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Abstract Motivated by the thermodynamics of black hole
solutions conformal to stationary solutions, we study the
geometric invariant theory of null hypersurfaces. It is well-
known that a null hypersurface in a Lorentzian manifold can
be treated as a Carrollian geometry. Additional structure can
be added to this geometry by choosing a connection which
yields a Carrollian manifold. In the literature various authors
have introduced Koszul connections to study the study the
physics on these hypersurfaces. In this paper we examine
the various Carrollian geometries and their relationship to
null hypersurface embeddings. We specify the geometric
data required to construct a rigid Carrollian geometry, and
we argue that a connection with torsion is the most natural
object to study Carrollian manifolds. We then use this con-
nection to develop a hypersurface calculus suitable for a study
of intrinsic and extrinsic differential invariants on embedded
null hypersurfaces; motivating examples are given, including
geometric invariants preserved under conformal transforma-
tions.

1 Introduction

Black holes have captured the imagination of both the rel-
ativist and the lay public for decades. In the last 10 years,
observational data of in-spiraling black holes from the LIGO
and Virgo collaborations [1] have sparked greater interest
in dynamical black holes with complicated event horizon
structures. A particularly useful formalism in a relativist’s
toolbox in this respect is black hole thermodynamics. To
describe black holes with respect to thermodynamic vari-
ables, we must locate the event horizon or some other mean-
ingful hypersurface which acts as the boundary for the black
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hole, and then characterize it geometrically. For example, the
black hole entropy is associated with the area of the horizon.

When considering the simplest cases (such as static and
stationary solutions), there is broad agreement that the nec-
essary horizon is a Killing horizon of some timelike Killing
vector [2], and there is a wealth of methods to discuss black
hole thermodynamics in this regime. In the dynamical case,
the question of which hypersurface is the appropriate bound-
ary and what its thermodynamical properties might be is an
open problem [3]. While some of the candidate hypersur-
faces, such as dynamical horizons, are spacelike [3], there
are convincing arguments that this hypersurface should be
null [4].

In particular, there is a special class of dynamical black
hole solutions which are conformally related to stationary
black hole solutions, and hence admit a conformal Killing
vector field. Within this class of black hole solutions, there
is an obvious candidate for a horizon alternative, namely the
conformal Killing horizon which is a null hypersurface [5].
Due to the properties of a conformal mapping, there is a
procedure to relate the properties of stationary spacetimes
to such dynamical spacetimes. For these black hole solu-
tions, it then should be possible to determine the thermody-
namic properties of the stationary solution and relate them
to the dynamical solution. From a physical perspective, it is
expected that the outcomes of experiments in both solutions
are equivalently mapped to each other so long as the effects
of the conformal transformation on the coupling of the geo-
metrical spacetime and the matter degrees of freedom within
the experimental apparatus are taken into account [6—8].

However, there is a difficulty with this proposal: it is not
clear when a conformal transformation of a black hole solu-
tion yields a new black hole solution. Taking the simplest
static solution, Schwarzschild, and a time dependent confor-
mal factor, it is possible to construct new dynamical black
hole solutions, cosmological solutions, or more exotic space-
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times [9]. Alternatively, with a spatial conformal factor, it is
possible to transform any spherically symmetric black hole
solution into a Kundt solution, which will not describe a
black hole solution [10]. Due to this nuance in the choice
of conformal factor, and motivated by the utility of confor-
mal Killing horizons in the study of dynamical black hole
solutions, we will classify the intrinsic and extrinsic invari-
ants of embedded null hypersurfaces with the future aim of
employing these results to characterize dynamical black hole
solutions admitting conformal Killing horizons.

Introduced in 1965 by Lévy-Leblond [11], Carrollian
geometries have recently [12—-16] been investigated as an
avenue of describing and characterizing event horizons of
many kinds and null hypersurfaces (such as null infinities
[17-23]), more generally. Carrollian geometries have also
been studied in other, more intrinsic, settings, such as ultra-
relativistic fluid dynamics [24,25] and Carrollian field theo-
ries [26-33]. In this article, we offer a geometric picture of
Carrollian manifolds that harmonizes the interesting physics
intrinsic to a Carrollian manifold with the extrinsic geo-
metric invariants necessary to classify a certain family of
null hypersurface embeddings, which largely intersects with
conformal-to-stationary black hole spacetimes.

1.1 Notation

Here we provide a brief summary of the notations that we
will use throughout this article. The manifold M represents
a d-dimensional spacetime which is endowed with a (mostly
negative) Lorentzian signature metric g.

Given such a metric, its associated Levi-Civita connection
V has curvature given by

R(x,y)z = (vay - Vyvx)z = Vi 312,

where x, y, z are smooth vector fields on M and [-, -] denotes
the Lie bracket of vector fields. When coordinates are useful,
we will use indices from the Greek alphabet (such as «, 3,
and y for spacetime coordinate indices).

To keep track of tensor structure, we will also often use
Penrose’s abstract index notation [34]. These abstract indices
will be denoted by Latin letters at the beginning of the alpha-
bet (such as a, b, c, etc.). As an example, the above formula
for the Riemann curvature tensor is given, in abstract indices,
by

XY R az? = xYP(Va V) — Vi V,)2E

This abstract index notation will also be used to keep track
of symmetry properties of a tensor: for example, we will use
round brackets (-) to represent the symmetrization of a tensor,
ie. Ty = %(Tab + Tpq). We denote by the symbol © the
operator that maps a tensor to its symmetric part. Similarly,
square brackets [-] will be used to represent the antisym-
metrization of a tensor, so that T, = %(TalJ — Tpq). When
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a metric g is present, we will occasionally use the notation
(u, v)g to mean g(v, w), for some vectors v, w.

An embedded null hypersurface, denoted by H, will
always be assumed to be smooth, with dimensionn = d — 1.
By abuse of notation, we will use H to refer both to an embed-
ded null hypersurface in M and as an n-dimensional mani-
fold in its own right. When necessary to avoid overloading of
symbols, we will use overbars e to denote objects that belong
to the hypersurface. For example, for a 1-form o« on M, we
might write @ for its pullback to H. To eliminate confusion
that might arise when considering null frames, we will use
Latin letters to denote basis vectors, and their corresponding
Greek letters to denote the action of the metric on those basis
vectors, i.e. v, = ga;,nb.

When necessary, coordinate indices in M will use letters
from the beginning of the Greek alphabet and coordinate
indices in H will use letters from the middle of the Greek
alphabet, such as u, v, and p. We will label spacelike coor-
dinates with capital letters from the beginning of the Latin
alphabet, such as A, B, and C. Furthermore, a frame will
sometimes be constructed on H, and the indices used to label
the spacelike vectors or covectors will be letters from the mid-
dle of the Latin alphabet, like i, j, and k. The indices for the
whole frame on H will be capital letters from the middle of
the Latin alphabet, like 7, J, and K.

2 Differential structure of Carrollian geometries

In the literature broadly, Carrollian geometries generically
refer to smooth manifolds with a minimally degenerate met-
ric. Depending on the source, they might also include addi-
tional geometric structures such as a distinguished generat-
ing vector field, a rigging vector [35] (or equivalently an
Ehresmann connection [36]), and/or an affine connection
[14,15,25]. To be explicit, we provide a definition of the least
rigid such structure below, drawing from definitions provided
by [37,38].

Definition 1 Let H" be a smooth manifold equipped with a
rank-(n — 1) negative semi-definite symmetric bilinear form
g. Then the doublet (H, g) is called a pre-Carrollian struc-
ture. When ¢ : H" — (M, g) is a smooth null hypersurface
embedding into a Lorentzian spacetime and g = (*g, we say
that (H, g) is a null hypersurface structure (NHS).

The latter definition of an NHS was introduced in [39].
It is important to note that not all pre-Carrollian structures
are null hypersurface structures; however, they can always be
identified locally. As we are only interested in local geometry,
for the remainder of this paper, we will implicitly assume all
pre-Carrollian structures can be realized as NHSs. In the con-
text of black hole solutions, pre-Carrollian structures arise
as non-expanding horizons (NEHs), which are a precursor to



Eur. Phys. J. C (2024) 84:561

Page 3 of 18 561

weakly isolated horizons [40]. These are null hypersurfaces
where there is no preferred choice of null generator and the
pullback of the spacetime metric gives a degenerate metric
on the NEH.

While these hypersurface embeddings describe very gen-
eric spacetimes, often spacetimes of physical interest have
more geometric structure that can be exploited. To that end,
we are motivated to add additional geometric data to our
discussion of pre-Carrollian structures. Indeed, by specifying
a vector that spans the radical of g, we obtain [38]:

Definition 2 Let (H", g) be a pre-Carrollian structure and
let a vector field £ € I'(T"H) span the radical of g, so that
g(€,-) = 0. Then the triplet (M, g, €) is called a Carrollian
structure, and the vector field ¢ is called its fundamental
vector field.

Carrollian structures are also known as weak Carrollian struc-
tures in the literature [41] and appear in the context of Carrol-
lian field theories in the hydrodynamic regime [42,43]. Any
black hole solution admitting a weakly isolated horizon may
be considered as a weak Carrollian geometry.

While for a given non-expanding horizon, one can assign
any choice of ¢ as the fundamental vector field, there is,
in general, no natural choice. However, as noted above, for
weakly isolated horizons [40] (and, in particular, Killing hori-
zons), there exists a canonical choice of £ for H (up to con-
stant rescaling, which plays no role in this article). Thus,
Carrollian structures are the natural geometric structures to
examine when studying such spacetimes.

One of the most efficient ways of describing the intrinsic
differential structure of a smooth manifold is to assign that
manifold a geometrically determined linear affine connection
(sometimes called a Koszul connection) so that one may study
tensorial quantities built from curvatures. For a given Carrol-
lian structure, there are infinitely many such connections that
one may assign; however, the space of connections should not
be viewed as arbitrary if one still wishes to respect the geo-
metric data provided by the Carrollian structure. Broadly, this
notion is captured by viewing manifolds with geometric data
as G-structures over that manifold. To illustrate how we may
pick such a family of connections, we consider an example
pulled from [44]: the Lorentzian spacetime (M d g).

Such a Lorentzian spacetime can be viewed as an O (d —
1, 1)-structure over M. One of the properties of a G-structure
is that it gives rise to one or more characteristic tensor fields
that are left invariant by the structure group. In this case, that
characteristic tensor field is precisely the metric tensor. Fur-
thermore, a connection adapted to a given G-structure is any
connection for which the characteristic tensor fields are par-
allel: in this case, any connection satisfying Vg = 0. In gen-
eral, such connections have torsion. However, one may show
that for two distinct adapted connections, their torsions are
related by the Spencer differential acting on the contorsion

tensor. Consequently, the cokernel of this Spencer differen-
tial characterizes a choice-independent intrinsic torsion of a
given G-structure. For the case of a Lorentzian spacetime,
both the kernel and cokernel of the Spencer differential van-
ish, implying that there is a unique connection with vanishing
torsion tensor. That is, there is a unique metric-compatible
torsion-free connection: the Levi-Civita connection.

Furthermore, this argument may be utilized to determine
a preferred connection on a (say, spacelike) hypersurface
embedded in a Lorentzian manifold. We begin by pulling
back the metric to the hypersurface. Treating this tensor as a
characteristic tensor field, we thus find a new structure group
on the hypersurface: O (d —1). Then, applying the same pro-
cedure as in the Lorentzian case, we may construct a unique
connection, which is again the Levi-Civita connection, this
time for the induced metric.

Clearly, the above construction is quite natural for induc-
ing geometric structure on a hypersurface, and so we may
as well apply it to those null hypersurface embeddings
1 H" — (M?, g) that also pick out a canonical choice of
£. As we are demanding that our geometry come equipped
with a preferred vector field £ along 7, the structure group on
L(H) is precisely the subgroup of O(d — 1, 1) that leaves t,{
invariant. This structure group on ¢(H) then has two charac-
teristic tensor fields: 1,¢ and g|7;. Pulling these tensor fields
back to H leaves us with two characteristic tensor fields on
H, g and ¢, with structure group given by the Carroll group
O (n—1) x R"~! —this will be demonstrated in Sect. 3. Thus,
guided by the case of spacelike hypersurfaces, we look for a
connection V that is adapted to this structure group. Specif-
ically, such a connection must satisfy Vg = 0 = V£. How-
ever, as noted by [44], the intrinsic torsion for a Carrollian
structure is nonvanishing unless ﬁzg = 0; furthermore, the
kernel of the Spencer differential is non-vanishing. We thus
have the following slogan:

Slogan A natural Koszul connection on a Carrollian struc-
ture is metric, is compatible with the fundamental vector
field, and may have torsion.

In other contexts, some have found it useful to work with
Koszul connections that are non-metric but torsion-free. For
example, Mars [45,46] has extensively studied a connection
for null hypersurfaces which shift £;g into the non-metricity
of the connection rather than leaving it in torsion. Others
[13,15,17] have found it useful to construct other Koszul
connections with vanishing torsion (which we take to mean
the antisymmetric piece of the connection coefficients in a
coordinate basis, see Eq. (4)). In [24], they fold the intrin-
sic torsion into the frame basis rather than the connection
coefficients. This gives rise to additional tensorial objects on
the Carrollian manifold in order to capture the information
lost by using a symmetric connection. However, as argued
above, the “naturality” of torsion-free connections is put into
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question [47], whereas the connections we use arise in the
same way that the induced Levi-Civita connection arises for
a non-null embedded hypersurface.

Note that such a choice is also justified from a physi-
cal perspective. It is well-known that the Palatini formalism,
applied to the Einstein—Hilbert action, reproduces the metric-
ity condition of the Levi-Civita connection on a Lorentzian
(or Riemannian) manifold. Applying the same procedure to
the Carrollian limit of the Einstein—Hilbert action [48], one
finds precisely those connections satisfying
Vg=0=V¢{
with vanishing torsion only when £;g¢ = 0. Consequently, if
one wished to describe the physics intrinsic to a null hyper-
surface (such as fermions in a Carrollian structure, see for
example [49]) with non-trivial geometry, one should use a
connection that arises geometrically from the manifold itself.
As such, the family of Koszul connections we consider are
precisely those connections that appear naturally in both the
intrinsic physics of a Carrollian manifold and the extrinsic
geometry of an embedded null hypersurface. In fact, we spec-
ulate that such a connection is essential for holography on a
null hypersurface.

Looming over the above discussion, however, is that we
are not granted a unique Koszul connection that satisfies the
conditions required. In the next section, we will go into more
detail of the structure group of a Carrollian structure, as well
as what is required to pick out a preferred Koszul connection
from the family of adapted connections. For now, it is useful
to assume such a preferred connection is given and provide
one more definition.

Definition 3 Let (7, g, £) be a Carrollian structure equipped
with a Koszul connection V such that Vg = 0 and V/ = 0.
Then, the quadruplet (H, g, £, V) is a Carrollian manifold
and the connection V is termed a Carrollian connection.

We note that elsewhere in the literature, Carrollian structures
equipped with an affine connection are sometimes called
strong Carrollian geometries.

Again, as for Carrollian structures, even a non-expanding
horizon could be assigned arbitrarily the geometric data nec-
essary to describe a Carrollian manifold. However, these are
non-canonical choices. As we will see in Sect. 4, when a
natural choice of spatial submanifold exists in H, there is a
canonical choice of Carrollian connection. In [40], these pre-
ferred spatial submanifolds were called “good cuts,” and can
always be found for non-extremal weakly isolated horizons.

Viathe above definitions, it is clear that a null hypersurface
embedding into a Lorentzian spacetime ¢ : H" < (M<, g)
can be realized by a unique pre-Carrollian structure, but does
not uniquely determine any stronger Carrollian geometry.
Consider, for example, the simplest non-trivial null hypersur-
face: the event horizon of a Schwarzschild black hole, given
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in Schwarzschild coordinates by H := {p € M | r(p) =
2m}. Motivated by [13], an incautious reader might conclude
that there is a single Carrollian structure associated with H.
Indeed, by setting g := t*g, the bilinear form is canonically
determined. However, such an association implicitly assumes
anatural choice of £. In this case, there is a unique (up to con-
stants) Killing vector field that generates the event horizon
(given in Schwarzschild coordinates by d;) which plays this
role. Then the canonical identification of £ := ;| yields the
desired association (see Sect. 5 for more details). It is impor-
tant to note, however, that this is a choice — one may have
chosen to identify £ with any vector field f(z, 8, ¢)d;|7, and
the resulting Carrollian structures would be distinct.

Indeed, given a vector field £ € I'(T M) that restricts to the
null vector field ¢ € I'(T’H), one can consider an arbitrary
null frame (n, £, m;) suchthatn - £ = 1andi € {3, ..., d}.
Null boosts given by

n— A"'n
l— Al

then will, in general, correspond to distinct Carrollian struc-
tures, related by

(H,g,0) — (M., g, AlnD).

It follows that the space of null hypersurface embeddings is
much larger than the space of Carrollian structures. Since the
space of pre-Carrollian structures is so large, it is challeng-
ing to invariantly classify. (Note however that NHSs with an
enlarged structure have been examined using Cartan’s mov-
ing frame approach, see [39].) In most cases, sufficient data
can be provided by the embedding geometry to canonically
construct more restrictive Carrollian geometries. As such,
this article will consider (briefly) the case of Carrollian struc-
tures and Carrollian manifolds in Sect. 3, and then we will
consider in more depth the case of special Carrollian mani-
folds in Sect. 4, which naturally arise from the induced geom-
etry of embedded null hypersurfaces such as non-extremal
weakly isolated horizons [40].

3 Intrinsic Carrollian geometries

As we are interested in utilizing Carrollian geometries to
characterize null hypersurfaces embedded in spacetimes, it
will be useful to develop a frame formalism viewing the
hypersurfaces as manifolds in their own right. The formal-
ism on Lorentzian manifolds has led to the development
of the Cartan—Karlhede algorithm which permits the local
characterization of any Lorentzian manifold [50]. This per-
mits the classification of solutions of a given gravity theory
using invariants, and can give insight into the physical prop-
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erties of a solution. For example, it is conjectured that cur-
vature invariants are able to detect the appropriate bounding
hypersurface for any black hole solution as the zero-set of
some invariant. This is encapsulated in a series of conjec-
tures known as the geometric horizon conjectures [51]. In
this section we will outline the geometric freedom or ambi-
guity in defining a frame formalism for Carrollian structures
and manifolds.

In a Carrollian structure (H, g, E), we have very little
structure to employ for classification. As mentioned in the
previous section, the structure group on a Carrollian mani-
foldis O(n — 1) x R"~!. To see this, consider some basis of
the tangent space, {£, 7i2;} with g(i2;, ;) < 0. Then we may
employ the Gram—Schmidt algorithm to find a new frame,
(€, m;} which yields the following inner-products using the
degenerate metric:

g(m;,mj) = —4jj. (1)

This condition is not just invariant under the action of O (n —
1) — there is an additional frame transformation that will pass
between diagonal metrics. If the Gram—Schmidt algorithm is
applied to the following basis {¢, /iz; + &£}, then the output
of the algorithm will be a new frame, {€, 1; + c; £} where the
inner product is again g(m; +cil, mj+ ch) = —4;;. Thisis
the additional factor of R"~! present in the structure group.

In principle, a weak classification of Carrollian structures
is possible by considering the sequence of Lie derivatives
of the metric g. For example, we can consider £;8 =: 2K.
This tensor is in some sense horizontal as it is unaffected by
shifts of the initial diagonal frame by £-terms and its com-
ponents are only affected by the group SO (n — 1). Using
the lifted frame, m; = Ri] m; where R is an arbitrary ele-
ment in SO (n — 1) we can consider directions that maximize
K (m;, m ;) to pick out geometrically preferred spatial direc-
tions modulo ¢-terms. Additional invariants could be deter-
mined by considering subsequent Lie derivatives of K with
respect to £ and Lie derivatives of the maximizing spatial
directions shifted by arbitrary ¢-terms. It is plausible that the
degeneracy in the Gram—Schmidt procedure could also be
fixed in some way. In fact, Figueroa—O’Farrill already began
this classification scheme for Carrollian structures, however
he only considered classification up to first order [44]. In par-
ticular, he found that Carrollian structures may be classified
into four families:

K =0;

K o g;

trK =0;

none of the above.

Ealb e

Note that viewed as a (n — 1) x (n — 1) matrix, g is invertible,
so we define tr K := Trace(g ™' K).

Note that the additional factor of R"~! in the structure
group can also explain our inability to uniquely construct
a complete coframe in the absence of some choice of the
covector dual to £. Instead, we can build a partial coframe
using the metric, ji' = g(m;, -). This mapping from frames
to the coframe is many-to-one since £ belongs to the radical
of g. Weak Carrollian structures appear in Carrollian field
theories in the hydrodynamic regime [42] where the choice
of adual to the fundamental vector field is imposed arbitrarily.
Similarly, a null hypersurface embedded in a spacetime can
be seen as a weak Carrollian structure if a rigging vector is
not specified [35].

However, given such a dual covector dual to £ ie. v(l) =
1, we are able to construct an associated coframe for T*H.
It is precisely such an object that we call an Ehresmann con-
nection, as it defines a horizontal subbundle HH. Further-
more, this reduces the structure group simply to O(n — 1)
by demanding that v(m;) = 0, eliminating the degeneracy
in the Gram—Schmidt procedure noted above. This reduced
structure group can then be used for further classification.
Indeed, a wealth of invariants may be generated using Car-
tan’s moving frame approach [52]. However, we leave this
potential avenue of classification for another time and do not
consider it further in this article.

We now return to the context of a Carrollian structure
arising from a null hypersurface embedding in a Lorentzian
spacetime. In that case, the fundamental vector field { is
viewed as arising from a vector field £ € T'(TM). A
null frame and coframe pair can then be constructed (non-
uniquely) for T M|y and T*M |y respectively, so that they
are adapted to ¢. Indeed, we may use a null coframe
{A, v, /,Li}, where A := g(¢, -), so that the metric takes the
form

g =2k — 8. )

Having fixed A, we have thus excluded both null rotations
about v and boosts in the (A, v) plane. Due to this, the struc-
ture group acting on the coframe adapted to a vector field £
that is null on a hypersurface consists of:

e spatial rotations: i' = Rij,uj, Rij eSOmn —1);
e null rotations about A: ¥ = v + ¢;u’ + |c|*A and A} =
' —+c' A forn—1real-valued functions, ¢;, where ¢; = ¢'.

These frame transformations appear in the study of degen-
erate Kundt spacetimes [53] and their application to gravity
theories such as quadratic gravity [10,54]. Furthermore in
the context of the geometric horizon conjectures, the above
frame transformations are used to construct the necessary
curvature invariant that detects the horizon [55].

Carrollian structures can appear in the study of null hyper-
surfaces when there is no preferred spatial slice and hence a
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specific transverse vector field that corresponds to an Ehres-
mann connection. Examples of this in the literature appear
for non-expanding horizons for a specific choice of ¢ and
for an extremal weakly isolated horizon where a preferred
£ direction is determined but no spatial slice arises from the
associated structures on the horizon [40].

In order to develop a canonical Koszul connection for a
generic null hypersurfaces, a choice must be made of either
a preferred spatial slice or equivalently the transverse direc-
tion. This is exemplified in the construction of Gaussian null
coordinates for an open neighbourhood of a null hypersurface
[56-58]. In the construction of these coordinates, one must
first choose coordinates for a spatial (n — 1)-dimensional sub-
manifold in the null hypersurface along with a vector-field in
the direction of the null generator of the hypersurface. Once
these choices are made there is a unique choice of a trans-
verse null vector-field pointing off of the hypersurface whose
corresponding one-form (via the musical isomorphism) acts
as the Ehresmann connection on the hypersurface. The rela-
tionship between the spatial slice, the Ehresmann connection,
and Gaussian null coordinates will be revisited in Theorem 1
of Sect. 4.

Using any Ehresmann connection, it is possible to canon-
ically construct a Carrollian connection [38], providing a
Carrollian manifold geometry on our Carrollian structure.
Consequently, it is then possible to consider the derivative of
vector-fields in the manifold and compute the torsion tensor,
curvature tensor and their covariant derivatives. (Note, how-
ever, that the torsion tensor depends only tensorially on the
choice of Ehresmann connection.) Compared to bare Carrol-
lian structures, Carrollian manifolds have very rigid struc-
ture, allowing for a larger set of geometric invariants.

However, there is a distinguished family of Ehresmann
connections that are more useful: the principal Ehresmann
connections. These Ehresmann connections respect the Car-
rollian structure in that £;0 = 0, even if these Ehresmann
connections are not characteristic tensor fields of the G-
structure. In the next section, we consider a specific family
of such Carrollian manifolds which naturally arise from null
hypersurface embeddings (which can also be shown to arise
from a principal Ehresmann connection).

4 Induced Carrollian manifolds

As mentioned in the introduction, we must induce sufficient
structure on a null hypersurface in order to describe its intrin-
sic and extrinsic invariants in a natural way, which can be used
to characterize the aforementioned black hole solutions. For-
tunately, this additional structure is available for many black
hole solutions of interest, and so does not significantly restrict
the applicability of this formalism. To that end, in this sec-
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tion, we do precisely that by examining a canonical Koszul
connection and then extracting differential invariants.

As discussed in the previous section, general Carrollian
structures do not pick out a unique Ehresmann connection.
However, when a Carrollian structure can be induced from
a null hypersurface embedding ¢« : ' H — (M, g) and a
distinguished null vector field £|3; along it, the family of
such Carrollian structures is greatly reduced. This is because
every null hypersurface can be (locally) foliated by spa-
tial slices, and thus there exists (at least) one integrable
I-form v such that t*v # 0. However, this 1-form can-
not annihilate ¢ anywhere, because then the kernel of (*v
would have non-constant dimension. So we may demand
that b = [*v(£)]"'*v, i.e. D(€) = 1. A simple calculation
shows v is integrable. So, a Carrollian structure arising as an
embedded null hypersurface admits an integrable Ehresmann
connection. In fact, the following results pin down these con-
nections even further:

Proposition 1 Ler (H, g, 57) be a Carrollian structure which
admits an integrable Ehresmann v connection, andlet S C 'H
be a hypersurface such that for every v € TS, v(v) = 0.
Then, there exists a unique closed Ehresmann connection v
such that v(v) = 0.

Proof Letp € §,andletV C §beaneighborhood around p.
Then, let {x?} be any set of coordinates on V. For a sufficiently
small neighborhood U C H around p one can then uniquely
extend these coordinates off V to U by keeping their values
fixed along integral curves of £. This coordinatizes U via
(u, x') and yields £ = 9,.

Now define V; := {p € Ulu(p) = t}. By definition,

Vo = V, however it does not follow that for every v € TV;,
we have that v(v) = 0. Given the canonical basis for 7'V,
and T*V;, we can then define
D=7 —D(d,)dx".
Since 1(d,:) vanishes on V, we have that v|y = v, and so
v is orthogonal to T Vy, as required. Furthermore, because
dxi(¢) =0 by construction, we have that b(f) = 1, and so
it is an Ehresmann connection. Finally, we must check that
v is closed.

As v locally generates hypersurfaces V;, it is integrable
and thus can be expressed as v = fdg for some functions
f, g € C*®U.Invoking the Ehresmann constraint that v (£) =
I and that v(9,:) = 0 by construction, we find that fdg =
du. Thus v is locally exact (on U) and hence closed on H.

Note that v is unique because any different choice of v
would fail to preserve the Ehresmann condition or the con-
dition that v preserves S. O

During preparation of this article, it was brought to our atten-
tion that this result is a special case of [59].

As a result of the above, there in fact exists a canonical
principal Ehresmann connection:
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Corollary 1 Let (H, g, 57) be a Carrollian structure which
admits an integrable Ehresmann connection v which is
orthogonal to a hypersurface S C H. Then the Carrollian
structure admits a canonical principal Ehresmann connec-
tion v that is orthogonal to S.

Proof From the proposition above, if U is an integrable Ehres-
mann connection on a Carrollian structure (H, g, £), then it
admits a closed Ehresmann connection v that is orthogonal
to S. From Cartan’s magic formula,

[:51_) =i;dv +dijp =0,
because dv = 0 and i;v = 1. Thus v is principal. O

As a consequence of Proposition 1 and Corollary 1, it is
clear that those Carrollian structures arising from null hyper-
surface embeddings should be (and can always be) prescribed
a principal Ehresmann connection.

Recall from the introduction that the Carrollian geome-
tries do not, in general, have a uniquely defined torsion-free
connection [44,60]. However, given a principal Ehresmann
connection, Bekaert and Morand [38] showed that one may
construct a canonical Carrollian connection.

The construction is as follows. First observe that, up to
spatial rotations, we have a canonical frame and coframe,
given by (£, m;) and (v, ji'), respectively, where i (£) = 0
and v(m;) = 0. Furthermore, we have a projector to the
horizontal vector (and form) bundles: namely, ¢ = 8% —
£°v,. By construction, we have that qZZ_“ =0 = qbaf)b.
Furthermore, a partial inverse g*” to the degenerate metric
g can be constructed via the relations g%°g,. = q¢,- This
partial inverse can be used to raise indices of horizontal 1-
forms — that is, if a)af“ = 0, then we can write 0% = g“bwb.
Using these objects, we can define the canonical Carrollian
connection V by the coordinate expression

I:A,oa = Z_Aa(p‘_)d) + %gkﬂ[apgﬂu + adgp/t - augpa]
— 3855 Lo 3)

One nice feature of this Carrollian connection is that, when
v is closed, v is parallel, i.e. Vi = 0.

It is thus clear that when a preferred spatial slice of a null
hypersurface is distinguished from the Lorentzian geome-
try, an induced Carrollian structure (H, g, £) picks out a
distinguished closed (and thus principal) Ehresmann con-
nection v and hence a distinguished Carrollian manifold
(H, g, l, 6) with a connection that renders v parallel. We
call such an induced Carrollian manifold specified by the
tuple (H, g, l,7, @) a special Carrollian manifold.

Remark 1 Observe that the family of Carrollian manifolds
induced from the data described above is much smaller than
the family of all Carrollian manifolds with the same Car-
rollian structure. Indeed, the Carrollian manifolds that arise

in this way are specifically those for which there exists a
covariantly constant dual to the fundamental vector field.

Having established the geometric structures required to
canonically determine a special Carrollian manifold from a
hypersurface, we now provide an equivalence of three differ-
ent ways this data may manifest itself in the bulk geometry.

Theorem 1 Let 1 : HY™' — (M9, g) be a null hypersur-
face embedding into a Lorentzian manifold. Let p € H and
let U C M be a small neighborhood around p. Then the
following are canonically equivalent:

e A defining function r for H N\ U paired with a null vector
n € IU'(T M)|nny transverse to 'H such that the one-form
V= 1*g(n, ) is closed and n(r)|yny = 1.

e Anullvector field ¢ € T'(T (HNU)) paired with a space-
like codimension-1 submanifold S C H N U containing
p;

e A Gaussian null coordinatization of U.

Proof We prove by cycling. We begin by defining ¢ :=
g '(dr, )|y. Since H is null, dr|3ny is null, and hence so
is £|nw - It then follows that dr (£) |~y = 0, and so there
exists £ € T'(T(H N U)) such that Ly = L. Now as
a non-vanishing 1-form on H N U, v has a d — 2 dimen-
sional kernel. Furthermore, because 7 () = n@)|qnu = 1,
we have that ¢ ¢ ker v, and thus ker v is spacelike. Now
observe that because v is an integrable Ehresmann connec-
tion, from Proposition 1, it is closed. Now let x, y € ker v.
Then, because v is closed,

0=dv(x,y) =x(() =y (x)) = v([x, y]),

so it follows that [x, y] € ker v. Thus we have a spacelike
integrable d — 2 distribution, which by the Frobenius theorem
yields the desired spacelike submanifold S € HNU. So we
have reached the second bullet point.

The third bullet point follows from a direct higher-
dimensional generalization of Friedrich et al. [57]. Thus we
obtain a set of coordinates on U given by (v, u, x4) such that

ds? = 2dudv + Adu?® + Badudx® + C4pdx?dx?,

where Alyy =0 = Ba|xy-

Finally, given a Gaussian null coordinates (v, u, x4) on
U as above, we make the canonical choices 7 := v and n :=
dy| . Clearly, n is transverse to H and null. Furthermore, we
find explicitly that g(n, -) = du, a closed one form. Thus it
follows that v := (*g(n, -) is closed. We have thus obtained
the first bullet point, which completes the proof. O

This theorem shows that these three ways of specifying
the additionally required data are equivalent, and they all
provide the same closed (and hence principal) Ehresmann
connection v as well as a fundamental vector £ on the null
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hypersurface with induced (degenerate) metric (H, g). This
information is sufficient to fully specify a special Carrollian
manifold (H, g, £,v, V), and it is such induced structures
that we will consider going forward.

Before we proceed, it is worthwhile to take stock of what
has been accomplished here. Given a null hypersurface H
embedded in (M, g), we have canonically induced suffi-
cient structure on H to regard it as a Carrollian manifold
in a geometrically natural way. This is entirely analogous
to, if more complex than, the procedure for spacelike (or
timelike) hypersurfaces. There, one can induce a Rieman-
nian (or pseudo-Riemannian) metric, which in turn induces
a Levi-Civita connection, giving the hypersurface a (pseudo-
)Riemannian structure in its own right. Having done this, one
can then begin to construct intrinsic and extrinsic differential
invariants of the embedding, such as the second fundamental
form.

Having succeeded at a similar task in the case of an embed-
ded null hypersurface, we are now situated to study similarly
intrinsic and extrinsic differential invariants of the embed-
ding. In principle, these invariants can be used to further
study null hypersurface embeddings via classification meth-
ods, such as one similar to the Cartan—Karlhede method.

4.1 Intrinsic differential invariants

We begin by considering the intrinsic differential invariants
associated to a special Carrollian manifold (H, g, £, v, V).
Given the connection in Eq. (3), the torsion tensor is given
by

4 ==& Ligea- 4)

Of particular use is the so-called intrinsic second fundamen-
tal form, given by

Kap = %‘c[gab-

As noted in Sect. 3, K is horizontal. Thus, in terms of this
tensor, we have that Tbac =20 Kf].

Next, we can express the curvature tensor in abstract index
notation via

Rap$aZ? = ([Va, Vpl + T4 V) Z€.

Rewriting this in terms of the intrinsic second fundamental
form, we have that

Rap“aZ® = ([Va. Vo] + 201 K Ve) Z°.

Now, in more general contexts with less constrained struc-
ture, one can extract invariants by applying invariant oper-
ations to those structures. For example, one might consider
producing additional differential invariants by evaluating the
exterior derivative of the Ehresmann connection (these are
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called the Carrollian torsion and acceleration in [14]). How-
ever, by construction, for a special Carrollian manifold, the
Ehresmann connection is closed, and thus no additional cur-
vature invariants appear. As noted in [14], this provides addi-
tional confirmation that such a principal Ehresmann connec-
tion produces an integrable horizontal bundle. Note that this
is a stronger condition than that imposed by [14], but it is
nonetheless always the case for special Carrollian manifolds.

Since Lie derivatives with respect to £ can be expressed in
terms of V and T (which in turn can be expressed in terms
of v and K), it is now clear that any intrinsic differential
invariant of the special Carrollian manifold can be expressed
via a tensor built from the following set of ingredients:

{8, 4,7, V, R, K}. )
4.2 Bundle decomposition on H

In order to relate spacetime invariants to their hypersurface
counterparts, it is essential that we provide a distinguished
decomposition of the tangent and cotangent bundles at a point
p € H C M. We will assume that a set of data specified by
Theorem 1 is given and that it determines the special Carrol-
lian manifold {*, g, ¢, v, V}. Now, consider a frame of 7,
which is canonically decomposed into vertical and horizontal
components: {¢, in'}. Here, {1’} form any orthonormal frame
for the horizontal subspace given by HH = kerv C TH.
As v is an Ehresmann connection, it is dual to £ and hence,
together with g, we have a coframe {v, (;}.

We would like to align a distinguished frame in the space-
time at the point p with that given for T),’H. At any such
point, there is a unique null rigging vector [35] n € T,M
that satisfies g(n, L*E) =1 and g(n, tm') = 0 that is trans-
verse to H. (Note that t*g(n, -) = v.) This vector can be used
to provide a distinguished decomposition

T,M = (n,) ® T,H. (6)

In fact, this decomposition induces asurjection T : T M|y —
T'H so that for any v € T M|y, we have that T (v) € TH.
Note that T is the left-inverse of the pushforward by ¢, in the
sense that (7 o 1,)(v) = v, for any v € T'H. Further, for
v L n in the sense that under the decomposition given, v has
a vanishing coefficient for n, we have that (1, o T)(v) = v,
and thus 7 is a partial right-inverse of ¢,.

The decomposition given in Eq. (6) can be further refined
by the pushforward of the frame . {¢, m'} := {€, m'}. We
thus achieve

T,M = (n,) & (£,) ® H,H.

This decomposition also agrees with the decomposition of
T'H because T'(n) =0, T(¢) =€, and T (m') = m'.



Eur. Phys. J. C (2024) 84:561

Page 9 of 18 561

A similar distinguished decomposition can be constructed
for the cotangent bundle at a point p € H. Defining A :=
g€, ), v:=g(n,-), and pu; := g(m',-), we find a distin-
guished decomposition

TEM = () © (vp) © HyH.

This decomposition, too, agrees with the decomposition on
the special Carrollian manifold, because (1) = 0, 1, (v) =
v, and 4 (u;) = [;.

With these decompositions in hand, we can now begin
to both relate connections and construct invariants of the
embedding.

4.3 Hypersurface calculus

In principle, every intrinsic invariant of a special Carrollian
manifold {H, g, £, v, V} can be built from Set (5). However,
as we are interested in studying those that arise from null
hypersurface embeddings and data specified as in Theorem 1,
it is imperative that we determine the relationship between
these objects and the defining objects of the bulk given by
{g,V, R, v, £}. Clearly, t:*g = g, and the relationships for v
and ¢ were given in the previous section.

We can now consider the first non-trivial calculation,
which involves finding a spacetime expression for K. As
T is a partial right-inverse of ., we can express T (£) as (*¢,
where * here is the inverse of the pushforward map. Thus,
we can write

K = %ﬁl*gl*g

= S iy +iped)i*g

= $0*(dig +ied)g

= 30"Leg

= OV
Having established a spacetime formula for the intrinsic sec-
ond fundamental form, we next turn to establishing the rela-

tionship between the spacetime Levi-Civita connection and
the induced Carrollian connection.

4.4 Spacetime-Carrollian relationships: the connection

Recall the distinguished decomposition of 7),e M :

T,M = (np) ® (£,) ® HyH.

Restricting the Levi-Civita connection to H, we can write
VT GT(TH) @ T(T M)y — T(TM)|y.

In order to describe the spacetime invariants in terms of intrin-
sic invariants of H and extrinsic invariants of the embed-
ding H — M, we must decompose this connection and

examine the projection onto each component. Specifically,
for u, v, w € I'(HH), we consider the following scalars:

AV, n%, vV n4, (L), V) 1,

AV, €4, AN (L) V, €9,

2V D) vV D) )V (D)

AV, an®, VeV, in?, (L)a V, 0",

AV, 0% vaV, b, (L) V, 0%,

PV VAR () CORVR vA IS () LN (0 7s) W AL () L )

4.4.1 Components of V' in the n direction

We begin by computing, in terms of intrinsic and extrinsic
objects, the derivatives in the left column of table in Eq. (7).

Observe that, because A(n) fad 1 everywhere on H, we can
write A4 V;n“ = —v, V;Z“. Restricted to the hypersurface
'H, this is the projection of VKT £% to the £ direction. However,
because ¢|}; generates a null hypersurface, we necessarily
have that V;£|E o £, with proportionality constant given
by the surface gravity of the hypersurface, denoted by «.
And so, we have that

)LaV;n“ = —«.

Next we consider A, Vlﬁn“ . This derivative measures how
the vector n changes in affine length as it is moved along
the horizontal submanifold. In the physics literature, this is
called the H4ji¢ek one-form [61-63] (or in the mathematics
literature, the normal fundamental form [64, Volume 4]). We
write

Ba = g5, p V). € T(HH),
so that
AV gn® = i Ba.

‘We now consider terms involving A with no dependence on
n—thatis, we consider terms of the form A, V; (txy)?, where
X,y € T'H, and x, y are their pushforwards, respectively. As
the Levi-Civita connection is linear both in x and y, and we
have that

MV [y =1V oyt = fraV,]

for all f € C°°M. Following Spivak [64, Volume 1, Sec-
tion 4, Theorem 2] and [64, Volume 3, Section 1, Theo-
rem 5], we have that there exists a symmetric tensor field
s :I'(T'H) x T'(T'H) — I'({n)). Hence we can write

hesSp X3 = =2V, L (1 5Y).
As A(14y) = 0, we can re-express this tensor as

A.cscab = L*(V(a)ub)).
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It follows that

AesSyy = Kap.

We have thus established that
AV 5 (1:5) = —Kapx95°.

However, K is horizontal, so the following four values can
be filled into the left column of table in Eq. (7):

AV €4 =0
V) (L0)* =0
AVt =0
ha V] 3 (1:0)" = —Kapit“ 0.

4.4.2 Components of V' in the € direction

We next compute the derivatives in the middle column of
table in Eq. (7) in much the same way as in the previous

subsection. As g(n, n) R 0, from the Leibniz property and
metric compatibility, we have that

Vg Vl—,r n =0.

By definition of surface gravity, we have that
Vg VZ— 24 = k.

Next, consider v, V;—u@“. By applying the Leibniz rule
to the definition of the H4jicek one-form and the fact that
A 2 v(e) 2 1, we have that

T pa _ _=a
vV, 0" = —uBa. ®)

Using this, we consider v, VZ (tx0)?. We evaluate below:

Vavg?r(l*l_))a 2 Va([‘*zv L*l_)]a + Vt*ﬁza)

=

V)L, 0]) + vV, 5
b([€, 0]) — “Ba
g (Vi — Vsl — TP 5) — 5B,

= =

[

D, Vo — 0By

— 578,

[

In the second equality, we used the standard result that
ty[u, v] = [, t,0], and in the third equality, we used
Eq. (8). In the fourth equality, we used the standard expres-
sion for the Lie bracket in terms of a torsionful connection,
and in the fifth equality we used that V£ = 0 and that

V. T%, = 0. In the sixth line we used the Leibniz rule, that
v(v) = 0, and that Vv = 0.

@ Springer

We finish this subsection by examining v, VL: 2 (L4
Similar to the previous subsection, we observe that for hori-
zontal vector fields u, v € H'H, we have that v, Vlﬁf(t*ﬁ)“
= fu, Vll—ﬁ (t50)* for f € C®M. So again following Spi-
vak, there exists a symmetric tensor field II : I'(HH) x
I'(HH) — T'((£)), labelled the extrinsic second fundamen-
tal form (or sometimes just the second fundamental form, for
short). So, we can write

azb . T 5
,puv’ = —vaVL*,;(L*v“)

[

(1 9)* (t4i0)” Vg V)
2 0)* (it)” L gab

S Logap) (i, V).

[

=

Thus, we have that
M = %L*Engab-
With this tensor in hand, we thus have that

T - —_ -
vavl*ﬁ(t*v)” = —I,pa0".
4.4.3 Components of V' in the horizontal direction

We finish this series of computations by considering the last
column in table in Eq. (7). The simplest of these derivatives
follows from the geodesicity of £, namely (L*zl))aVETZ“ =0.
Beyond this, two others are already easily computed using
the Leibniz rule and methods already established:

(tx)gV, - n% = Wypu®w”

Lyl

and

(ts)aV, 0% = Kapi®w®.
(7]

Next consider (t*zZ))aV;n”. Since V;v(t*w) = 0, we
have that

(L40)g V) n® = 09 B,

Now consider terms of the form (L*i))aVlﬁ (t40)4. To do
so, we generalize a similar result found in [64, Volume 3],
and hence consider the sum:

gk Vav! ok + g Vil wt — g Vgl o
= g (Vav! + Voil) + gt (Vo
— Vait)) + gjrit* (V! — Vi)
= gk QVed! + T/ a'o" + [, v))
+ g 0N (T @™ + [, w))

+ gt (T, 5"0™ + [5, ).
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Now let u, = txlp, vy = t40p, and wy, = 1,W), so that
u,v,w € TM|y. As before, we can use (* as the inverse of
the pushforward map here because these are horizontal vec-
tors. (Note that for what follows, we do not need to know how
u, v, w extend into M because we are only taking derivatives
indirections tangent to 7{.) Performing the same computation
with the spacetime Levi-Civita connection, a similar compu-
tation follows except the torsion vanishes. However, we also
have that

gk Vav/ wk = (v, w);

= id (D, b)g

= i, (v, Fw) g

= iy, di* (v, w)g

= i, d(v, w)g

= gahVuTv“ w.
We need to compute a similar result for the Lie brackets.
However, note that because H is a hypersurface, we have
that [v, w] =: x € TH. So in particular there exists x €

T M|y such that (*x = X. Viewing ¢ as a diffeomorphism
‘H — M|y, we have that

X = 14X = 1]V, W] = [0, w] = [v, w].

We now can compute at p € H C M:

(i, [0, WD)z, = (*u, o, wlheeg,
= ("g)p("u, *[v, w))
= gp(”v [vv U)])

= <M, [U, w])gp-
Combining these three computations, we have that
T - - = - - - - -
gabwbvv u® = gap (W’ Vi + %wa‘;ducvd

lobFa zcod | 1-bfa =c-d
+ 30" Toquw + 5" T 0 w?).

kaV;n“ = —«, vaVZTna =0,
AV €4 =0, vV 4 =k,
*aV{ (10)* =0, VoV (1) = —“ B,
AV, an® =i Ba, vV, an®=0,

AV, 09=0,

Lyl

2a V3 (L 0) == Kapit" 0",

T pa ~-qa
Vavl*,;z =—u"Ba,

vV, (14 0)* =—Tgpit“ 07,

Expressing this relationship in terms of the intrinsic sec-
ond fundamental form and noting that v(u) = v(v) =
v(w) = 0, we have that
(1 )a V, 5 (10)" = 10 Vit

We conclude this subsection by considering terms of the
form (t,w), V; (t4v)%. To do so, we will consider the intrinsic
derivative w,V;v*. As V& = 0 and g(¢,:) = 0, we can
express this derivative in terms of a Lie bracket and the torsion
tensor:

W Vi = all, 0]° + w09,
= wg[l, 0] 4 20 K9 07
= Wall, D]* + WK ap0".
Now for the same reasons as before, we have that 1, [¢, ] =

[, v], where v = (,v. As before, let w = ,w. Thus, we
have that

Wall, 11 = wyl€, v]°.

Now calculating in M on H, we have that

wyll, v]¢ (a3 an;v“ AV
B eV v — w v Viahpy — wv? (dA)ap
B eV v — (OVA) (140, tid) — (dA) (14, 1D)
B Vv — (i © V)@, B) — (Fdn) (i, D)

[

w, V) v" — K (0, 0).

So, putting this all together, we have that

(L) V) (140)" = 0, V09,
4.4.4 Summary of decomposition

For the purposes of clarity, we fill in table in Eq. (7):

(i) Vg n® = 0 By,
(L), V) €4 =0,
(L)a Vy (1:0)" = B, V707,
(L0)a Y, gn®=lgpit 0,
()oY, 7" = Kapit“w",
(Ls0)a YV, (150) =1, Vigv“.

©)
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Observe that the difference between the spacetime con-
nection along H and the induced connection on H is quanti-
fied by the extrinsic data specified by «, 8, and II, as well as
the intrinsic tensor K. A subset of these invariants were also
noted in [65].

4.5 Spacetime-Carrollian relationships: the curvature

Having established relationships between V' and V, we now
have the tools to rewrite the various projections of the space-
time Riemann curvature to H in terms of extrinsic data (such
as k, B8, and II) and intrinsic tensors (such as R and K).

We first consider the tangential component of the space-
time Riemann curvature. Since 7'H can be decomposed into
(¢£)y @ HH, we will need to consider projections into each
component, resulting in (naively) 16 projections to compute.
As before, we will assume that 7, i, v, w € I'(HH) and
their pushforwards are denoted, respectively, by ¢, u, v, w €
(T M)l

For arbitrary vector fields T, U, V, W € I'(T M), we have
that

TUPVEW? Rapea

= V.(VrVyW¢ = VyVrWe¢ — V[T’U]WC).
Using this identity and the table in Eq. (9), we wish to rewrite
various projections of spacetime curvatures in terms of the

intrinsic curvatures R and K and extrinsic curvatures g and
II. The resulting family of identities is:

11UV w? Rypeq 2 7 5 (Rapea
+ Haa Kpe — UacKpa — Mpa Kac
+ pe Kaa)
1uP 6w Rapea 2 2855 (V5 Kaya + Bip Kaya)
U nw! Rapea 2 2000 (VMg — Biollara)
19un 04 Rapea 2 28" (K efallly — ViaBpy)

H _ _ —_
EaubﬂcwdRabcd = —ubwd(VgKbd + szd — kKpgq)

=

i’ (VpBa
— Villpa — BpBa — Kyllaa — k1lpg)

Cubn ! Rapea = —it® (ViBo + Vipic + 2B, KJ).

Cubnw? Ryped

The remaining projections can be found by application of
the first Bianchi identity. However, note that the first Bianchi
is not the traditional statement that Rjzpcj¢ = 0. Indeed,
because the torsion of V is non-vanishing, we have a more
complicated first Bianchi identity:

R[abc]d - T[abeTlelc]d - v[uTbc]d = O,
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where Type = 8ed Tadb. Given the formula for T in terms of the
Ehresmann connection and the intrinsic second fundamental
form, we end up with

R[abc]d + 2‘_j[aﬁbl(c]d = 0.

For example, we can use this identity to compute LR yped.-
Note that similar identities can be found for a different,
torsion-free (but non-metric) Koszul connection [45].

To summarize, in this section we have established a list
of tensorial quantities that can be used to fully classify a
special Carrollian manifold resulting from a null hypersur-
face embedding. As discussed in the introduction, one of the
goals of this article was to construct a family of intrinsic and
extrinsic invariants of such embeddings, so that we may bet-
ter understand the geometric description of black hole ther-
modynamics. Furthermore, as these geometric invariants can
be whittled down to their conformally-covariant pieces, we
suspect they will be instrumental in understanding the ther-
modynamics of black holes that are conformally related to
stationary black hole solutions. As noted in [66], one can
always decompose conformally-covariant geometric quanti-
ties along a Riemannian hypersurface in terms of a finitely-
generated family of intrinsic and extrinsic geometric objects.
We expect that a similar situation will hold for null hyper-
surfaces, however the finitely-generated family of invariants
will have more structure. As such, the invariants produced
in this section merely make up these invariants up to first
order in derivatives of the metric, and this family will require
further development. We leave this as a task for future work.

5 Examples
5.1 Schwarzschild black hole

As an illustration of our construction, we first consider
the simplest (non-trivial) spacetime with an embedded null
hypersurface: the Schwarzschild black hole with metric (in
Schwarzschild coordinates)

ds® = (1 = 2yar® — (1 — 2y~ 'ar? — 1242,

where d2? is the metric on the round sphere. With this exam-
ple, we show that our approach recovers previously known
quantities [57]. The event horizon is given by the null hyper-
surface defined by H :={p € M | r(p) = 2m}.

The geometry distinguishes a fundamental vector field that
generates H. Indeed, there is a unique Killing vector field that
generates the null hypersurface: 3;. We thus define £ := 9, |7.

As the spacetime is spherically symmetric, there is also
a distinguished spatial slice of the hypersurface: the round
sphere. So on H, we can foliate by spatial slices

Sty ={p € H | t(p) = to}.
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No_w following the construction of Friedrich et al. [57]
with £ and S;,, we find that in Gaussian null coordinates, the
metric is given by

2
g = (1 - —m) du? + dudr — r2dQ?,
r

with canonical rigging vector n = 9,. In this coordinate
system, £ = 9,,. We also obtain the following coframe

v = du,
2
A=dr — <1 ——m>du,
r
m! =rdé,

m? = rsin 0de.

‘We can now directly compute the invariants of the induced
special Carrollian manifold. First, observe that the degenerate
metric g on H is given by

g = —4m>dQ>.

Since g is independent of u, we have that K = 0. Further-
more, because v is constant under partial differentiation and
the torsion vanishes, we find that I are precisely the Christof-
fel symbols of a round sphere with radius 2m, and so R is
that of the same.

In Gaussian null coordinates, we can explicitly compute
the extrinsic invariants as well using the table in Eq. (9):

4dm
B =0,
n=-Lg
4dm

5.2 Non-spinning Thakurta metric

The non-spinning Thakurta metric [67] is a time-dependent
conformal rescaling of the Schwarzschild metric:

2
ds? = ¢ 2UW ((1 - _m) du?® + dudr — erQZ) .
r

Within the non-spinning Thakurta class of metrics, there
are several interesting solutions to general relativity. For
example, the Sultana—Dyer solution [68] which describes
an expanding black hole in an asymptotically Einstein—de
Sitter universe is conformally related to the Schwarzschild
solution and lies in the Thakurta class of metrics. Among
other solutions contained in the non-spinning Thakurta class
of metrics are the generalized McVittie solutions with a time
dependent mass proportional to the scale factor [69,70] and
the more recent black hole solutions or cosmological solu-
tions [9]. Due to the simplicity of this metric we will examine

the behaviour of the null hypersurface and compare it with
the original Schwarzschild metric.

While the spacetime does not admit a null Killing field that
generates the event horizon at H = {p € M | r(p) = 2m},
it does admit a conformal Killing field which generates the
null hypersurface, d,,, and so we define £ = ,,|. Just as in
the Schwarzschild case, it also admits a distinguished spatial
foliation of H parametrized by u and given by the round
spheres S,.

In this case, Gaussian null coordinates are not necessary
as the canonical rigging vector is chosen to be n = €2V 3,
which gives the following coframe

v = du,

2
r=e2U (dr — (1 — —m)du> ,
r

m! = eUrdG,

m? = eYrsin(9)dg.

We now explicitly compute the invariants, both intrinsic
and extrinsic. Here, the intrinsic second fundamental form is
non-vanishing. In fact, this is expected: the conformal rescal-
ing of the Schwarzschild metric, in a way that depends on
the u coordinate, implies that the induced metric on a spa-
tial slice will not preserve lengths when Lie dragged in the
¢ = 9, direction.

The lowest order intrinsic invariants are then

Kij = -U'gj,
. o2U
Riju = m(gikgjl — &ilgjk)-

Using the expressions in Sect. 4.4.4 the remaining expres-
sions for the curvature tensor can be computed in terms of
these.

The extrinsic curvatures can similarly be computed, yield-
ing

8U'm% +m
K= ————————,
4m?
B =0,
. e2U
T am®

Comparing the above invariants with that of the Schwarzs-
child black hole, we see that these null hypersurface embed-
dings are certainly distinct. We observe that certain quantities
(such as the trace-free pieces of K and II, as well as the whole
of B) are conformally covariant, as expected. It will be these
quantities (and others, such as the intrinsic Weyl tensor) that
will be essential for characterizing the intrinsic and extrinsic
invariants of conformal Killing horizons, and can be used to
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relate the thermodynamics of conformal-to-stationary black
holes and their stationary counterparts.

In addition, from [9] it was noted that these solutions can
potentially describe black hole solutions when the null hyper-
surface is a non-singular surface. This occurs when the con-
formal factor, U (1) is bounded, and is reflected in the bound-
edness of the Carrollian invariants.

5.3 An arbitrary d — 1 dimensional null hypersurface

Following from the examples of the horizon of the Schwarzs-
child solution and the conformal Killing horizon for the non-
spinning Thakurta metric, we examine the general case of a
null hypersurface in a d-dimensional spacetime to concretely
illustrate how the Carrollian invariants appear as geometric
invariants.

In the construction outlined in this article, in order to study
a given null hypersurface in a Lorentzian spacetime one must
choose some spatial slice of the null hypersurface and build
coordinates {x“} on this slice. In addition, a representative
vector field, £, of the generating null direction of the null
hypersurface must be chosen to be normal to this spatial slice.
With these choices, a Gaussian null coordinate system can
be constructed locally and the metric of the spacetime takes
the form [57]:

ds? = 2dudr + r Adu® + 2r Badudx® + Capdx"dx",
(10)

where A, B and C are smooth functions of u, r, x such that
C 4p is a negative definite (d — 2) x (d — 2) matrix. In this
coordinate system, the hypersurface, H is located at » = 0.

This construction picks out a single null vector-field trans-
verse to the hypersurface, n = 0, along with its dual
v = g(n,—) = du as the principal Ehresmann connec-
tion for the Carrollian manifold. In the spacetime, we can
construct the coframe:

v = du,
A=dr +rAdu + rBCdxC,
w=m'-dxC, (11)

with the dual frame basis,

=0, —rA0d,
n =0,
m; =m (d,c —rBcdy), (12)

where m’C is an invertible matrix with inverse mic, satis-

fying, SijmiAij = C4p. On the Carrollian geometry, the

@ Springer

degenerate metric g on H is
g’ = CAdeAde.

To investigate the intrinsic and extrinsic invariants of the
induced special Carrollian manifold, we will compute the
connection coefficients in the bulk and restrict to the hyper-
surface. The lowest order intrinsic invariants are then

Kij = —n(mgic))m § |r=o.
Rijk = 2mu(Tjij i) lr=0s (13)
where

1
Liji = E(Dijk — Djik — Dji),
and
D'y = [mp(m' e pm 1.

All other components of the curvature tensor and torsion
tensor can be reconstructed from these quantities using the
expressions in Sect. 4.4.4.

The extrinsic curvatures are

1
= Sn(rA)—.

Bi = n(rBc)m, |0,

While these invariants are quite general, they will be fur-
ther constrained by asking that the null hypersurface has
some physical significance for the spacetime, such as a
Killing horizon or a conformal Killing horizon. To do this, it
will be necessary to characterize and distinguish the Carrol-
lian geometries associated with such physical null hypersur-
faces.

6 Classification of Carrollian geometries

We have noted that, under a conformal transformation, a sta-
tionary black hole solution may not be mapped to a new black
hole solution. For example, in the case of the Schwarzschild
solution, a conformal transformation can lead to cosmologi-
cal solutions [9]. One approach to determining when a solu-
tion describes a black hole solution is by locally character-
izing, or classifying, the solution. As our methods provide a
canonical list of geometric invariants for such a conformally-
related spacetime, the invariants so-described should also be
usable to determine whether such a spacetime is indeed a
black hole solution.

The classification of Lorentzian manifolds can, in princi-
ple, be accomplished using the Cartan—Karlhede algorithm
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[71]. In this algorithm, an invariantly defined frame is deter-
mined by specifying canonical forms of the curvature tensor
and its covariant derivatives up to a finite order. The max-
imum order of covariant differentiation and the uniqueness
of this invariant frame is explicitly determined by the algo-
rithm. In addition, in the context of the geometric horizon
conjectures, for all weakly isolated horizons, which includes
Killing horizons, the classification of black hole solutions
using this algorithm identifies a specific curvature invariant
that characterizes the horizon [55].

Returning to the problem of determining when a black
hole solution containing a Killing horizon yields a new black
hole solution under a conformal transformation, this could be
achieved locally by characterizing the resulting null hyper-
surface. Here, we will establish the mathematical framework
for such a characterization of null hypersurfaces, with the aim
to identify null hypersurfaces acting as black hole horizons
in future work.

While null hypersurfaces are embedded in a Lorentzian
manifold, we have shown that the intrinsic geometry of a
null hypersurface is not Lorentzian but instead is Carrol-
lian and hence admit a torsion tensor in addition to a cur-
vature tensor. Cartan—Karlhede algorithms have been devel-
oped for geometries admitting torsion such as teleparallel
geometries and Riemann-Cartan geometries [72]. However,
these geometries still rely on the Lorentz group as a structure
group. This motivates the investigation of a Cartan—Karlhede
algorithm for Carrollian geometries equipped with a canon-
ical connection.

In this section we outline an approach for computing
all invariants to locally characterize a Carrollian manifold
using the torsion tensor, the curvature tensor and its covari-
ant derivatives. This approach will rely on the existence of
a principal Ehresmann connection in the Carrollian mani-
fold, which is guaranteed in the case of a null hypersurface.
Equipped with this preferred Ehresmann connection, it is
possible to determine the components of the connection rela-
tive to the frame {e;} = {£, m;} or the coframe {6/} = {v, '}
as

Mg =elef @ueg +egT",) (15)

where e; = ¢/°9, and 67 = e’ d¥.
Relative to this frame, we can compute the torsion tensor
for the Carrollian manifold:

T = T i @5 A . (16)

In principle, this tensor allows for the fixing of the Carrollian
boost parameters. If this is not possible, the curvature tensor
may be computed and the components, R;; ik can be used to
fix the Carrollian boost parameters instead. The remaining
SO((n — 1) freedom can be used to fix a canonical form for

the components R; k- Further fixing of the Carrollian group
parameters can be accomplished by computing the respective
covariant derivatives of the torsion tensor and the curvature
tensor. We note that it may be advantageous to use Carrollian
boosts for which the resulting Ehresmann connection is no
longer principal in order to achieve a canonical form for the
torsion tensor or curvature tensor.
This suggests the following algorithm.

1. Set the order of differentiation, g to zero.

2. Compute the derivatives of the torsion tensor and curva-
ture tensor up to order ¢

3. Determine a canonical form for the g-th derivatives of the
torsion tensor and curvature tensor.

4. Fix the frame parameters using these canonical forms and
record the residual frame freedom, denoted as H,.

5. Find the number of functionally independent components,
t4 of the torsion tensor, curvature tensor and their deriva-
tives in the canonical form.

6. If dim(H,) = dim(H,_1) andt; =141, setp+1=gq
and stop. Otherwise, increment ¢ by 1 and go to step 2.

Here, the integer p denotes the highest order of differentiation
where new geometric information is introduced.

Given two special Carrollian manifolds, in order to deter-
mine their equivalence it is sufficient to determine the canon-
ical form of the torsion tensor, curvature tensors and their
respective covariant derivatives for one special Carrollian
manifold and attempt to impose the same canonical forms
for the other. This is a necessary condition for equivalence,
but not sufficient. A sufficient condition follows from com-
paring the components of their respective canonical forms
and solving the resulting equations arising from equating
each invariant in the first special Carrollian manifold with
the corresponding invariant in the second special Carrollian
manifold.

7 Conclusion

In this paper, we have utilized Carrollian geometric struc-
tures to describe, in a canonical way, the intrinsic and extrin-
sic invariants of special Carrollian manifolds; these can (in
many cases) be mapped onto conformal-to-stationary black
hole solutions. Key to this construction was the naturality,
both from a mathematical and physical perspective, of the
induced connection on the Carrollian manifolds. We then we
used this method to build conformal invariants that relate
the Schwarzschild solution to non-spinning Thakurta met-
rics in a methodical manner. This straightforward application
motivates the use of our approach to compute the conformal
invariants for more general metrics and study their thermo-
dynamical properties.
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Furthermore, as the developed theory introduces a com-
plete first-order family of geometric tensorial invariants for
these solutions, in the future we hope to be able to use these
invariants to determine whether a spacetime truly does con-
tain a black hole solution, rather than a cosmological solution.
The question of when a dynamical black hole is conformal
to a stationary solution is significant in the context of the
geometric horizon conjectures [51]. In comparison with the
standard curvature invariants used to detect the horizon in
[73,74], the level sets constructed from our set of invariants
may yield different hypersurfaces and this suggests several
possible horizon candidates where it is not obvious which
hypersurface will give the appropriate black hole boundary.

As another application, the methods introduced in this
paper can be used to investigate the existence and behaviour
of particles on the event horizon of black hole solutions. In
[75], the authors study the behaviour of massless particles
on the event horizon of the Kerr—Newman black hole. In
this case, the event horizon is a Killing horizon, and hence
the Carroll geometry is torsion-free. This is natural, as their
results rely on an approach introduced by [76] where Carrol-
lian particles are studied in a gravitational field with torsion
set to zero. This is incredibly helpful for studying the phe-
nomenological behaviour of dark photons but unfortunately
does not give insight into the case of Carrollian geometries
with torsion, which is a natural part of Carrollian geometries
[44] coming from null hypersurfaces, such as black hole event
horizons, in general.

In this paper we have argued for a canonical connection
[38] for such Carrollian manifolds, which explicitly specifies
the torsion and curvature terms needed to compute the equa-
tions of motion for Carroll particles in a gravitational field
with torsion. We note that such an extended formalism would
reproduce known results, such as the behaviour of dark pho-
tons on the event horizon of the Kerr—Newman black hole but
could be applied to more general black hole solutions such
as dynamical black holes which are conformally related to
Kerr—Newman black holes or charged black holes admitting
a weakly isolated horizon.

From a purely mathematical perspective, as a result of
developing this formalism, we have provided clarity on the
types of Carrollian geometries that can be associated to null
hypersurface embeddings. Indeed, outside of applications to
physical black holes solutions, we expect that interesting
and fruitful classification results of more general Carrollian
geometries will follow naturally from the framework devel-
oped here. Beyond just the geometries investigated in this
article, elsewhere there has also been some work on con-
formal Carrollian structures [14,17,19] which may dove-tail
nicely with our constructions. In future work we hope to tie
in our constructions with those structures as well.
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