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Abstract

This work derives upper bounds on the convergence rate of the moment-sum-of-
squares hierarchy with correlative sparsity for global minimization of polynomials on
compact basic semialgebraic sets. The main conclusion is that both sparse hierarchies
based on the Schmiidgen and Putinar Positivstellensétze enjoy a polynomial rate of
convergence that depends on the size of the largest clique in the sparsity graph but
not on the ambient dimension. Interestingly, the sparse bounds outperform the best
currently available bounds for the dense hierarchy when the maximum clique size is
sufficiently small compared to the ambient dimension and the performance is measured
by the running time of an interior point method required to obtain a bound on the global
minimum of a given accuracy.
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1 Introduction

This work provides rates of convergence for the sums-of-squares hierarchy with cor-
relative sparsity. For a positive n € N, consider the polynomial optimization problem

in:=y min X
Smin yxes(g) fx)

where f is an element of the ring R[x] of polynomials in x = (x1, ..., x,), and S(g)
is a basic compact semialgebraic set determined by a finite collection of polynomials
g=1{g1,....85) by S@® ={x eR": gi(x) =0, i = 1,....k}. An approach to
attack this problem, first proposed by Lasserre [10] and Parrilo [20], is as follows:
Imagine we knew that f(x) — A could be written as

k
f)=r=) o0jgj(x) or fx)—r= Y  o;[]e),

j=0 JC{l,....ky  JE]

with go(x) = 1 and o; and o, being sum-of-squares (SOS) polynomials. Then the
right-hand sides of each of these equations would be clearly nonnegative on S(g), so
we would know that fpnin > A. By bounding the degree of the SOS polynomials, we
obtain the following two hierarchies of lower bounds:

k
Iby (f, r) = max {A eR:f—r=) ojgj deglojg;) <2r, oj € E[x]} s
j=0

Ib,(f.7) =max{k eR:f—r= ¥ oy[ljes8j deg (O'] [Tjes gj) <2r, 0;¢€ E[X]},
ISl )

where X[x] is the convex cone of all sum-of-squares polynomials. These satisfy
Ib,(f,r) <1b,(f,r) < fmin- The lower bound b, (f, r) is associated to a so-called
quadratic module certificate, while 1b,, (f, r) corresponds to a preordering certificate;
this terminology is justified by the definitions in Sect. 1.2. The well-known Putinar
and Schmiidgen Positivstellensétze [21, 23], respectively, guarantee that these bounds
converge to fmin asr — +00, the former with the additional assumption that the asso-
ciated quadratic module be Archimedian.! Here we prove sparse quantitative versions
of these results.

! This means that there are R > 0 and oj € Z[x] such that R — ||x\|2 = Zj 0j8;j(x).
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Convergence rates for sums-of-squares hierarchies with...

Table 1 Known results on the asymptotic error of Lasserre’s hierarchies of lower bounds; based in part on
[25, Table 1]

Domain S(g) Error Certificate Ref
Archimedean O(1/1log(r)¢) Quadratic module [18]
Archimedean o(1/r¢ Quadratic module [2]

General o(1/r¢ Preordering [24]
General o(1/r¢ Quadratic module & uniform denominators [16]
sn—1 o/ r2) quadratic module/preordering [4]

{0, 1} See [26] Quadratic module/preordering [26]
B" o1/ r2) Quadratic module/preordering [25]
[-1, 17" o/r? Preordering [14]
A" o(l/r) Preordering [9]

A" o/r? Preordering [25]
The domain S(g) is assumed to be compact in all cases, € € [0, 1/2), ¢ > 0, §7=1 ig the unit sphere, B" is

the unit ball, A" is the standard simplex

Polynomial optimization schemes have generated substantial interest due to their
abundant fields of application; see for example [12, 13]. The first proof of conver-
gence, without a convergence rate, was given by Lasserre [10] using the Archimedian
Positivstellensatz due to Putinar [21]. Eventually, rates of convergence were obtained,;
initially in [18] these were logarithmic in the degree of the polynomials involved, and
later on they were improved [2, 4, 14, 25] (using ideas of [3, 22]) to polynomial rates;
refer to Table 1. The crux of the argument used to obtain those rates is a bound of
the deformation incurred by a polynomial strictly-positive on the domain of interest,
as it passes through an integral operator that closely approximates the identity and is
associated to a strictly-positive polynomial kernel that is itself composed of sums of
squares and similar to the Christoffel-Darboux and Jackson kernels (see Definition
10). More recently, results showing an exponential bound on the convergence rate
was obtained in [1] with the additional assumption on the positive definiteness of the
Hessian at all global minimizers.

The techniques used to obtain these results generally involve linear operators on
the space of polynomials (mostly Christoffel-Darboux kernel operators; see [25]) that
are close to the identity and that, for positive polynomials, are easily (usually, by
construction) proved to output polynomials that are sums of squares and/or of their
products with the functions in g. All of these results deal, however, with the dense
case.

In this work, we treat the case where the problem possesses the so-called correlative
sparsity, where each function g; depends only on a certain subset of variables and
the function f decomposes as a sum of functions depending only on these subsets
of variables. This structure can be exploited in order to define sparse lower bounds
that are cheaper to compute but possibly weaker. Nevertheless, these sparse lower
bounds allow one to tackle large-scale polynomial optimization problems arising from
various applications including roundoff error bounds in computer arithmetic, quantum
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correlations and robustness certification of deep networks; see the recent survey [15].
In [11] Lasserre proved that these sparse lower bounds converge as the degree of the
SOS multipliers tends to infinity provided the variable groups satisfy the so-called
running intersection property (see Definition 1). A shorter and more direct proof
was provided in [6], and was adapted in [17] to obtain a sparse variant of Reznick’s
Positivstellensatz. In this work, we show polynomial rates of convergence for sparse
hierarchies based on both Schmiidgen and Putinar Positivstellensitze. Importantly, we
obtain rates that depend only on the size of the largest clique in the sparsity graph rather
than the overall ambient dimension. This allows the perhaps surprising conclusion that,
asymptotically, the sparse hierarchy is more accurate than the dense hierarchy for a
given computation time of an optimization method, provided that the size of the largest
clique is no more than the square root of the ambient dimension. This assumes that the
running time of the optimization method is governed by the size of the largest PSD
block and the number of such blocks in the semidefinite programming reformulations
of the dense and sparse SOS problems which is the case for the interior point method
as well as the most commonly used first-order methods.

To the best of our knowledge, these are the first quantitative results of this kind. Our
proof techniques rely on an adaption of [6] and utilize heavily the recent results from
[2, 14], and can thus be seen as a generalization of these works to the sparse setting.

Since our results are very technical and their full statement necessitates the intro-
duction of a lot of notation, we have prepared a rough summary to help the reader get
a glance at what they are, presented next. We urge the reader to mind the fact that we
have not fully spelled-out all the details and definitions, for which we refer to the next
section.

Definition 1 A collection {Jy, ..., J;} of subsets of {1,...,n} D J; satisfies the
running intersection property if forall 1 < k < £ — 1 we have

k
Jenn | Jj € J; forsomes < k. (RIP)
j=1

Theorem 2 (Rough summary of results) Let:

n >0, ¢ > 0, and k be positive integers,

[ ]

ery,....rg e N r; =(j1,...,7j ) be some multi-indices withr; ; > 1,

e Ji,...,Jy C{l,...,n} be sets of indices satisfying (RIP),

® D1, ..., pe be polynomials such that p; depends only on the variables x; with

i € Jj, and its degree in the variable x; is < r} ;,
p = p1+ p2+ -+ pe be a polynomial that this a sum of the polynomials
Pl .-+ Pe

We will denote by |J ;| the cardinality of the set J ;.
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Convergence rates for sums-of-squares hierarchies with...

i

il.

(Schmiidgen-type, Theorem 6) Assume that, for large-enough c; > 0 (determined

explicitly in the statement of Theorem 6 and depending only onn and Jy, ..., Jg),
IpllLoe—1,117
px) = o= ()
3max;; 1751
i

foralll <i <n, 1 <j <4t andx €[—1,1]". Then p can be written as a sum
p = hi+ -+ hg of polynomials hj that belong to the respective preorderings
generated by the polynomials 1 — xi2 withi € Jj and only depend on the variables
x; with i € Jj. This means that there are polynomials o; k that are sums of
squares, that depend only on x; for i € Jj, and such that

hi= Y ojk [[—xn.

KclJ; mekK

The sum is taken over all (possibly empty) subsets K of J;; the product on the
right is understood to be 1 when K = . Moreover, the degree of each term
0j.K Hmejj (1-— x,%) in the variable x; is bounded by v ;.

(Putinar-type, Theorem 8) Additionally we let

e Ki,...,Ky C {1,...,/2} be sets of indices,

® 21...., 8¢ be polynomials such that, if m € K then g, depends only on the
variables x; with i € J;, and satisfying some additional technical assump-
)
tions.

Now, instead of assuming (1), we assume that, for large-enough ca, c3 > 0 (deter-
mined more-or-less explicitly in the statement of Theorem 8 and depending only

onn, Ji, ..., Jg, 15y &)

) (Ipll=(sg) deg pj >_; Lip p;)=
1
7]
rii

px) >c

)

forxinthesetS(g) ={x e R": g;(x) =0, j=1, ...,E}, andforalll <i <n,
1 < j < L Then p can be written as a sum p = hy + - -- 4+ hy of polynomials
hj that belong to the respective quadratic modules generated by the polynomials
(8i)iek; and only depend on the variables (x;)iej;. This means that there are
polynomials o o and oy that are sums of squares, that depend only on x; for
i € Jj, and such that

hj=o0j0+ Z O} k8k-
kEKj

2 Apart from assumptions of scale (3) and an Archimedean condition (4), for this simplified version of the
results we have for simplicity taken L; = 1 and ¢; = 1 in the statement of Theorem 8. With these values,
the exponent of ¢ in (5) is (238 + 55|J;()/9, which we estimate from below with the simpler expression
26+ 6|J] to derive the statement of Theorem 2.
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Moreover, the degree of each term o o and o gk in the variable x; is bounded
by rji+ 2.

Although the exponents of 7; ; in the above statement are often much smaller than
2, hence making the rates slower than those that had been obtained (see Table 1) for
the dense case, we have also analyzed the complexity involved in solving the corre-
sponding optimization problems, showing that the sparse hierarchies may outperform
the dense ones in certain situations.

We proceed to summarize this analysis. When using the sums-of-squares hierar-
chies, we use, as a proxy for the complexity necessary to obtain a certificate that a
lower bound of the minimum of a polynomial p has been found to ¢ > 0 accuracy,
the size and number of the positive-semidefinite (PSD) blocks in the corresponding
semidefinite program (SDP).

We denote:

® Byense(€) the size of PSD block in the dense case, which is equal to the number
(” Jrrr) of monomials of degree r in n variables, and in our argument we take r to
be of the order of O(¢~1/2) as in the best results listed in Table 1,

® Bgparseschm (¢) the size of the largest PSD block in the sparse case of Theorem 2i.
(i.e., optimizing over [—1, 1]" using a Schmiidgen-style scheme), multiplied by
the number £ of blocks,

® Byparseput (¢) the size of the largest PSD block in the sparse case of Theorem 2ii.
(i.e., optimizing over S(g) using a Putinar-style scheme), multiplied by the number
£ of blocks.

The quotients

BsparseSchm ) and BiparsePut (&)
Bdense (€) Bdense (€)

being < 1 is thus indicative of our rates being better than the dense ones.

Proposition 3 (Summary of SDP size results) With some technical assumptions, we
have:

1. (Proposition7) If n > |Jj|2 +3|Jjlforalll < j < {, then, for minimizing p over
[—1, 17", we have

m BsparseSchm (€) _
eN0  Bdense(€)

2. (Proposition 9) If n > 6|Jj|2 +26]J;j| forall 1 < j < {, then, for minimizing p
over S(g), we have
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BsparsePut (€)
im ————— =
eNO0  Bense(¢)

In other words, our rates improve on those already found for the dense case as long
as n is sufficiently large with respect to the sizes | J;| of the blocks of variables indexed
by the sets Ji, ..., J¢, and ¢ > 0 is sufficiently small.

Let us turn to some concrete examples. The functions in our examples were consid-
ered before in [27, §6.1], where sums-of-squares algorithms leveraging sparsity were
benchmarked on them.

Example 4 Consider the chain singular function for x € [—1, 1]":

fes) = 37 (G 410007 4+ 5002 = x043)” + (i1 = 20042)* + 106 — 103149)*)

ieP
where P = {1,3,5,...,n — 3} and n is a multiple of 4. Then we can take J; =
{j,j+1,j+2,j+3}for j =1,...,n — 3, so that these sets satisfy (RIP) and
|Jj| = 4. The proofs of Propositions 7 and 9 show that in this case we have, for

large-enough n and as € N\ 0,

BsparseSchm (&) = 0(e n 14) and Bsparseput (&)

= 0(77%).
Bense (€) Bense (€)

Example 5 Consider the Broyden banded function, defined for each n € N by

2
n

fe) =D | x@+5x)+1=Y A+xpx; | .

i=1 jep;

where P, = {j : j # i, max(l,i—5) < j < min(n, i+1)},onthebox[—1, 1]". Then
Ji = P; U{i}, and |J;| < 7, and these sets satisfy (RIP). The proofs of Propositions 7
and 9 show that in this case we have, for large-enough n and as ¢ N\ 0,

BgparseSchm (€) — 0 2 ,35) and BgparsePut (€)

— 0518,
Bdense (€) Bdense (€)

The paper is organized as follows. The results are detailed below in Sect. 1.2 and
further discussed in Sect. 1.2.1, after a brief interlude to establish some notations in
Sect. 1.1. Some machinery is developed in Sects.2 and 3, regarding variants of the
Jackson kernel and some approximation theory, respectively, and the proofs of the
main theorems are presented in Sect. 4.

1.1 Notation
Denote by R the set of real numbers, by N the set of positive integers, and by Ny =

{0, 1, ...} the set of nonnegative integers. Denote by e, ..., e, the vectors of the
standard basis of Euclidean space R”".
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For a Lipschitz continuous function f: [—1, 1]" — R, we set

Lip f = max <1, sup M) '

xyel=11p  llx =yl

We take this to be at least 1 to simplify estimates below.
A multi-index I = (i1, ..., i) € N{j is an n-tuple of nonnegative integers iy, and
its weight is denoted by

n
1= ik
k=1

For a multi-index I = (iy,...,i,) € Ng and J C {l,...,n}, we write I C J to
indicate that the index k of every nonzero entry iy > 0 is contained in J, thatis, k € J
forall 1 < k < n such that iy > 0.

Similarly, given a multi-index I = (i1, ...,i,) € Ng and a subset J C Ny, we let
I; be the multi-index whose k-th entry is either iy if k € Jor Oifk ¢ J.

For two multi-indices I and I’, we write I < I’ if the entrywise inequalities iy < i,’{
hold forall 1 <k < n.

We distinguish two special multi-indices:

1=(,1,...,1) and 2=1(2,2,...,2).

We denote x/ = xi'xéz ... x". Also, we denote the Hamming weight of I € NG by

w(l)=#k:ip >0, 1 <k <n}.

In other words, w(/) is the number of nonzero entries in /.

We denote the space of polynomials in n variables by R[x], and within this set we
distinguish the subspace R[x]; of polynomials of total degree at most d. We denote,
for a polynomial p(x) =) ;¢ 1x!, by deg p the vector whose i-th entry is the degree
of pin x;,

deg p = | max iy, maxip, ..., maxi, ).
c1#0 1 #0 c1#0

Observe that deg p < |deg p| = >}_; maxc, 20 ik
Set also

I,=1{IeNj:c; #0}.
Given a subset J C {1, ...,n}, we let R[x;] denote the set of polynomials in the
variables {x;}jcs. For a multi-index r = (rq, ..., r,) € Njj, we let R[x], denote the

set of polynomials p such that, if p(x) =), c7x! for some real numbers ¢; € R, then
for each I = (i1, ..., i,) with c; # 0 we also have iy < ry for | < k < n. Finally,
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Convergence rates for sums-of-squares hierarchies with...

we 16:@[x1]r = R[xs] N R[x]y; in other words, R[x ]y is the set of polynomials p
with deg p < rin the variables {x; : j € J} C {x1, ..., x,}.
Given a set X, we write X" to denote the product

X"=XxXx---xX.
—_—_—

n

We denote by || - ||oo the supremum norm on [—1, 1]".
The notation [s7] stands for the least integer > s.

1.2 Results

Let X[x,] denote the set of polynomials p that are sums of squares of polynomials in
R[x], that is, of the form p = p% + -+ p% for p1, ..., pe € Rlx/].

Letk € Nand let g = {g1, ..., gi} be a collection of polynomials g; € R[x]
defining a set

S@={xeR":g(x)>0,i=1,...,k}.

For convenience, denote also gog = 1. To the collection g and a multi-index r, we
associate the (variable- and degree-wise truncated) quadratic module associated to
the collection g and a multi-index r be

k
Qry(8) =1 0igi:0; € T[xy], deg(oigi) <t
i=0
Similarly, we have a (variable- and degree-wise truncated) preordering

Prs(@ = QryUgr : K S{l,....k}})

> okgk ok € Blxy], deglokgk) <ry .
Kc{l,...k}

where

8K = l_[gi~

iekK

Denote, for j =2,3,...,4,

Ji=JinJ & 2)

k<j

Then (RIP) is the condition that, forall 1 < k < £ — 1, there is some s < k such that
Jk+1 C Js.
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1.2.1 Sparse Schmiidgen-type representation on [-1, 1]"

Let L := Zi:l Lip pr, M := max | <x<¢ (deg pi)m, and J := maxj<x<¢ | Ji|.

1<m<n

Theorem6 Letn > Oand{ > 2, and letry,x2,...,xp e N, x; = (rj1,...,7j.),
be nowhere-vanishing multi-indices.
Let also J1, ..., Jy be subsets of {1, ..., n} satisfying (RIP).
Let p = p1 + p2 + -+ 4+ p¢ be a polynomial that is the sum of finitely many
polynomials p; € R[xjj]rj. Then if p > ¢ on [—1, 11", we have

p € Peyn (1 —xPicn) + -+ Pey sy (11— xPYics)

aslong as, foralll < j <fandalll <i <n,

_ R J+2

27430 + 2)nn? JL

2= Ct DnrZliplioe (o (M, achee + 225 +2 .
’ & &

For small enough 0 < ¢ < 4Cyc (€ + 2)7Z/M, this boils down to

Alplles 0(8_¥)
el +3 ’

with
A = nr (4Cu L +2)7 220 +2))7 2.

The proof is presented in Sect.4.1.

Discussion

Solving the dense problem considered by [14] using the sum-of-squares hierarchy
reduces to a semidefinite program with the largest PSD block of size ("j'r) that typical
optimization methods (e.g., interior point or first order) can solve in an amount of time
proportional to a power of

n+r n+ Ce~1/2
< - )%( Ce—1/2 =: Bgense(€),

at least when certain non-degeneracy conditions are satisfied [5]. The bounds we find
in Theorem 6 —in the case in which J; is the largest of the sets Ji, ..., Jo— give a
bound for the complexity of the leading term as (the same power of)

17143
, Vi
|Ji| + |r;] [Jil(1+C'e™727)
e ™ )< /143 =! BsparseSchm (€)-
Ir;l |J;|Cle™ 2
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X \J_/HS
The reason we have [r;| < |Jj|C’8_|J/‘_3 isthatr;; < O(¢~ 2 ) and there are at

most |J;| values of i with r;; # 0.
Proposition7 Ifn > |J;|(|1J;| +3) forall j =1, ..., L, then we have

BgparseSchm (€) _
eN0  Bdense (€)

Thus, if the size of the largest clique is of the order of square root of the ambient
dimension n or smaller, the sparse bound outperforms the best available dense bound
if the performance is measured by the amount of time required by an optimization
method to find a bound of a given accuracy e.

Proof of Proposition 7 by Lemma 20 we have, as ¢ N\ 0,

17;143
|.[j|(1+C/8_ 2)
< ) 1143 >
Byparsesenm(¢) _ \ [JjIC"e 1/22 — O(e1110;143).
Bense (€) ("_ggfl/z )

and this tends to O if the sparsity of the polynomial p is such that n > |J;]
(IJ;l +3). o

1.2.2 Sparse Putinar-type representation on arbitrary domains

For a set of polynomials g = {g1, ..., g}, denote

S(g) ={xeR":g(x)>0foralli =1,...,k}
and, for a subset K C {1,...,12}, denote
gk =1{gi:i €K}

Theorem8 Letn > 0,k >0,0>2 Ji,....Je C{l,....,n}, r1,...,re € N* and
p=npi+---+pewith pj € Rlxj;Ir;.

Assume that the sets Ji, ..., Jy satisfy (RIP).

LetKy,..., K, C{l,..., IE} andletg = {g1, ..., g} C R[x] be a collection oflz
polynomials such that, if i € K for some 1 < j < {, then g; € R[x;]. Assume that

lgilloo <=, j=1,2,....k (3)

N =

Assume that S(g) C [—1, 11" and that there exist polynomials s;; € Rlxyle;, J =
1,...,¢ i € {0} UK}, such that the Archimedean conditions

1= xF=sj0u)* + Y sjiGs)?gilxs). j=1.....¢ @)

iel; iek;
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. : 2
hold; that is to say, we assume that 1 — Ziejj xi € er’jj (ng). Letcy,...,c, >1
and Ly, ...,Lg > 1 be constants such that?

dist(x, S(ng))"/' <—¢;min{{0}U{gi(x):i € K;}} forall x e[-1,1]".

Then there are constants C; > 0, depending only on g, Ji, ..., Jy, such that, if
p >¢ > 0on S(g), we have

J2ES Qr1+2,1j (ng) +--+ Ql‘g-i-z,]g(ng)

aslong as, foralll < j <fandl1 <k <n,

Li+1 . T 8Ly
4 +2) (X Ipilloo) " (deg pj Sof_, Lip pi)@hti+2 0450
J

(rj.k+2)2 =C 41 8L, )
L+ S oL+ 2+ 5
, 41 , . L 2
, (S lpillee) T egpy X Lipp Y
(rix+2"=C; 0+ : (6)
e 3

The proof of the theorem can be found in Sect.4.2.

Discussion By the same arguments we used in the discussion at the end of the previous
section, if we assume L = --- = L = 1, the bounds we find in Theorem 8 give a
bound for the complexity of the leading term as (a power of)*

¢ i1+ 1\ _ (15101 + C"e= 1373Vl . B
( Irj| > N ( | Jj1C"em 3731l >) T panenut
at least when certain non-degeneracy conditions are satisfied [S]. The assumption
L1 = --- = L = lisrealized for example when the so-called constraint qualification
condition that, at each point x € §(g) all the active constraints g;,, ..., g, (i.e., those
satisfying g;;(x) = 0) have linearly independent gradients Vg;, (x), ..., Vg; (x)),
holds; this latter statement is proved in [2, Thm 2.11].

In this case, we have:

Proposition 9 If§|Jj|(26+6|Jj|)f0rallj =1,....0landifly =--- =L =1,
then we have

lim Bsparseput —0.

e\0  Bdense

3 This is a version of the Lojasiewicz inequality, and its validity (with appropriate constants ¢, L ;) for
semialgebraic functions is justified in [2, Thm. 2.3] and the papers cited therein.

4 With L= = L,; = 1, the exponent of ¢ in (5) is (238 + 55|J;|)/9, which we estimate from below
with the simpler expression 26 + 6]J] to derive the exponent of ¢ here.
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Again the implication is that the sparse bound asymptotically outperforms the dense
bound provided that the largest clique is sufficiently small.

Proof of Proposition 9 Lemma 20 gives

<|Jj|(] 4 C//8133|Jj|))
—13-3|J;
Bsparscput e BN ) 0 (3~ 147113+317;1)).

~12
Bdense (n-’c_,gfl/z )
which tends to 0 if 5 > [J;|(13 + 3|J;]). o

Organization of the paper The proof of Theorem 6 can be seen as a variable-separated
version of the proof in [14], which relies on the Jackson kernel. Therefore in Sect.2
we derive the suitable ingredients for sparse Jackson kernels while carefully taking
into account each variable separately.

A strategy is also required to write a positive polynomial p that is known to be a
sum p = p| +- -+ pg with p; € R[x ;] as asimilar sum p = Ay + - - - 4 hy but now
with 7; € R[x;;] and hj > 0 on [—1, 1]/il; this is done in Sect. 3.

Section 4 gives the proofs of Theorems 6 and 8, together with the statement and
proof of Lemma 20, which was used in the proofs of Propositions 7 and 9 above.

2 The sparse Jackson kernel

In this section, we derive Corollary 13, one of the main ingredients of the proof of

Theorem 6. The corollary guarantees that polynomials bounded from below by ¢ > 0

on [—1, 1]"* are in the preordering Pr s ({1 — )Cl-z}[ej) (defined in Sect. 1.2) for ¢ large

enough. The corollary follows from Theorem 14, which gives a refined estimate of the

distance between a polynomial p and its preimage under a Jackson-style operator that

treats each variable separately. We begin with some preliminaries and a useful lemma.
The measure w, on the box [—1, 1]” defined by

dxy dx,

dpn(x):=y ;
w1 —x% Tyl —x3

is known as the (normalized) Chebyshev measure; it is a probability measure on
[—1, 1]*. It induces the inner product

x=(x1,...,xp) €[], 11",

(f,g)u,,i=y/[ i fFx)g(x) duy(x)

and the norm || f|l ., = /{/fs /-

Fork = 0,1,..., we let T, € R[x] be the univariate Chebyshev polynomial of
degree k, defined by

Ty (cosO):=ycos(kf), 6 €R.
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The Chebyshev polynomials satisfy |T;(x)| < 1 forall x € [-1, 1], and

| 0, a#b,
EOT R RCOLVICY B U
@i 1 w1 —x2 L '
7, a=b#0.
For a multi-index I = (i, ..., i,), we let

Ty(xt, ..o xn):=y T () Tiy (x2) - - - T, (Xn)

be the multivariate Chebyshev polynomials, which then satisfy (see for example [28,
$II.A.1]), for multi-indices I and I’,

0, 1#1,

2-wd) = @

degT; =1|I| and (T7,Tp)y, = !

Thus p € R[x]; can be expanded as p = Z I|=<d 2w( (p, 1), T
If we let, for a finite collection A C R x N" of pairs (A, 1) of a real number A and
a multi-index 1,

K e,y = ) 2"OATi(0T(y), x,y R,
A, DeA

then, for any p € R[x], we have

K" (p)(x):= f[ - K 0, p dpn() =Y 2"Dalp, T1), Tr(x).

(rDeA
[1|=d

This means that, if we set all the nonzero numbers A equal to 1, then K* is the identity
operator in the linear span of {77 : 3x £ 0 s.t. (A, I) € A} C R[x]y
We let, forr, k € N,

Ay = P} r+2- k)cosr+2+sm—Lcosm , I <k<r,

and

We set, forr = (r1,...,r,) € N,
n
_ rj
- 1_[)\'1']
j=1

@ Springer



Convergence rates for sums-of-squares hierarchies with...

and
Ar={O5, 1): 1 <r).

Then K} = Kr is the (r-adapted) Jackson kernel, and its associated linear operator
K”r is denoted KJ.

Lemma 10 Let r € Njj be a multi-index. The operator KJ% defined above has the
following properties:

i. KI(Rx;]r) € Rlxy]y.
ii. We have

AT, I<r
KJac Tr) = 141 =%
e (1) 0, otherwise.
In particular, Kiac(l) =1
iii. K} is invertible in R[x ]y with J ={i : 1 <i <n, r; > 0}
v. 0 <Al <lforall0<I<r.

v. Forl =(iy,...,ip) andr = (ry,...,1ry) in Nj,
i2
[1—A7=1—2% fnnzmjax(rj_i_—jmz.
vi. Forl = (i1, ...,iy) andr = (r1, ..., r) in N that verify (9), we have
2
'1—)% §2nn2mj@1x(rjl+—jz)2.

vii. Let p € R[x]yr with p(x) > 0 for all x € [—1,1]" and ||plloc < 1. Let
r = (r1,...,r,) be a multi-index such that I < r for all I € I,, and assume
that, forall I = (i1, ...,1i,) € Ip, condition (9) is verified. Then we have

I€T, (r;i +2)2
I<k<n 15./51”1 J

i2
H (K3~ (p) — p” < 2n7? ( [] (@egpy+ 1)) max {2“’“)/2/ } :
o
viii. KJ*°(x,y) > 0forallx,y e [—1,1]"
ix. If p € R[x] is such that p(x) > 0 forx € [—1, 11", then Kf.ac(p)(x) > 0 for all
x e [—1,1]"

Proof Throughout, we follow [14].

Item (ii) is immediate from the definitions and (7). Item (i) follows from item (ii)
and the fact that {T; : I <r, I C J}is abasis for R[x;];.
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Observe that item (ii) means that Kff‘c is diagonal in R[x ]y, so in order to prove
item (iii) it suffices to show that )»5 > Oforall/ <r, I C J.This follows immediately
from item (iv), which in turn follows from the definition of A? and [14, Proposition
6(ii)], which shows that 0 < )LZ <lforallO<k<r.

Similarly, by [14, Proposition 6(iii)] we have that, if kK < r, then
2 k2

T
—\r — —r [

Thus, if y; =1 — )\:j’ < nzif/(r./ +2)? and y = max; y;, we also have, using
Bernoulli’s inequality [14, Lemma 11],

n
.
L=af=1-[]x
j=1

1-TJa-»p
j=1

1-—1-=yp)

=
=ny
i
< 2 J
< nmtmax ————.
bi (F.,'—}-Z)

This shows item (v). Using it, we can prove item (vi) as follows: condition (9)
implies, by item (v), that [1 — A}| < 1/2, and hence [A}]| > 1/2, s0

1 1— A i?
‘1——r =| rl|§2nn2maX—Jz,
Aj [A]] i (rj+2)

leveraging item (v) again.
Let us show item (vii). From items (ii) and (iii), we have

- 1
H K™ (p) — ”Hoo = HZ [A—rzw“)(p, T, Tt = 2" (p, Tp) T,i|
I I

0]

.
A

’

< 2"Dp, Tr),|
1

because |T7(x)| < 1forall x € [—1, 1]". Plugging in the estimate from item (vi), we
get

2

14

Ky =1 py — H - qw(D)/241, 2 o J
| - p| = > ax
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-2
JE— 2
< 2nw? ((deg p)k + 1) | max | 2D/ 2 max —L |,
lfkl_£n I1€T, Jj (rj + 2)2
where we have also used
1P T | < 1PN 1Tl < 7l = 277072,
which follows from (7).
To prove item (viii), let, for a fixed multi-index r,
A ={Q}, D :1=<(0,...,0,r,0,...,0)}
={()L;f,(0,...,0,ik,0,...,0)):ik <r}, 1=<k=<n,
and observe that
K/ =K =K} oK 0+ o K} ®)

where Kf(\k" is the operator K** acting in the variable xy, i.e.,

1
K (p)(x) = / K™ (i, 9) pOLL oy Xk 1y Y Xip L -2 Xn) A1 (9).

Equation (8) follows from the identity

K2 (x,y) = KM (e, y) K22 (x2, y2) -+ - K2 (i, )
= Kgralc)(xh YI)K(J;‘ZC)(xZa ). K(Jf:)(xnv V),

that can be checked from the definitions. Item (viii) then follows from the well-known
fact that K(Jf)c(x, y) > 0 forall r € Ny and all x, y € [—1, 1]; see for example [28,
§I1.C.2-3].

Item (ix) follows immediately from item (viii). O

Theorem 11 We have Kl{aC(R[xj]r) C Rixsly, and if p(x) > 0 on [—1, 1]" then
K{*(p) = 0on[—1, 1]".
Also, we have:

Pl. If p € Rlxy]; satisfies p(x) > 0 forall x € [—1, 1]",

K*(p) € Pr.y({1 — xP}ic)).

P2. Let p € Rlxy]; be a polynomial that satisfies 0 < p(x) < 1 forallx € [—1, 1],
and forall I = (iy, ...,i,) € Ip, assume thatr = (r1, ..., 1) verifies

-2

i2 1
J < 1<i<n. 9
(ri+2)%* = 2n%n’ =J/=n ©
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Assume that

2
14
e > 2nm? || de + 1) | max [ 2¥D/ 2 max —L 0.
= Zn (( gp)k ) IEI);|: ]X(r/+2)2 =

1<k<n
Then
K e —(p+o)| =e
oo
Proof The first statement of the theorem corresponds to Lemma 10(i) and 10(ix).
Property P2. follows from Lemma 10(vii).
Let us prove property P1.. Take a finite subset {z;}; of [—1, 1]" and a correspond-

ing set of positive weights {w;}; C R giving a quadrature rule for integration of
polynomials g € R[x ]y, so that

/ q(x) dpn(x) =Y wiq(z;) forall g € Rlxly.
(=11 ;

Then we have, for p as in the statement of P1.,

K (p)(x) = Y wip(z) Ki*(zi. x).

with w; p(z;) > 0. Since, by Lemma 10(viii) and Theorem 12 below, Kgac (zi, x) isin
Prs({1 = xP}ics), so is KJ*(p). o

Theorem 12 ([8, Th. 10.3]) If p € R[y] is a univariate polynomial of degree d non-
negative on the interval [a, b] C R, then

p=o0+o1(b—y)y—a), og€ Zqlyl, o1€ Zg-2[y] d even,
p=oo(y —a)+o1(b—y), op€ Zg_1lyl, o1 € Zg_1[y] d odd,

where X4 is the cone of sum-of-squareds of polynomials of degree at most d.

Corollary 13 If p € R[x;]; satisfies 0 < p(x) < 1 forall x € [—1, 1]", then
p+ee Pyl —xlies)

for all multi-indices r satisfying (9) and

)
14
e > 2nm? | | de + 1D | max [2¥D/2 max —L ).
>2n 1<k<n(( g D)k ) o ): < 154/;(" ("j 2)2

Here,x = (r1,...,rp)and I = (i, ..., 1i,).
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Proof By property P2. in Theorem 11,
| p+e - p+o)| <o
oo

Thus, (Kf‘c)’1 (p+¢)>0on[—1,1]". By property P1. and Lemma 10(i),

p+e=K oK) (p+e)ePrs(l —xlics).

The rest of this section is devoted to results used in the proof of Theorem 11.

3 Sparse approximation theory

In this section, we prove a useful result, Lemma 15, that is crucial to our proof of
Theorem 6. Given a positive polynomial f > ¢ > 0 for which we know there is an
expression of the type f = fi+- - -+ f¢, witheach f; depending only on the variables
indexed by a subset J; C {1,..., n} (but with f; not necessarily positive), the lemma
gives us positive polynomials k1, ..., hy such that f = hy +-- -+ hy and h; depends
only on the variables indexed by the subset J;. To prove the lemma we need some
preliminaries.
For 1 <i < nand a function f: [—1, 1]* — R, let

Lip; f = sup |f(X)—f(x1,...,xi_1,y,xl~+1,...,xn)|.

xe[—1,17" lxi — yl
yvel—-11]

Theorem 14 Let f € CO([—1, 11") be a Lipschitz function with variable-wise Lips-

chitz constants Lip; f, ..., Lip, f. Then there is a constant Cyac > 0 such that, for
each multi-index m = (my, ..., my,) € N", there is a polynomial p € R[x]y such
that

- Lip; f

sup () = p)] = Crac )

xe[~ 11 = om
and
Lip; p < 2Lip; f.

The constant Cryae does not depend on n, f, or m.
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Proof Jackson [7, p. 2-6] proved that there is a constant C > 0 (independent of
n, f, m) such that, if g: R — R is Lipschitz and 7 -periodic, g(0) = g(), then

i 4
Ji280 —9) (GEES) 49| CLipg
fﬂ/z (sinmz? )4d19 - m

—/2 \msin ¢

g0 — , meNxeR. (10)

For a multivariate Lipschitz function g: R — R and a multi-index m =
(my,...,my) € N let

Li(g)(0)
2 2 i sinm;9; 4
S 8O = D1 6 — 9Ot O T (n;]_;’i‘lgﬁ;) do, ...dv;

. . 4
i /2 sinm ;v ; )
Hj:l -/‘77!/2 (mjsinz?j dl?/

Then we have, using the triangle inequality and the single-variable inequality (10) at
each step,

18(0) — Ln(2)(©0)]
= 18(0) = L1(g)(O) + [L1()(O0) — L2(8)(O)] + - - - + [Ln—1(8)(0) — Ln(g)(O)]

Li Li
§C<w+...+M),

mi my
The function [ (sinm ;6;/m  sin Gj)4 is a polynomial of degree m; in cos®; (cf.
[7, p. 3]). If we replace f with its Lipschitz extension to [—2, 2]" and apply the

results above to g(0) = f(2cos#y,...,2cos0,) we get a polynomial L, (g)(0) in
cos by, ..., cos8, satisfying the above inequality. Thus

p(x) = L,(g)(arccos(x1/2), ..., arccos(x,/2)), x €[-2,2],

is a polynomial with deg p < m that satisfies (cf. [7, p. 13—-14])

Li Li Li Li
If(x)—p(x)|§C<%+---+ﬁ>gzc<_‘p1f+...+ lpnf>,
1

mpy

since Lip; g < 2Lip; f. This proves the first statement, setting Cy,c = 2C. We also
have

d 1
'—arccos(x/Z)' = for x e [—1,1],
dx 2

I
Si—Gr -3

and, by linearity and monotonicity of L,

|L,g(0) — L,gbh,...,0i—1,0; +1,0i11,...,6,)]
< |L.(t|Lip; 8)(0)| = Ir| Lip; g < 2|¢|Lip; f,
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whence

Lip; p = Lip; L,(g)(arccos(x1/2), ..., arccos(x,/2))

< Lip; Ln(g) < 2Lip; f. a

) d X;
< Lip; L, (g) T arccos 5
1

Lemma 15 (a version of [6, Lemma 3]) Let J1, ..., J¢ be subsets of {1, ..., n} satis-

Sying (RIP). Suppose f = fi +---+ fewith€ > 2, f; € Rlxy;]. Let & > 0 be such

that f > ¢ on S(g) C [—1, 11". Pick numbers €, n > 0 so that
e=WU—-1)e——-2)n and € > 2n.

Set, for2 <1 <,

’72 Crac |«7I| kazl Lip fk—‘
D[’m - )

—r (11)

with J; as in (2), and Dy, = Dy .
Then f = hy + .-+ hy for some hj € ]R[xjj] with h; > non S(g) < [-1,1]"
and
degh; < max(deg fj, Dj ¢, Djt1,0,-.., Dg,g)Jj (12)

where l_)j’m is the multi-index whose k-th entry equals D , ifk € J; = J; ﬂUk<j Ji
and 0 otherwise, and the maximum is taken entry-wise.
Additionally, if Lip f denotes the Lipschitz constant of f on [—1, 1]*, then

4
Liph; <3 Lip fi.
k=j

Finally, we have

L
hjlloo <3 %27 11 fjlloo

j=1

Remark 16 If S(g) = [—1, 1]", we also have the obvious estimate ||/ ]lcc < || floo>
that follows from 0 < /; < f.

Proof In order to prove the result by induction, let us first consider the case £ = 2. In
this case, ¢ = € and € > 2n. Assume that J; N J, # @. For a subset J C {1, ..., n},
let 7; denote the projection onto the variables with indices in J, that is, m;(x) =
(xi)ies € [—1,1] forx e [—1, 1]".

Define g: [—1, 111172 — R by

glx) = min fly) ==, xel-1,111""

YET s\, (S(@)C[—1,1171\2 2’
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The function g is Lipschitz continuous on [—1, 117172 To see why, let x,x" €
[—1, 1112 and pick y,y' € TN\, (S() C [—1, 1]11\12 minimizing f>(x, y) and
f2(x, y"), respectively. Then

lg(x) = gD = [ f2(x, y) = fo(x", YN
< max(| f2(x, y) = L&' )L 1 f2(x,y) = (" y)D) = Lip(f2)lx — X',

where Lip( f2) denotes the Lipschitz constant of f> on [—1, 1]".
The function g also satisfies

fi+g=>= and fr—g>

| ™
NSNS

on S(g). The second inequality follows from the definition of g, and the first one
can be shown taking (x, y, z) € S(g) with x € [—1, 111172y e [—1,1]/1\2, and
z € [—1, 1]2\/1, taking care to pick y only after x has been chosen, in such a way that
the minimum is in the definition of g is realized there, that is, g(x) = fa(x, y) —&/2
holds (this is possible by compactness of S(g) and continuity of f); then we have

e ¢
Six,2) + g(x) = fi(x, 2) + falx, y)—— = flx,y,2) — 525
For j € J1 N Jy, let
’72C1ac [J1 N J2| Lip(fz)—‘
mj =Dy = .
e—2n
Setm; =0 forallother0 < j <n,andm = (my,...,my,) = Dz,z. Then Theorem
14 gives a polynomial p; such that
Lip; ¢ 2 e
lg = palloo = Crac Y < Crel 1 N DILip(f) o < 5 =
. m; 2
JESINS
Also, L B
degpr <m = Djp. (13)
Let

=fi+p2 and hy=fr— pa,
sothat f =hy +hy, hy > nand h, > non S(g),and h; € R[in].

The bound (12) follows from the definition of 4 ; and (13). Observe also that, by
the last part of Theorem 14,

Lip po < 2Lip g < 2Lip(f2).
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Finally, we have

&
IP2lloc = liglleo + 5 =1 = I f2lloc +& — 1 = 2] f2llco, (14)

SO

Ihjlloe = 11 fjlloo +IP2lloe = I fjlloo + 21 f2llco = 3 f1lloc + Il f2llo0)-

For the induction step, let £ > 3 and set f =fi+- -+ fic1— € —=2)(e — 1), s0
that wehave f — ({ —2)(e = n) = f+ fr > €since f > e = — 1)e — (£ —2)n.
The proof for the case £ = 2 with & = g, gives a polynomial p, € R[x,] such
that

f—pe=n and fe+pe=n
on S(g), and with deg p; = Dy.¢, Lip p¢ < 2Lip f¢.and, analogously to (14),
IPelloo < 21 felloo- (15)
Write
A+ A fioi=f++ fe-1 = pe,

where f j’ = fj — pe for the largest j with J, C J; (which must happen for some j,
by (RIP)) and f| = fi for all other k # j. Thus fj/. € Rlxy;1,

deg f} < max(deg f;, deg p¢) = max(deg f;, D¢.e),  Lip f] < Lip f; + Lip pe,
(16)
The induction hypothesis applies to the polynomial

fi+ o+ fi+@=D—n=Ff+E=2(c—n)—pe > (—2)—(L—3)n.

This means that there are polynomials /1, ..., hy—; such that
o fit- -+ fiy=hit -+ fir—pe=hi+ -+ he,
e hjeR[xy]foralll <j<{-1,
o hj>nforalll < j<¢-1,
e Wehave, foralll < j <?¢—1,

degh; < max(deg f}, Dj¢..., De—1,)
< max(ﬁfj, @pg, l_)j,g, cens Dl—l,ﬁ)
= max(deg f, Dj ¢, ..., Deo).

Observe that the second index in each Dk’ ¢ is £ because of the accumulation of
Lipschitz constants resulting from the estimate (16).
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e We have, forall 1 < j < ¢ — 1, again because of (16),
¢
Liph; <3 Lip fi.
k=j

e We have, forall 1 < j < ¢ — 1, using (15),

£—1 -1
hjlloo <3 %2723 T flloo <3 x 2072 (Z Il ficlloo + ||pe||oo>

k=1 k=1

¢
<3 %213 ) filloo-

k=1
Let
he = fe+ pe.
Then again fi +---+ fr = hi + -+ he, he € R[xy,]1, he > non S(g),@hj

max(deg f¢, De,e), Liphe < Lip fe +Lip pe < 3Lip fe. lhelloo < Il felloo + Il pel
3 fell <3 x 2t-1 Z§:1 | fjlloo, so the lemma is proven.

o IAIA

4 Proofs
4.1 Proof of Theorem 6

Overview Theorem 6 follows from Theorem 17, which presents a more detailed bound,
together with the definitions of L, M,J.To prove the latter theorem, we first use the
sparse approximation theory developed in Sect. 3 to represent the sparse polynomial p
as a sum of positive polynomials /1 + - - - + h¢, each of them depending on a clique of
variables J;. We then use Corollary 13 to see that each / ; belongs to the preordering.

Theorem 17 Letn > Oand { > 2, and letry,xr2, ..., xp e N, x; = (rj1,...,7jn),
be nowhere-vanishing multi-indices. Let also Ji, ..., J¢ be subsets of {1, ..., n} sat-
isfying (RIP). Let p = p1 + p2 + - - - + p¢ be a polynomial that is the sum of finitely
many polynomials pj € R[xy;]r;. Then if p > & on [—1, 1]", we have

P € P (1 = x7Yics) + 4 Prpsy (11 = x7Yies,)
aslong as, foralll < j <fandalll <i <n,

[/l
2200 + D)l pllcon?

rjx+272 =
&
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4Cyac (€ + 21 T11 XL, Lip pr

1_[ max | (deg pj)m, max +2
J=<I<t 3
1<m=<n meT;
' 2
. 4Cyac( +2)|Tg| 3=, Lipp
-max | (deg pj);, max x el 2 4 ! , a7
lel; j<q<t €

1eJ,

and

. 2
ACyac (€ + 2)| Tk Y, Lip pr

(rji —+—2)2 > 2721 max|: max (@pj)m, max
Jj<k<

I<m=<n <k<t &
(18)
Proof of Theorem 17 Let
-2
EZM and ,7:#_ (19)
0 26 +2)

Apply Lemma 15 with g = 0, so that S(g) = [—1, 1]”. From the lemma, we get
polynomials A1, ..., hy with

hj € Rlxy;l,
p=hi+-+h,
hj=non[—1,1]forl < j<¢,

degh; < max(deg pj, Dj, Dji1. ..., Dy).

Here,

Dy = ez, DD5—)
L jed

0, otherwise,

by o | 2Crae [T Sy Lip pr | _ [ 4Che 1711 357 Lip pr s
. E1-1 — 21 (€ +2) ’ e

Sjeqi =

since £; — 2n = n(€ +2)/2¢. We also set
Dy := D».
Thus
1Di| = 7Dy for 2 <1<t
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Apply Corollary 13 to each of the polynomials

h‘—min[ 11]nhj

H;=
maxj—ip, 1) h —mln[ 1’1]n/’lj

to see that, for

—— 2
| | i
g; > 2nw? des Hi)e + 1) | max [2%/2 max — % -0
iz AL ((deg Hj)k + 1) 1€y, ( 1=k=n (rj k + 2)? . (20)

(recall that Zp; is the set of multiindices I = (i1, ..., in) corresponding to exponents
of x1, ..., x, in the terms appearing in H; and w(/) is the number of nonzero entries
in 1) we have

Hj+€j € Pr; ({1 = x7)ies)): 1)
when applying the corollary, note that (18) implies (9) in this case because, if I =
(i1,...,0y) € IH]., then

ix < (deg Hj)x < (degh ;)i < max(deg p;, Dj, ..., Dy)

— 4Cyac (L +2 ¢ Li
< max |: max (deg p;),, max Tac (€ + 2)| Tkl Dy ppl:| ’
I=m=n j=k=t £

by the definition of D;. Observe that (21) means also that

2
hj— [ nln?lnh e ({n}alx]n hj— [ IIIII{I] hi ) € Pr;.u; ({1 = xi}iey;)- (22)
Note that we haveggHj = gghj,IHI\Ihj =0, anth_i\IHj C {(,...,0)} since
the powers of all terms in 4 ; and in H; are the same, with the only possible exception
of the constant term, which may appear in one of these and vanish in the other. Now,
going back to our choice (19) of n and using (17), we have

&

1= 20 +2)

2Che |7k ¢, Li Vil+2
> ||plloonn? (max[ max (deg p; )y, max ekl =k P ”’} +2)
l1<m=<n Jj<k=<t n

J
2"'+1

ming<x<, (rj x +2)?

. ;142
2cjace|Jka_kLlppz”+l> /

2 deo p:
> I plloon (max [li‘b?i‘n(deg P [, [ ne+2)

9j1
2‘21+1

minj<k<, (rj & +2)%
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forall j € {1,...,£}. Notice that after separating two of the |J;| 4+ 2 terms in the
product and removing the 41 factor from them, we obtain

. 171
_ 2Chc €17k Y Lip p 1
2 Jac k —k 1 5 +1
n = lIplleonsm (max [lrﬁr;e’lgn(degpj)m,jglgg( n(i+;) +1 22t

2
— 2Cyac €| Tk| Yooy Lip p
max [maxlsmsn (deg pj)m, max<k<¢ ’7%

minj<g<p (rjx + 2)?
- - 1
> [[plloon® (H([max (degpj. Dj.....Dy)], + 1)) 27
keJ;

— - -0
max| <<y, [max (deg pj, Dj, ..., D[)]k
ming<g<, (rj x + 2)?

)

where we have used the definition of Dl, as well as the fact that each factor has
been replaced by one that is smaller or equal, the original expression containing the
maximum of them on each factor. Next, use @H =< max(@ Pj D jaeees Dg) as
wellasw(/) < [J| forevery multi-index I in Zp;, which s true because H; € R[xy,],

yielding

2
2 — ()2 A
n =z lple | 207 | [T ((deg H), +1) | max (2“’ 2, (r,-,k+z>2)

| <k<n IEIHI.

> <max hj — min hj)
[=1.1] [=1.1]"

— 2

l
nm? deg Hiyp + 1) | max (22072 max — % ).
1<kl_£n ((deg Hpe 1) I€Ty; ( 1=k=n (rjx +2)?

since we have max(_y,1j» Aj —min[_1,11» hj < || plleo. With this bound for n, together
with the fact that minj_y 1 h; > n, we get

h;>h;, — min h;
j=hj— min, jtn

> hj — min h,~+(max hj — min h,-)
[=1,1]" [-1,1]* - [=1,1]" -

o)
) — . yull)/2 U
nmw l_[ (( eg Hj)r + ) Irgfa: ( lréll?;(n (rix+2)?

1<k=<n J

so that, by (20) and (22), h; € Pr“]j 1= xl-z},-ejj) and hence
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p=hi+-Ahe€Pe ({1 =xPics) + -+ Pry, (1 — xP}ics,).

4.2 Proof of Theorem 8

Overview For this proof, we first use the sparse approximation theory developed in
Sect. 3 to represent the sparse polynomial p as a sum of positive polynomials /1 +

-+ hy, each of them depending on a clique of variables J;. We then work with each
of these polynomials /; using the tools developed by Baldi-Mourrain [2] to write
hj = fj + 4, where §; is by construction obviously an element of the corresponding
quadratic module, and f] is strictly positive on [—1, 1]*. Thus Corollary 13 can be
applied to f] , which shows that it belongs to the preordering, and then one argues (also
following the ideas of [2]) that the preordering is contained in the quadratic module,
hence giving that fj is contained in the latter as well. In sum, this shows that 7 is in
the quadratic module, which is what want. Most of the heavy lifting goes to estimating
the minimum of fAj to justify the application of Corollary 13.

Proof of Theorem 8 For each j =1, ..., £, pick C; > 0 such that the following two
bounds are satisfied:

6L 16L; A6+80L;+2 5 8
C; = 27%J; |‘+ 72000 2L 3 o (maxdeggl) 220 +2))8Li,
(23)
C > Cf(C] C )(2L +|] |[+2)(1+ 3J)|J |7T224L )
o 3L HD+QLHI D1+ 5 Y
143 QLA H2) (145 20L4+17; 142 (14+ 251y
xc; : 3 Z|jl-| j+j 3
i=j
SLj
. (max deg 8k + 1)(2|—j+‘-]j‘+2)(1+T). (24)
kEKj

Note that these only depend on g and J1, ..., Jy.
Apply Lemma 15to f = p, f; = pi,e = 3e/2¢,n = £/2(£+2) to get polynomials
hi, ..., hy such that

&
p=hi+--+hey hi €Rlx;l. hilx)=n= 20+ 2) forx € S(g), (25
and B
degh < max(degplv l Ly oves D(‘Z)Ji' (26)
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In the dense setting, Baldi-Mourrain [2] construct a family of single-variable poly-
nomials

(ht,m)(t,m)eNxN

providing useful approximation properties that we have adapted to the (separated-
variables) sparse setting and collected in Lemma 18. To state this, we set, for all

j=1,...,¢andfor (tj,m;) € N x Nas well as for s; > 0,
Gty @) =Y Dy (80(0))% g (x), 27
iEKj
fj,.s_;,t_/,mj (x) = h](x) -8 C]j,tj,m_,- (x) (28)

Let us give an idea of what these functions do. The single-variable polynomial h;;
is of degree m; and roughly speaking approximates the function that equals 1 on
(=00, 0) and 1/t; elsewhere. Thus ¢ Jotjm, almost vanishes (for large ¢;) on § (ng),
and outside of this domain it is roughly a sum of multiples of the negative parts of
gk; ’s entries. The definition of f; s oty is engineered to obtain a polynomial that
is almost equal to & in S(gk;) yet remains positive throughout [—1, 1]". Instead of
going into the details of the construction, we record the properties we need in the
following lemma. O

Lemma 18 (a version of [2, Props. 2.13, 3.1, and 3.2, Lem. 3.5]) Assume (3) and the
Archimedean conditions (4) are satisfied. Then for each j = 1, ..., L there are values

sj, tj, mj of the parameters involved in Definition (27) and Definition (28), such that
the following holds with the shorthands

fj = fj,si,',tj,m_,' and ‘?] = Sj‘]j,tj,mj : (29)

i. [2, Prop. 3.1] gives

A 1 e
fi(x) Z - I;’l(ln hi(y) = 2 m forall x €[1,1]".
ii. We have §; € Qr,Jj (g) for all multi-indicest = (rq, ..., ry) with

ri = (2m; + 1) max (deg g
J

iii. [2,eq. (20)] gives the existence of a constant Cp, > 0 such that

4L +1

4 8L . h —
m] S Cm 3 4Lj (degh )7} (mlnxes(g) ](X))
172 lloo
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iv. [2, eq. (16)] gives the existence of a constant Cy > 0 such that

minxeg(g) hj(x) )Lj

HﬁMSCNM&ﬂWW®Mf”<
17 ll0o

v. [2,eq. (17)] gives the existence of a constant Cy > 0 such that

4Lj+1

. 4 8L; i h -5
deg f; < Cd24|‘fk%c?(maxdeggi)(deghj)Tj (w)
' iek; 17 lloo

Item (ii.) follows® from deg h,j,m j=mj and the definition of Gj.tjm;- The proofs
of the other items can be found in the indicated sources.

Take s, tj,mj, fj, q jfor j =1,..., £ satisfying the properties (i)—(v) collected
in Lemma 18.

Continuing with the proof of Theorem 8, denote

—minj_i 1 f
P fi (—1.1p fj

J A . A
max(—i,1p fj — ming_y i f;

Since f] > ¢/4(£ +2) on [—1, 1]", we may apply Corollary 13 with p = F; to get
that

Fi+e; € Py, (1 —x7hies;) (30)
as long as
2 deg ()2 i
€; >2|Ji|m deg F); +1 max 2% max
j = 2151 Ly(g,» P max
; .
(31)

and (9) are verified.
In this context, the condition (9) required in Corollary 13 is equivalent to the the-
orem’s assumption (6); let us show how this works: First, using iy < (deg F;)x,

degF; < @f] < (deg fj)l, Lemma 18(v.), we get

. 2 2
2m?|Jjlig < 27°|J;| (deg Fy), < 27°|Jj|(deg f})*
) AL+l 2
MiNy e 5(g) hj(x)) 3

_1 4 SL;
< 27[2|J,'\ Cd24""k%c?(maxdeggi)(degh,-)Tj
' Jiek; ' A0

5 This calculation is slightly different to the one in [2, Lem. 3.5] because the definition of ¢ jutjm; (or in
their notations, f — p) differs from the one given there in that the functions h; are squared here, an idea
we take from the exposition of the results of [2] in the dissertation of L. Baldi and that is advantageous
because then g, tjm; € Or, Jj (g) automatically. This requires taking m ; twice as large, and we absorb
this difference into the constant Cy,.
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Now use Eq. (26) to get that this is

< 27°|Jj
A+ 2
4L-‘l% —_ - - & minxes(g)hj(x) T3
C42""7 k3 c; (max deg g;) max (deg pj. Dj g, ..., Dyy) 3 [ ——————
ek ’ A lloo
a1y 2

<251 € 24"//5% %(m deg g;) max (d D D )*géj (3e2i |Pi||oo) 3
=2mtJj 42"/ k3c? (max degg;) max (degpj, Djy,..., Dy 2 i 1FrlIoo
J i i i, ,
! ieK; e/2(0 +2)

where we have also used the fact that

¢ ¢
Ihjllo <3 %27 “lipilleo <3 lIpillcos (32)
i=1 i=1
and the last estimate from (25). Next, use (11), |7;| < |Jjl, & — 2n; = %8 to
get
272 |J;if

8L;

L

3

14 s [ 20yl 113 Lipp) |

< 271J;j] [ C2* R3¢ (max deg i) (deg p,) ¥ tacl /510 2i) Lip pi)
1S Jj

{+6
X+ ¢
aLj+1 2
(3 ilpilleo )
e/2(€ +2)
4L+l 8Lj 2
—— . 3
¢ ’ 8L (Zle Llppi) 5
<C; ZHPI'”OO (degpj)3 B N <(rjr+2)7,
i=1 e 3

where we have additionally used Eq. (23) and our assumption (6); this is precisely (9).
We would next like to show that

fi € Pe,u, (1 = xPics). (33)
Let us first explain why this will be enough to prove the theorem. Once we have (33),

by Lemma 19 f] is also contained in Qr, 42 7, (1 — Ziejj xl.2), and it is our assumption

(4) that er+2,1j (1— Ziejj xiz) - er+2‘jj (gk;)- In other words, we have

f/‘\j € Ql‘j+2,lj (ng)'
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By Lemma 18(ii.), ; also belongs to Oy 42, (ng), so we can conclude that
h/ € Qr_,-+2,]_,- (ng)a

which is equivalent to the conclusion of the theorem.
Thus we need to prove (33). Let us first show that

n 3 R . 5
S_ 7 S . N 21T deo F:); 1
> = 3g = (ma, S min S 21050 | [ (deg Fi+ )
lE]j
i2
X max 2w/2 max — k& 5 (34)
I1=(iy,..., in)EIFj 1<k=<n (r] k +2)

implies (33) Observe that (30) is equivalent to

A

fj = min, f,+e,<max f,—[mm £i) € Pe (1 = xlYies).  (39)

If (34) were true, we would then have

A &
S >
fiz1i= 11]"f/ 406 +2)

A

= fj— min fj+(max f;— min fp 21/l | [](@eg Fpi+ D
iGJj

)
i
X max 2wD/2 max #2
I=(i1.wrsin) €LF, I<k<n (rj i +2)

So in view of (31) and (35), we would indeed have f, € Pr;,7; ({1 — xl.z},-ejj), which
is (33).

Let us now collect some preliminary estimates that will help us to prove (34). For
I € IF; we have w(l) < |Jj| so we estimate

w(l)/2 < oljl/2. (36)

We also estimate 5
2 (deg f )
i J
k < k

. 37
(rjix+2)? = minj<<,(rj; + 2)? G7

A

Now we will estimate max|_1,1}» f; — minj_q 1y f  from above. Using Lemma
18(i.) and (iv.), we get

N A - min hj B
max f; — min f; < Csllhjlle2’ ke (degh ) (M)
(=111 (=111 1721l
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. &
4 +2)

Use (25), (26) and (32) to see that this is

X f'— min fj

ma j
[-L.1]" [-L.1]

=Cy (3’3 >l lloo) 2%k max(deg pj. Dl ... | Dy

i

& _L./
' (2(6 +2)3¢y, ||p,~||oo>

=Cs (3‘ > ||pi||oo) 2ike; max(deg p;. 17;|Djues - . |Te| De.o)™

i

€ L
. . 38
(2(ﬁ+2)3‘ p Ilpilloo> o

For the last line, we have used the definition of Dl, m as in Lemma 15.
Additionally, we obtain the following estimate

deg f; < max (degh;, degg;)
< max <@p,‘, Dj’g, Ceey Dg’(, (2m,~ + 1)?%X@gk>
; ) ek,

< max (@Pj, l_)j,e, cee Du,

L+
3.1 . 8L (min eS(g) hj(x) T3 _
2| Cuctk32%i (degh) & | ——8L /7 +1 | max de
(m j (deghj) ”hJ”OO fax g gk

<max (deg pj, Dj . ..., Dy,

4L+

3[ 3 -
mm) +1 | maxdegar |- (39)
kEKj

e/2(L +2)

Cn2*t it 3 k3 (deg )* (

The first inequality comes from (28), the second one from (26) and Lemma 18(ii.), the
third one from Lemma 18(iii.), and the last one from (25), (32), and (26). Compare
with Lemma 18(v.).

With those estimates under our belt, we now turn to showing that (34) is true. Using

(38), (36), (37), as well as deg Fj < deg f '/, we can start to estimate the right-hand
side of (34) by

. , _
((max, fj— min f)21J;1x* | TT(@egFpi+ 1)

iel;
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)
i
X max 2v(D/2 max 42
I=(it,..msin) €TF, I<k<n (rj; +2)

<Cy (3‘Z > ||p,-||oo> 2ike; max(deg pj. 171D e - . 1Tl Do)

i

( : >_LJ —
X ¢
206 +2)38 Y pilloo
AN 2
;] Z‘le/z maxj<;<p (deg f])
1

ming <<, (rj x + 2)2

x 2|Jj|7r2 (max (deg fj),' + 1)
1<i<n
Next, denote

mj ¢ = max(deg p;, |Tj|Dj.e, ..., |TelDe.e)s

This will help us to reorganize and consolidate the terms. Use (39) to see that this is

IA

/-‘rl
e7HCyrlJjlm? <3eZI|piIIoo> AT +1(z+2)Lch,m €
i

L [Jj]1+2 1
deg f))i + 1
x (lrgzafxn( & f])l + ) minlfkfn (rj,k + 2)2

Lj+1
e7HCy|Ujln? <3[ > lipi ”oo) 2 € 2) ke m]
i

IA

X | max degpj, jg,...,Dg,g,
4L+
3¢ ’
Co2 13 degh ) 3 (i llPille +1
e/2(£ +2)
[Jj1+2

1
minlfkfn(rj,k + 2)2

deg 1
Xlgreléll()j eg gk | +
i+l ”;
s‘Lfo|Jj|n2<3fZ||pi||oo> 2 )k
i
X | max degp], ,e,-.-,ﬁu,
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4L+
o1 S (35 Ipillee |
C 24'-j+1c%k—% 3| & Moo 1
m e\ g2+ 2) +
[Jj1+2
deg +1 !
X max de N .
kek; &8k mmlfkfn(rj,k—i-Z)z

Now use (11) as well as ¢; — 2n; = %8 to see that the above is bounded by

Lj+1
171 _
eNCylJjn? <3‘f > lpi ||Oo) 2+ (g 4 )bk
i

,20(¢ +2) 2Crac g Lip fi "

ey

X (max[degpj, [Tl

L+6 &
20(¢ +2) 2Cyee Lip fo
2
+1,
| Tel {+6 £
4L+
o1 (3 pille )

Cp2Mitlcaj—s | =l 20% + 1 | max deg gx

€/2(€ +2) keK;

8L;
1><2L_,-+|J_,-|+2><1+Tf> 1
ming<g<p (rj x +2)°

4L/

Li+1
L AL 8y T 8Ly !
<e Lj 7— QL +1J;+2) (14— )Cf(cjaccm)(ﬂ-,ﬂf/\+2)(1+ 3 )|Jj|7t2 (3ZZ||Pi||oo)
i

171 a1 8L; 4L+ 8L,
X24Lj+T+1+(1+T)(2L_,’+|Jj|+2)(l+T‘)(Z+2)]+Lj+ 3 (2Lj+\Jj|+2)(]+T’)k

30L; ; 8L ¢ 8L;
% c;+4(2L,+\J,\+2)(1+ 5-) Z |$|2(2Lj+‘1i‘+2)<1+Tj)
i=j
£ 8L;
x (3deg p; ZLip pi) @i+
i=1
1
ming <<, (rj x +2)

8L;
x (max deg g + 1)(2L,-+|Jj\+2)(l+T’)
kGKj

Finally use (24) and then (5) to get that the above is less than
4Lj+l

—Lj— QL+, 14+2)(1+ 5 Lj+1 2R QL+ 42 (1+50)
e 3 (X Ipilleo) ™ (deg pj Y iy Lip pi) @+l 3

ming<g<u (7 x +2)2

C;
&

< —.

T 4+2)

This shows that (34) holds, and hence also (33), which proves the theorem. O
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Lemma 19 ([2, Lemma3.8]) Let J C {1,...,n}, andletr = (r1, ..., r,) be a multi-
index such that r; > O only ifi € J.
The quadratic module Qy12,5(1 — Zie] xiz) contains the preordering Py j ({1 —

xPies)
Prs(l = xic)) € Qriz s (1= 0, x2).

Proof This follows from

1 1
Tex =S — 07 + (£ x)%) = S(( = P + D xf + (1 £ 1))
jeJ
J#
and

I—x7 = —x)(1+x)

1
= 7= IxlD) (207 + (0 —x)® + (0 +x)°
J#i
2

1
=D+ DoaF |+ Do f (=) + (14 xi)),
Jj#i Jj#i

The increase of 2 in r stems from the fact that deg(1 — xl.z) = 2 while the degree of
the right-hand side above is 4. O

4.3 An asymptoticlemma

Lemma20 Fora,b,c,d, p,q > 0, withcq — ap # 0, we have

o [(a—l—bs"’)/(c—i—de_q)}
. & be=P de—4
lim

£\0 (cq —ap)loge

=1

In other words, as & N\ 0,

(a+be’”)
be—P ~ o~Cq—ap 0
c+de™4 ~E - Y
( de=4 )

Proof Recall the Stirling series can be used [19, p. 293-294] to see that

1
log(n!) =nlogn +n + 3 log(2mrn) + O(1/n)
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for all large n > 0. We use it to get that,
be=? de~?
e (5257) [ )]
(cq —ap)loge

(a+beP)! (c+de™)!
log [ al(be—P)! / I(de—9)! ]

(cq —ap)loge
_ log(a + be™P)! —loga! —log(be™P)! —log(c +de™9)! + logc! + log(de™1)!
- (cq —ap)loge

S S [(a + be~P)log(a + beP) — be P log(beP) (40)
(cq —ap)loge
—(c+de ) log(c +de ™) +de 9 log(de™9) 41)
+(a+be Py —(be™P)—(c+de )+ (ds™9) 42)

+ %(log(2n(a + be™P)) —logRrbe™P) —log(2m(c + de™9)) + log(2mde ™))
43)
+1ogc!—1oga!+0(sl’+eq)]. (44)
Notice that the terms in both (42)—where the non-constant terms cancel out—and

in (44) are asymptotically much smaller than the absolute value of the denominator,
which tends to +o00. Line (43) is

1 log(2m(a + be™P)) —logRrbe™P) —log(2n(c + de™1)) + log(2rwde™1)

2 (cq —ap)loge
be™ P de”4 P4+b _d
— log(a-l";_afl’ C+f18*‘1) _ log(as b+ cs‘i+d)

2(cq —ap)loge  2(cq —ap)loge

As e N\ 0, the factors inside the logarithm tend to 1, so the numerator tends to 0, while
the denominator tends to 00, and the quotient tends to 0. Let us now show that the
remaining two lines (40)—(41) together tend to 1 in the limit. Now,

li\If(l) be™? (log(a +be™P) — log(bs_p)) =a and
&

lim de™7 (1 de Py —log(de™P)) =c,
81\1‘1(1)‘»2 (0g(c+5) og(de )) c

SO we get
. 1 _ _ _ _
lim —((a + be P)log(a + bs™P) — be P log(be™?)
e\0 (cq —ap)loge

—(c+de N loglc+de ) +de™4 log(ds_q))

. a—c+alog(a+ be™P) —clog(c +de™9)
= lim
N0 (cq —ap)loge
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lim alog(a + be™P) — clog(c +de™9)
= 11 .
N0 (cq —ap)loge

In this quotient, both the numerator and the denominator tend to 00, so we can apply
a version of the I’Hopital rule, which states that, if the limit of the quotient of their
derivatives exists, then the original limit above equals that limit. Taking the limit of
the quotient of the derivatives gives

-d. —1—q b —1-p
vy . cdge(a+beP) — abpe”(c +de )

51\1}(1) (cq —ap)/e e\0 (cq —ap)(a+be=P)(c+de 1)
— im cdq(ag? 4+ b) — abp(ce? + d)
" e\0 (cqg —ap)(agd + b)(ceP + d)
. cdgb — abpd
=lim———— =
e\O (cq —ap)bd
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