. This is
a contradiction to Hs(f) containing at most two zero-dimensional
strata. [l
Since there are k = (Zj) compositions of n into s parts, the
procedure in Example 4.2.6 becomes too computationally expensive
to apply directly when n and s are large since it involves considering
2% subsets. However, we can use some weaker conditions to cut down
this big set into a more manageable set and that makes it easier to
apply our previous method.

Firstly, by the argument in the proof of Theorem 4.2.7 we need
at least n — s + 1 compositions of length s to construct a potential
hyperbolic poset. Secondly, by Theorem 4.2.4 we can have at most
m compositions of length s, where

m ((”fl/f‘l) + <(n+i/12_2), if n — s is even
B 2((n+;:f))/2>7 if n — s is odd.

Thus we (only) need to check ¥1* ., (]:) subsets of C(n, s).

Additionally we can cut down this set further since we know that a
potential hyperbolic has exactly one alternate even and one alternate
odd composition. This can be taken further as for every v € L(S) we
have exactly one composition in S with p/v alternate odd and exactly
one composition in S with /v alternate even. However by just using
the aforementioned reductions we can compute a set containing all
potential hyperbolic posets up to s,n < 8 on a standard computer
with no more than a few hours running time.

Example 4.2.8. For n = 8 and s = 4, we get from Theorem
4.1.1 that there is a Vandermonde covering with 3 partitions and
from Theorem 4.1.4 we know that we mneed at least 1 partition.
By computing all the potential hyperbolic posets we get several
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Vandermonde coverings with two elements, for instance the covering
{(3,2,2,1),(4,2,1,1)}.

Additionally one can show that there is no Vandermonde covering
with only one partition by realizing appropriate potential hyperbolic
posets.
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Chapter 5
Even-hyperbolic slices

In this chapter we look at the subset of hyperbolic slices consisting
of even-hyperbolic polynomials. We will see that many of the
properties of the strata of hyperbolic slices transfer to the strata
of even-hyperbolic slices when we consider even-hyperbolic strata as
subsets of hyperbolic strata. Firstly we characterise the polynomials
in a hyperbolic stratum with a minimal or maximal smallest root
which gives us a way to determine which hyperbolic strata contain
even-hyperbolic polynomials.

In particular we can use this to show that also in the even-
hyperbolic case, any stratum has a unique polynomial with a
maximal first free coefficient and a unique polynomial with a minimal
first free coefficient. We will also see that just as with hyperbolic
strata, the even-hyperbolic strata are connected and either empty, a
single polynomial or of maximal possible dimension. These results
allow us to show that the poset of even-hyperbolic strata is a lattice
that can be computed combinatorially from its atoms. We also
show that the boundary complex of the dual lattice is generically
shellable and thus a combinatorial sphere. Lastly, we provide some
improvements on the degree principle for the hyperoctahedral group.

We start by defining our stratification of even-hyperbolic slices
and look at an example of a stratified even-hyperbolic slice. So for
the remainder of the thesis we will let i := t"+ht" 1+ -+h, € R[t]
be a monic even-hyperbolic polynomial. That is, h is a monic
polynomial of degree n with only real nonnegative roots. Then we
will study the following sets of even-hyperbolic polynomials:
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Definition 5.0.1. Let N denote the set of all monic even-hyperbolic
polynomials of degree n. Then for s € [n], we call the subset

Ny(h) = {t"+git" '+ ..+ g, €N | gi=h; Vie[s]}

a (canonical) even-hyperbolic slice.

To stratify this set we will extend the notion of compositions and
their partial order.
Definition 5.0.2. A signed composition, v, is a composition
multiplied with plus or minus one. We call |v| = (11,...,v) its
composition and sgn(v) € {—1,1}, given by v = sgn(v)|v|, its
stgnature. The parts and length of a signed composition are the
parts and length of its corresponding composition.

We will let v be a signed composition of n of length [ for
the remainder of the thesis. If ¢ € AN has the distinct roots
b1 < ... < by and respective multiplicities mq, ..., m;, then the signed
composition of g is

(mq, ...,my) if by > 0 and
sc(g) = .
—(mq,...,my) if by = 0.

Definition 5.0.3. If v and X\ are two signed compositions of n we
let v < X if sgn(v) < sgn(A) and |v| < || with respect to the partial
order on compositions.

Thus we define

N (h) == {g € Ny(h) | sc(g) < v}

to be a stratum of NV,(h) and we see that N”(h) C HIYI(h) NN with
equality if sgn(v) = 1.

Example 5.0.4. Let h = t(t —2)%(t — 4) = t* — 8t +20t> — 16t, then
No(h) is a strict subset of Ha(h) as we can see from the following
picture:

78



5.1. Geometry...

Fourth coefficient

(3,1)

TR Third coefficient

L
o
—

5.1 Geometry...

Before we study the strata of even-hyperbolic slices we will explore
one final topic for hyperbolic strata. Namely we characterise the
polynomials g € H¥(f) with the property that the smallest root
of g is greater than the smallest root of any other polynomial
in HA(f). Since an even-hyperbolic stratum N?(h) contain at
most the polynomials from H!"/(h) whose smallest root is at least
zero, this allows us to quickly test if H!"/(h) contain any even-
hyperbolic polynomials or not by checking if the smallest root of
g 1s nonnegative.

5.1.1 Extremal roots of hyperbolic strata

For a polynomial g € H¥(f), whose roots of multiplicities py, ..., t
are by < ... < by respectively, we call by, where k € [I], the k** root
of g in the stratum H#(f). Then a natural question to ask is which
polynomials in H*( f) have the minimal or maximal k" root? We will
first see that polynomials with a minimal or maximal k' root have
at most s distinct roots and then we characterise the polynomials
with a minimal and maximal first root.
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Chapter 5. Even-hyperbolic slices

Lemma 5.1.1. Let s > 2 and let i be a composition of length s+ 1.
Then if k € [s + 1], the projection ¢y : VE(f) N Ws11 — R given by

a=(a,...,as41) — ag
is a homeomorphism onto its image.

Proof. If g,p € H!(f) has the same k™ root b € R, then
g = (t = b)Mg* and p = (t — b)*p*, where g* € H¥ (p*) for
W= (J1, ooy b1y [t 1y s 5 f1). But HA (p*) is at most a point by
Theorem 2.1.10 and thus g = p and ¢y, is injective.

The projection is surjective onto its image and continuous since
the topology on V¥( f)NW;.1 is the subspace topology of the product
topology on R¥™L. Since s > 2, V¥(f)NWj1 is compact so any closed
subset S C V(f) N W;,1 is a compact subset of R**1 and thus ¢;(S)
is a compact subset of R. Thus ¢, maps closed sets to closed sets
and its inverse is therefore continuous. Thus ¢; is a homeomorphism
onto its image. [

Proposition 5.1.2. Suppose g € H!(f) has a minimal or maximal
k™" root for some k € [l], then g has at most s distinct roots.

Proof. When s = 0 there are clearly no polynomials in H?(f) with
a minimal or maximal &% root. When s = 1, (t + fi/n)" € H!(f)
has the maximal k' root for k € [u;] and the minimal &% root for
ke{n—u+1..,n} Also, for k € [n— ] we see that there cannot
be any polynomial with a minimal & root and for k € {u; +1...,n}
there cannot be any polynomial with a maximal k" root. So let us
consider the case when s > 2 and since the statement is clear when
[=0(n) <s,letl>s.

Suppose (i is a composition of length s+ 1, then by Lemma 5.1.1,
g lies in the relative boundary of H¥(f) and thus by Theorem 2.1.9
g has at most s distinct roots. So let ¢(u) > s+ 1 and suppose g has
more than s distinct roots. Then ¢ has a minimal or maximal k" root
in H%,1(g). By Theorem 2.1.10 H%, ,(g) is of dimension [ —s—1 > 0
so by induction g has s + 1 distinct roots and H¢Y (f) must be one-
dimensional. But then ¢ cannot have a minimal or maximal & root
in H¢9(f) by the induction start. This is a contradiction since ¢ has
a minimal or maximal k%" root in H*(f) D HII(f). O
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We will proceed to characterise the polynomials in H#(f) with a
minimal or maximal first root.

Theorem 5.1.3.

o Ifsis odd, h € H'(f) is the maximal polynomial if and only if
it has the mazximal first root and the minimal polynomial if and
only if it has the minimal first root.

o If s is even, h € HE(f) is the minimal polynomial if and only if
it has the maximal first root and the maximal polynomial if and
only if it has the minimal first root.

For the proof of Theorem 5.1.3 we follow the same inductive
approach as for Theorem 2.2.3, but as we have already set up quite
a few of the tools needed for the inductive step we mostly just have
to start the induction. Thus we will do the inductive step first
and afterwards cover the start of the induction, which is the one-
dimensional strata. Note that we covered the cases s =0 and s =1
in the proof of Proposition 5.1.2 so we will let s > 2 for the remainder
of this subchapter. Since V!(f) N W) is compact when s > 2, the
existence of polynomials with minimal and maximal first roots is
guaranteed.

Proof. For the inductive step, let s be odd, let H(f) be at least two-
dimensional and assume the theorem is true for all proper substrata
of H!(f). Suppose g € H!(f) is a polynomial with a minimal first
root, then for any nonempty stratum H)(f) C HX(f), g has the
minimal first root in HY(f). Thus by the induction hypothesis, g is
the minimal polynomial of H}(f). By Lemma 2.2.12, g is therefore
the minimal polynomial of H¥(f). The argument for a polynomial
with a maximal first root or when s is even is analogous. ]

Next we let H”(f) be one-dimensional and generic. Then as with
Theorem 2.2.3 we use a Lagrange-based argument. We know from
Lemma 5.1.1, that one of the two polynomials in the boundary of
HY(f) has the minimal first root and the other one has the maximal
first root so we need to determine which is which. So let = € V¥(f)
have s distinct coordinates, then as we saw before Proposition 2.2.9
the Jacobian of (P{'(z),..., P*(x)) is invertible and so the vectors
VP{(x),...,. VP!(x) are linearly independent.
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On the other hand, the Jacobian of (P{'(z), ..., P*(x), x1) equals

S

H1 H2 T Hs+1
2Ty 2pT0 vt 2Ue41 T
J(x) = : : : :
spuash spgry ! Sps 1T
1 0 . 0

and by using cofactor expansion we see that the determinant of J(z)
equals the determinant of the upper right s x s matrix which is

c I (zi—x),

2<i<j<s+1

for some positive constant ¢ € R (see the discussion before Propos-
ition 2.2.9). Thus det(J(z)) = 0 if and only if |[{x9,...,zs11}] < s,
that is, when x; is a unique coordinate of x.

Let p =I5 (t —a;)" and q = 153 (t — b)), where a1 < ... < a4,
and by < ... < bs,1, be the two polynomials in the relative boundary
of H!(f). Since p and ¢ does not have the same composition, either
ay # as or by # by or both. So without loss of generality we can
assume a1 < as < ... < agyq1. Thus the determinant of J(a) is zero
and there are therefore scalars ¢y, ..., ¢; such that VL(a) = 0, where

L=uxz—> ¢P'(2).
i=1

We have that

VL(a) = (14 mQ(a1), pQ(az), ..., ps+1Q(as+1)) = 0,

so the univariate polynomial Q(t) := —¥*_; ¢;jt/~" has the roots
as, ...,as11. Also, only s — 1 of these roots are distinct since a; is
not the repeated coordinate of a, thus Q(t) is of degree s — 1 and so
cs # 0. For later use we will need to determine the sign of c.

Lemma 5.1.4. The sign of ¢, is (—1)*71.

Proof. Since 1 4+ 111Q(a1) = 0 we have Q(a1) = —i. Since ap is
strictly smaller than all the roots of @, we have lim,_, . sgn(Q(z)) =
sgn(Q(a1)) = —1. So since the polynomial ) has degree s — 1 we
have sgn(c,) = (—1)571. O
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We can now prove Theorem 5.1.3 for one-dimensional generic
strata:

Proof. As before we let p = II:% (t — a;)" be a polynomial in the
relative boundary of HH(f) with a3 < as < ... < agy;. Then by
Theorem 5.4 in [34], a is a local maximiser of the polynomial x;
(resp. minimiser) if for all nonzero vectors v € R¥™! in the kernel of
J(a) we have v'H(a)v < 0 (resp. v'H(a)v > 0), where

MlQ/(al) o --- 0
H(a) := V*L(a) = O .. O
0 0 Ms+1@l(as+1)

Just as in the proof of Proposition 2.2.9, v € R**! lies in the
kernel of J(a) if and only if vy + vx41 = 0, where k is the repeated
coordinate of a, and if all other coordinates of v are zero. So we have
that

H(a)v = ZMJ (aj)v = Q'(ak)(ukvi + Mk+1vz+1)

is negative (resp. posmve) for all v # (0,...0) in the kernel of J(a)
if and only if Q'(a) is positive (resp. negative). The polynomial @
has no repeated roots and by Lemma 5.1.4, the sign of the leading
coefficient of @ is (—1)*7!. So by Rolle’s Theorem, Q(ay) is positive
(resp. negative) if kK = s+ 1 — 2m (resp. k = s — 2m) for some
nonnegative integer m and if s is odd. The opposite is true if s is
even as in that case the sign of ¢4 is negative.

Thus if s is odd, then a; is the maximal first root in H?(f) if
c(p)/u is alternate even and a; is the minimal first root in H#(f) if
c(p)/p is alternate odd. Again, we get the opposite statement if s
is even. If p has the maximal first root, then by Proposition 5.1.2,
the other polynomial in the relative boundary of H#(f) must have
the minimal first root and vice versa. Lastly, by Theorem 2.2.3,
a polynomial g € HH(f) is the maximal polynomial if ¢(g)/p is
alternate even and the minimal polynomial if ¢(g)/p is alternate
odd. []

We finish with a perturbation argument to deal with the non-
generic one-dimensional strata:
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Proof. As in the proof of Lemma 2.2.18 we can let s > 3 as there are
no non-generic strata when s = 2. Let H¥(f) be a one-dimensional
non-generic strata and let s be odd as the argument is analogous
when s is even. And by Lemma 2.2.16, we can perturb the last
n — s + 1 coefficients of f slightly and get a monic hyperbolic
polynomial g such that H#(g) is generic and nonempty. If guin
is the minimal polynomial of H#(f) and py,, the is the minimal
polynomial of H”(g), then as in the proof of Lemma 2.2.18, by
minimising dist(f, g) we can make the distance between the minimal
polynomial H”(f) and the minimal polynomial of H#(g) is smaller
than ¢, for any 6 > 0.

By Lemma 2.1.4 that means that we can make sure the distance
between the first root of ¢,,;, and the first root of p,,;, is smaller than
¢ for any € > 0. Similarly, we can make sure the distance between the
maximal polynomial, ¢4, of H¥(f) and the maximal polynomial,
Pmaz, Of H(g) and the distance between their first roots are smaller
than 0 and e respectively. Thus by choosing small enough ¢ and e
we have that the first root of ¢, is smaller than the first root of
Gmaz- By Proposition 5.1.2 we then have that g,,;, has the minimal
first root and ¢,,,, has the maximal first root. ]

Remark 5.1.5. Note that the same argument works to classify the
polynomials in H*(f) with a minimal and maximal k™ root. All
that nmeeds to change is that the sign of c, is (—1)°"* and thus the
classification depends on whether or not s — k is even or odd.

5.1.2 Dimension, connectedness and escaping strata

In this subchapter we show that even-hyperbolic strata have many
properties similar to hyperbolic strata. We determine what possible
dimensions the strata may have and we see that even-hyperbolic
strata are also connected. Lastly, we use the Theorem 5.1.3 to
characterise the “escapes” from even-hyperbolic strata.

Firstly, note that if sgn(r) = 1, then the largest possible
dimension of NY(h) is | — s since that is the maximal dimension
of HY(h) and N¥(h) C HY(h). Similarly, if sgn(v) = —1, then the
largest possible dimension of NY(h) is | — s — 1 since that is the
maximal dimension of H{2")(g/t"1), where g € N¥(h), and we
have NSI/(h) — tyl./\/;(VQ""’Vl)(g/tm) C tVI%gVQ""’Vl)(g/tyl).
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Definition 5.1.6. We say that the maximal dimension of NV (h)
is max{l(v) — 5,0} if sgn(v) = 1 and max{l(v) — s — 1,0} if
sgn(v) = —1.

Theorem 5.1.7. If NV(h) contains a polynomial with at least s
distinct positive roots, then it is maximal dimensional. Otherwise
NY(h) is either empty or a single polynomial.

Proof. If | < s, then H"I(h) is either empty or a point by Theorem
2.1.10, thus we will let [ > s and we assume N (h) # 0.

Suppose sgn(v) = 1 and let g € HY(h) be the polynomial with
the maximal first root. By Theorem 2.1.10, HY(h) is maximal
dimensional and by Theorem 2.1.9 and Corollary 2.1.11, any open
ball around ¢ contains a polynomial with composition v. If g(0) # 0,
then by Lemma 2.1.4 we can make the ball small enough so that all
its polynomials have only positive roots. Thus if g(0) # 0, N¥(h)
contains a polynomial with [ > s distinct positive roots and there is
an € > 0 such that

Be(g) NN (h) = Be(g) N H{(h)

and thus dim(NY(h)) = dim(H%(h)) = 1 —s. If g(0) = 0, then
by Theorem 5.1.3, g is the only polynomial in HY(h) with all
nonnegative roots and so N¥(h) = {g}. Also, since g has at most s
distinct roots by Proposition 5.1.2, then it has at most s — 1 distinct
positive roots.

Secondly, if sgn(v) = —1 then N¥(h) = t"NV (p/t") for any
p € NY(h). If N¥(h) contains a polynomial with at least s distinct
positive roots, then so does N (p/t") and we can argue as above
that N7 (p/t") is maximal dimensional. If A (h) does not contain a
polynomial with at least s distinct positive roots, then neither does
NV (p/t") and again we can argue as above that N’ (g/t") contains
a single polynomial. ]

Next we show how the connectedness of the even-hyperbolic strata
follows quite easily from our knowledge of hyperbolic strata and we
start by looking at the one-dimensional strata. Note however that in
[13] they proved that the strata are generically contractible so this
is not really a new result, just a different approach.
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Lemma 5.1.8. If N?(h) is one-dimensional it is contractible.

Proof. Similarly to the proof of Theorem 5.1.7 we may assume
sgn(v) = 1. Thus by Theorem 5.1.7, | = s + 1 since N?(h) is one-
dimensional. If s = 0, MVJ(h) is homeomorphic to R>y by Lemma
2.1.4 and thus the statement is true, so let s > 1. Note that when
s > 1, then N¥(h) is compact since Py(x) = —h; defines a sphere
and the semialgebraic set

{r € R — EY(z) = hy and 0 < 21} N Wiy

equals
{(@, .. 20) € R = PY(z) = ha} N Wi,

Since MY (h) is compact it can be argued as in Lemma 5.1.1 that
it is homeomorphic to the set of the polynomials’ first roots, R C R.
Since VY(h) N W4 is contractible by Proposition 2.1.5, then the set
of first roots, M, of the polynomials in #%(h) is contractible. Thus
the set M NR>y = R is contractible and thus so must N?(h) be. [

Theorem 5.1.9. If NV (h) is nonempty, then it is connected.

Proof. If s = 0 the statement follows from Lemma 2.1.4, so let s > 1.
We will do an induction on the dimension of NY(h). By Theorem
5.1.7, the zero-dimensional strata are connected and by Lemma 5.1.8
the one-dimensional strata are connected.

As in the proof of Theorem 5.1.7 we may assume sgn(v) = 1. So
let N¥(h) be at least two-dimensional, then by Theorem 5.1.7 N7 (h)
is (I — s)-dimensional and N ”(h) is at most (I — s — 1)-dimensional.
So let {C;}; be the nonempty connected components of N¥(h), then
by the induction hypothesis if N7 (h) is nonempty it is connected.
So at most one of the components have a nonempty intersection with
N7 (h).

By the argument Lemma 5.1.8, N¥(h) is compact and thus so are
its connected components. If C; is a component that does not contain
a minimal polynomial of N¥(h) then let g € C; be a polynomial
with minimal (s + 1) coefficient in C;. If g has strictly positive
roots, then by Lemma 2.1.4, there is an open ball about ¢ containing
only polynomials with strictly positive roots. So by Lemma 2.2.7,
g cannot be locally minimal in C; without being minimal in H%(h).
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Therefore g cannot be globally minimal in C; which is a contradiction
and so g must have a zero root. Similarly, a polynomial in C; with
a maximal (s + 1) coefficient in C; must either be the maximal
polynomial of HY(h) or have zero as a root.

Thus there are at most two connected components C7 and Cy
of N¥(h), one with a nonempty intersection with N;”(h) and one
containing both the minimal and maximal polynomial of H¥(h). But
by Theorem 5.1.3, if both the minimal and maximal polynomial
of HY(h) lies in NY(h), then N?(h) = H%(h) and is connected by
Proposition 2.1.5. []

We will now use Theorem 5.1.3 to classify the polynomials in even-
hyperbolic strata with a minimal or maximal first free coefficient.

Definition 5.1.10. We say that g € NY(h) is a minimal (resp.
ma’wimal) polynomz'al Of -/\[sy(h) Zf Gs+1 < Ps+1 (T@Sp. Js+1 > ps+1)
for allp € N¥(h).

Note that the following theorem can be more compactly written
and we will do so in the following subchapter (Lemma 5.2.4)

Theorem 5.1.11 (Escaping even-hyperbolic strata). Let sgn(v) = 1,
s > 1 and NY(h) # 0, then there is a unique minimal and mazximal
polynomial in NY(f). They are determined by the following: Let \ be
the signed composition of g € NY(h) and let v = (71, ....,%) = |A|/v,
then

1. if s is odd
o g is minimal if and only if sgn(A\) =1 (resp. sgn(A) = —1)
and vy (resp. (Yo, ....,7k)) is less than or equal to an alternate
odd composition of length s and

o ¢ is maximal if and only if v is less than or equal to an
alternate even composition of length s.

2. if s is even

o g is minimal if and only if v is less than or equal to an
alternate odd composition of length s and

o g is mazimal if and only if sgn(\) =1 (resp. sgn(\) = —1)
and y (resp. (Yo, ..., Vi) is less than or equal to an alternate
even composition of length s
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Proof. We will assume s is odd as the proof is analogous when s is
even. Note that by the argument in the proof of Lemma 5.1.8 N¥(h)
is compact and thus it has a minimal and a maximal polynomial.
Also, since N?(h) is nonempty and a subset of HZ(h) it follows
from Theorem 5.1.3 that the maximal polynomial H%(h) also lies
in N?(h). Thus it follows from Theorem 2.2.3 (if s > 2) and the
main theorem of [23] (if s = 1) that the maximal polynomial of
N?(h) is unique and that g € N¥(h) is maximal if and only if v is
less than or equal to an alternate even composition of length s. The
statement for the minimal polynomial also follows from Theorem
2.2.3 it NZ(h) = HZ(h), so suppose N (h) C HZ(h). Then for the
minimal polynomial we will do an induction on the dimension of
NY(h) starting with the one-dimensional strata.

If NV(h) is one-dimensional then by Theorem 5.1.7, N¥(h) is
maximal dimensional. Since N¥(h) C HY(h), by Theorem 5.1.3,
a minimal polynomial of A (h) is not the minimal polynomial of
HY(h). A minimal polynomial of N?(h) is of course also not the
maximal polynomial of H%(h) so it lies in the relative interior of
HY(h) and by Theorem 2.1.9 it has the composition v. And similarly
to the proof of Theorem 5.1.9, a minimal polynomial of N7 (h) has
a zero root when it is not the minimal polynomial of H%(h). Thus if
¢ is a minimal polynomial, sgn(A) = —1 and (79, ..., vs41) = (1, ..., 1)
is of length s. By the argument in Lemma 5.1.8 there is at most
one polynomial in N?(h) with a zero root, so a minimal polynomial
is unique. If ¢ is not the minimal polynomial, then as we just saw
sgn(A\) = 1 and by Theorem 2.2.3, 7 is not less than or equal to an
alternate odd composition of length s, thus the equivalence follows.

Next let dim(N?(h)) > 2. If g has only positive roots then
by Theorem 2.2.3, v is not less than or equal to an alternate odd
composition of length s. By Theorem 5.1.3, the minimal polynomial
of HY(h) is not in N¥(h) when N?(h) C HY(h). Thus, similarly to
the proof of Theorem 5.1.9, a minimal polynomial of A¥(h) must lie
in V7 (h). So suppose g(0) = 0, then g = #1¢g* has the same (s+1)""
coefficient as ¢* and is therefore minimal in N?(h) if and only if ¢*

of N¥(h) is unique and g is minimal if and only if (7o, ...,7%) is less
than or equal to an alternate odd composition of length s. [
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Note that Theorem 5.1.11 also applies for the stratum NY(h)

when sgn(v) = —1. We can simply rewrite N”(h) as in the proof of
Theorem 5.1.7 and instead work with the stratum N¥2%)(g/t"),
where g € NV (h).
Remark 5.1.12. It is worth noting that by using Theorem 2.1.9, it is
not too much work to show that the relative interior of N¥(h) consists
of the polynomials with signed compositions equal to v. Similarly,
by using Corollary 2.1.11, one can conclude that the even-hyperbolic
strata equals the closure of their relative interior. We also have all the
tools we need to show that the relative interior of an even-hyperbolic
stratum is connected and we could follow the method in [18] and in
subchapter 2.3 to show that the strata and their relative interior are
contractible. But we have focused on the most central properties as
we will not be needing the others.

5.2 ... and combinatorics

In this subchapter we delve into the main combinatorial
properties of the poset of even-hyperbolic strata. We will see that
it is a lattice which can be computed from the signed compositions
of the polynomials in N¥(h) with at most s distinct positive roots.
We will also show that the boundary complex of the dual lattice
is generically a dual potential hyperbolic poset and thus shellable
simplicial complex and a combinatorial sphere. Then we show we
therefore get an improvement of the degree principle for polynomials
invariant under the natural action of the hyperoctahedral group.

We start by introducing a map that will let us avoid having to
establish everything from scratch and instead take advantage of the
work on hyperbolic lattices. So for the remainder of the thesis let
Y : SC(n) — C(n+ 1) denote the map from the signed compositions
of n, SC(n), to the compositions of n + 1 given by

(1,4, ...,1p), if sgn(v) =1,

i) = {(m + 1, 9,...,11), if sgn(v) = —1.

Lemma 5.2.1. The mapping 1 is a poset isomorphism.
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Proof. 1t is easy to see that v is a bijection whose inverse is given by

11— (MQ; "'7:“[)7 if M1 = 17
(/’Ll - 17;“27"'7/”)7 if M1 > L.

To see that it is an order-preserving map let v and v be two signed
compositions with v < 7. Then sgn(v) < sgn(y) and there is a
composition, A, of /() with ¢(\) = [ such that

V] = (71 + o s Ve —as1 e Vo)

Thus either
V(W) = (L,y1+ oo+ ags oo Vo) =nt1 T o+ Yepy)) <

(13 Yy - fyf(’y)) - ,(7[}(,7)7
if sgn(v) =sgn(y) =1, or

PW) = (1 + 91+ oo Mgy oo Vo) =rt1 T -+ Vo)

is smaller than both the options for ¥ (~):

(L4715 %e09) < (1,715 Yey))-

Similarly it is straightforward to check that the inverse is order-
preserving thus ¢ is a poset isomorphism. [

An immediate consequence of Lemma 5.2.1 and Lemma 3.1.1 is
that the poset of signed compositions of n is isomorphic to the face
lattice of an (n — 1)-dimensional simplex. And as with the poset
of hyperbolic strata this means that the set of hyperbolic strata,
partially ordered by inclusion, is a lattice. We also see that the meet
of two even-hyperbolic strata is given by

N (h) AN (h) = NI (h),

where 7 is another signed composition and v A~ is the meet of v and
v in the lattice of signed compositions.

Definition 5.2.2. We let Ky(h) denote the lattice of strata of N(h)
and we call KCs(h) an even-hyperbolic lattice.
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Note that by Theorem 5.1.7, if the stratum N?(h) is at least one-
dimensional, it is maximal dimensional and for any v < v, N7 (h) is
at most (dim(NY(h)) —1)-dimensional. Since there are finitely many
signed compositions smaller than v we have

dim (U<, N7 (1)) < (dim(N? (h)) — 1).

Thus there must be a polynomial in ¥ (h) with composition v. Also,
if N?(h) is zero-dimensional then it contains only one polynomial.
Thus we may abuse notation and identify the lattice s(h) with the
union of the signed compositions that occur in Ny(h) and —(n):

Ks(h) = {sc(g)lg € Ns(h)} U{—(n)}.

Let us have a look at what kind of even-hyperbolic lattices we
can have. Firstly, when s = 0 then all signed compositions occur
and thus KCy(h) is an (n — 1)-dimensional simplex. Thus we will
focus on the case when s > 1. Secondly, note that if A; = 0, then
since the roots of any polynomial in Nj(h) must satisfy S, x; = 0,
we have that Nj(h) = {h} = {t"}. Also if h;y < 0 we see that
the signed composition —(n) cannot occur in Ny(h) and thus K4(h)
contains the empty set. However, it is clear that any other signed
composition occurs and thus Iy (h) is an (n — 1)-dimensional simplex
which by Theorem 5.1.7 is ranked by the dimension of the strata.

For larger s things get more complicated, however we can compute
an even-hyperbolic lattice from its zero-dimensional strata:

Algorithm 5.2.3. Let s > 1, Ns(h) be (n — s)-dimensional and let
U contain the signed compositions, 7y, occurring in Ny(h) with either
l(y) <sorl(y)=s+1 and sgn(y) = —1.

Step 1: Compute the join of every pair in U:
Vi={yVAy,AeU & ~v# A}
Step 2: Compute the upward closure of V :

Vi={\3yeV with~y <A}

Then U UV is the set of all signed compositions occurring in the

slice N(h).
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Proof. Let v € V', then N?(h) contains at least two polynomials so by
Theorem 5.1.7 and the discussion after Definition 5.2.2, it is maximal
dimensional and contains a polynomial with signed composition v.
Thus all the signed compositions computed by the algorithm occurs
in Ny(h).

For the reverse statement note that if v occurs in Ny(h) and
either | > s+ 1 or sgn(v) = 1 and | = s + 1, then N?(h) is at
least one-dimensional by Theorem 5.1.7. By Theorem 5.1.11 there
are two distinct polynomials g, p € N (h) (the minimal and maximal
polynomial), whose signed compositions lie in U. By Theorem 5.1.7
we have sc(g) # sc(p), thus v > sc(g) V se(p) € V and v € V and so
all the signed compositions that occur in Ny(h) is computed by the
algorithm. H

To show that O(K2(h)) is generically a shellable simplicial
complex we first use the isomorphism v to rephrase the classification
in Theorem 5.1.11.

Lemma 5.2.4. Let s > 1 and NY(h) # 0, then g € N (h) is the
minimal (resp. mazimal) polynomial if and only if ¥ (sc(g))/¥(v) is
less than or equal to an alternate odd (resp. even) composition of
length s + 1.

Proof. Let A = sc(g) and v = |A|/|v| and suppose s is odd as the
argument is analogous when s is even. Also, let N¥(h) be generic as
the general statement follows from the generic case by Lemma 5.2.1.

If sgn(v) = 1, then by Theorem 5.1.11, ¢ is the minimal
polynomial if and only if sgn(A) = 1 (resp. sgn(A) = —1) and ~
(resp. (72, .-, Ye(y))) is an alternate odd composition of length s.
We have that sgn(A\) = 1 and v is an alternate odd composition of
length s if and only if ¥(X)/¥(v) = (1,71, ...., V) is an alternate
odd composition of length s+ 1. Also we have that sgn(A) = —1 and
(725 ---»Ye(y)) is an alternate odd composition of length s if and only
if Y(N) /() = (1 4+ 71,72, -, Ve(y)) s an alternate odd composition
of length s 4+ 1. This is because when s is odd then ¢(y) = s+ 1 is
even and thus v =y, = ... = v541 = 1.

For the maximal polynomial, suppose N¥(h) is zero dimensional
then by Theorem 5.1.7 it contains only g. Then sc(g) = v and
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thus ¥(\)/¥(v) = (1°™!) = v and so the statement follows. Next
suppose N (h) is at least one-dimensional, then by Theorem 5.1.3
the maximal polynomial does not have a zero root. Thus by Theorem
5.1.11, g is the maximal polynomial if and only if sgn(\) = 1 and
v = A/v is an alternate even composition of length s. This is
equivalent to ¥(\)/¢(v) = (1,71, ....,7()) being an alternate even
composition of length s + 1.

Lastly, if sgn(v) = —1, then ¢ is the minimal polynomial if and
only if ¢g*, where g = t"1g*, is the minimal polynomial in N (g*),
where v* = (g, ..., ). Since sgn(v*) = 1, the statement follows from

the argument above if ¥(sc(g*))/v¥(v*) = ¥ (sc(g))/¥(v), so let us
show this. We have ¥ (v*) = (1, 1, ..., ) and

(1, )\2, ceey )\g(/\)) if )\1 =1
(1 + A\ — Vi, )\2, ey )\g()\)) if Ay >y

9

U(sc(g?)) = {

thus 9 (sc(g*)) /¥ (v*) = v. We also have ¥(X) = (1 4+ A1, Ao, .., Agy))
thus $(A)/¥(v) = 7 and s0 Y(\) [B(v) = Y(sc(g)/p(w). O

Theorem 5.2.5. The poset (Ks(h)\0) is generically a potential
hyperbolic poset. Thus O(K2(h)) is an (n — s — 1)-dimensional
shellable simplicial complex and a combinatorial (n — s — 1)-sphere.

Proof. Since Ni(h) is generic the atoms of Ks(h) correspond to the
positive compositions of length s and the negative compositions of
length s + 1. If ¢ € Ng(h) is a polynomial with such a signed
composition, then by Theorem 5.1.7, N?(h) is maximal dimensional
for any v > sc(g). And as in the discussion after Definition 5.2.2, we
see that the signed composition v occurs in N(h). Thus a maximal
element of (K2 (h)) is the dual of the upward closure of sc(g) in the
poset of signed compositions.

By Lemma 5.2.1, a maximal element of O(K2(h)) is therefore
isomorphic to the dual of the upward closure of ¥ (sc(g)) in the
poset of compositions of n 4+ 1. Since the length of (sc(g)) is
s+ 1 then due to Lemma 5.2.4, ¥(9(Ks(h))) is a potential hyperbolic
poset. Thus by Lemma 5.2.1 and Theorem 4.2.4, 9(K5(h)) is an
(n—s—1)-dimensional shellable simplicial complex and in particular
a combinatorial (n — s — 1)-sphere. O
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5.2.1 Improving the hyperoctahedral degree principle

In this subchapter we look at what kind of improvements we can
make on the degree principle for the hyperoctahedral group. We
see that the possible improvements cannot be better than for the
symmetric group S(n), but on the other hand we can do at least as
well as for the symmetric group S(n + 1). Furthermore, it looks like
any improvements for S(n 4 1) can be applied to B(n) and so one
might as well focus on the symmetric group and hyperbolic slices.

To see that we cannot in general get anything better than for
S(n), consider the following example:

Example 5.2.6. We will revisit the example from the introduction
of this chapter. So let h = t(t — 2)%(t — 4) = t* — 83 + 20t — 16t,
then recall that No(h) is the following set:

Fourth coefficient

(3,1)
(2,1,1)
(ZIZ) 5r
(1,2,1) (1,1,2)
'(1;112)
R B e Third coefficient
-20 -18 /\( Y -14 -12
\\ \ -
(1,1,1,1) \\
AN
AR
\\\\.\:::t:\. -5r
\\‘1\:}.\
Y
\\\3:3\\\\\
Lo}

The polynomial from Ny(h) with composition (2,2) is g = (t + /2 —
2)%(t — 2 — 2)? = t* — 83 4+ 20t2 — 16t + 4 and so its first root
is —/2 + 2. By Theorem 5.1.3 we can translate all the roots of
all the polynomials in Hs(h) by V2 — 2 — €, for some € > 0 and
thus get rid of the signed compositions (2,2),(1,1,2) and —(1,1,2)
from the even-hyperbolic lattice. Just consider the following picture

of No(h(t — V2 + 2+ 1/10)):
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Fourth coefficient

(3,1)

- 2,1,1) |

- ( 1 ’ 2 ’ 1)\\‘\‘\

Third coefficient

In general we see that if p = h(t + a), for some a € R, then
Ls(p) = Ls(h) but the following are the possibilities for ICs(p)\D:

{_(3 1)}7
1, = (1%),(2,17), (1,2,1), =(2,1%), = (1,2, 1), (3, 1)},

19, =(19,(2,1%), (1,2,1), = (2%), = (1,2, 1),(3 D}
{19, (19, (2,1%),(1,2,1), (1%, 2), = (1,2,1), =(1%,2),(2%), (3, 1)},
{(19,(2,1,1),(1,2,1),(1,1,2),(2,2), (3,1), = (1, 3)},

L(h)\D.

As in the example above, it is clear that when s > 2, then
since both Ny(h) and H,(h) are compact, then we can translate the
roots of Hs(h) such that Ks(h) = Ls(h). Thus we cannot make
better improvements for the group B(n) compared to S(n). However
due to Theorem 5.1.3 or Theorem 5.2.5 we can make improvements
comparable to S(n + 1). So let us look at how this works.

Similarly to signed compositions of even-hyperbolic polynomials
we let sp(h) := m x A\, where m is the multiplicity of zero as a root
of h and A = p(h/t"™). We denote by SP(n) the set

izo(n — 1) X P(i)
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and by SP(n,s) the set
{m x X e SPn)|{(\) = s}.

Furthermore we say that m x A < k x v if there are permutations o
and 7 such that (m,o(\)) < (k,7(v)) as compositions. Then as in
the symmetric group we define an even Vandermonde covering as:

Definition 5.2.7. Let P C SP(n,s). We say that P is an even
(n, s)-Vandermonde covering, if for every even-hyperbolic slice
Ns(h) there is a m x A € P and a polynomial g € Ni(h) with
sp(g) <m x A.

Just as with the symmetric group, SP(n) correspond to the
possible stabilizer subgroups of B(n) of points in R”.

Definition 5.2.8. If P C SP(n,s) then we let Op :=

n
(0,...,0,21, ..., &1, ..., Ts,...,Ts) ER mxAEP}.
—_———
m—times A1—times As—times

Theorem 5.2.9. Let P C P(n,s), then the following are equivalent:
1. P C S8P(n,s) is an even (n,s)-Vandermonde covering.

2. For any F, ..., F, € R[z]3™) with degree at most 2s we have

Ve(FL, ..., Fy) # 0 < Ve(FL, ..., F,) N Op # 0.
3. For all c € R® we have
V(B (22) + 1, ..., Eo(2?) + (=1)*7'e,) £ 0 <
Ve(EL(2%) + ¢, ..., Ey(2?) + (=1 e, ) N Op # 0.

Proof. By Theorem 1.1.5, we have F;, = G;(E1(2?), ..., Es(2?)) for
some G; € Rlyy,...,ys] and if a € Vgr(F7,..., Fi) we associate it to
the even-hyperbolic polynomial t" — E1(a®)t" ! + ... + (—=1)"E,(a*).
Other than those adjustments the proof is analogous to the proof of
Theorem 4.0.5. [l

Theorem 5.2.10. The set 0 X Ppax(n,s) is an even (n,s)-

Vandermonde covering of size ‘77 (n +1-— {8‘51], [%m
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Proof. If sis odd then Theorem 5.1.3 and Theorem 2.2.3 says that for
any nonempty even-hyperbolic slice Ny(h) the maximal polynomial,
g, of the hyperbolic slice Hs(h) is such that p(g) < A for some
A € Puax(n,s) and g has the maximal first root in H(h). Thus
sp(g) < 0x X and g € Ns(h) C Hy(h). By Lemma 4.1.2 the size
of 0 X Ppax(n, s) is the same as the size of Ppin(n + 1,5 + 1) which
by Theorem 4.1.1 is ’73 (n+ 1— [%W, [%J)’ When s is even it
is easy to see that Puin(n,s) = Pmax(n,s) so the argument works

similarly. O

For further improvements and bounds on the size of even
Vandermonde coverings we can, by Theorem 5.2.5, translate
the results from potential hyperbolic posets via the mapping ¥
introduced on page 89. Thus if we assume Conjecture 4.2.5 is correct
then we may just focus on the symmetric case if we want to improve
on the degree principle further for the hyperoctahedral case.
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