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ABSTRACT

The free-particle propagator, a key operator in various algorithms for simulating the time evolution of the Schrédinger equation, is studied. A multiscale approximation
of this propagator is constructed, representing the semigroup associated with the free-particle Schrodinger operator in a multiwavelet basis. This representation
involves integrals of highly oscillatory functions. These integrals are efficiently discretized using a contour deformation technique, which addresses the challenges

posed by earlier discretization methods.

1. Introduction

Let us consider the one-dimensional time-dependent Schrodinger
equation

i0u=—0%u+V(x,0u, (1.1)

complemented by the initial condition given at t = 0 by

u(0) = uy € LA(R). 1.2)

The space variable x € R and the time variable ¢ > 0. In general a real-
valued potential V' (x,7) can depend on the solution, as for example, in
water waves and Hartree-Fock theories.

The main objective of this work is to provide an effective numer-
ical discretization of the exponential operator exp (ita)%), where t € R
is a small parameter, not necessarily positive. In what follows we as-
sume that ¢ # 0. Our goal is to construct a numerical representation of
this operator to solve Equation (1.1) adaptively. It is known that a use
of multiwavelet bases [4] may lead to adaptive numerical solutions for
some partial differential equations [5]. However, the time-evolution op-
erator exp (iza,%) falls outside this operator class, that are known to give
sparse representations in this type of bases [7,14]. Nevertheless, it turns
out that exp (itafc) exhibits a unique peculiarity that can be leveraged
in adaptive calculations, as we demonstrate below.

We recall that the r-dependent exponential operator under consider-
ation here forms a semigroup representing solutions of the free particle
equation

* The review of this paper was arranged by Prof. Blum Volker.
* Corresponding author.

i0u+02u=0. (1.3)

In other words, for any square integrable u, € L%(R), the function
u = exp (itdf() ug solves Equation (1.3). In numerical simulations, the
parameter ¢ usually plays the role of a time (sub)step. The importance
of an effective discretization of this exponential operator, at least for a
time-independent potential V', can be exemplified as follows. Let A, B
be time independent linear operators. One of the simplest second-order
splitting methods can be expressed as follows

eAH—BI — eBt/2eAreBt/2 +0O <t3) . (1.9

Taking A =i 6)2( and B = —iV/, one can evolve Equation (1.1) by applying
the multiplication operator e5/2 twice and the pseudo-differential op-
erator e’ once at each time step starting from the initial function (1.2).
Such operator splitting simplifies the problem (1.1), (1.2) significantly:
the exponential of the multiplicative operator is straightforward and the
problem reduces to finding an efficient representation for the exponen-
tial of the kinetic energy. Below we will also make use of higher order
schemes than (1.4). They will permit larger time steps, which turns out
to be especially crucial for multiwavelet representation of the semigroup
exp (ita)z(), due to some limitations on how small a time step ¢ might be
taken.

We are motivated by the desire of simulating attosecond electron
dynamics. In recent years there has been a growing interest in studying
the electronic structure of molecules under strong and ultra-fast laser
pulses [22]. This is clearly testified by the 2018 and 2023 Nobel prizes
in Physics [21,23]. This could potentially lead to reaction control by
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attosecond laser pulses in the future. From a computational perspec-
tive, electron dynamics in atoms and molecules is challenging: standard
atomic orbital approaches routinely used in Quantum Chemistry can-
not be applied in strong laser pulses, as simple numerical experiments
suggest that ionization plays a significant role and cannot be neglected
[10]. In other words, the coupling with continuum or unbound states
complicates the use of atomic orbitals for the problem discretization.
Inevitably it demands the use of grid based methods, such as finite ele-
ments, for example.

In the case of hydrogen atom subjected to a laser field we have the
following three-dimensional Schrodinger equation

ié,t//:—lAy/— Ly/+:5'(x,t)1//, (1.5)
2 | x|

where the second term —|x|~! stands for the Coulomb potential and

&(x,1) stands for the external electric field generated by a laser. It is

normally complemented by the ground state y(x) = e~*l/ \/; serving

as an initial condition y(x,0) = y(x).

It can be advantageous to make use of adaptive methods to de-
scribe the singular Coulomb interaction between the electron and the
nucleus, as well as the cusp in the eigenfunctions which follows from it.
This, however, sets some limitations on the method development. Ad-
ditionally, for many-body systems (atoms and molecules), the potential
becomes nonlinear due to the presence of electron-electron interactions.
The corresponding nonlinearities are normally presented in equations
as singular integral convolutions. One such method is constituted by a
multiwavelet (MW) representation, within the framework of multireso-
lution analysis [5]. This approach has demonstrated excellent results in
achieving fast algorithms and high precision for static quantum chem-
istry problems [16,17,15]. However, discussing these static results is
beyond the scope of the current contribution. Furthermore, the research
field is rapidly evolving, and we recommend referring to a comprehen-
sive review paper for a broader perspective [8]. An overview of the most
recent advancements will also be available in an upcoming paper [24].

We aim to extend the multiwavelet approach to address time-
dependent scenarios. The first step in integrating the generic time-
dependent Schrodinger equation, similar to (1.5), involves discretizing
the semigroup 2. Due to the limitations highlighted above, the fast
Fourier transform (FFT) cannot be relied upon for quantum chemistry
applications. This is why we find the multiscale approach promising. To
our knowledge, the only work on multiwavelet representation of the dy-
namical Shrodinger type equations was conducted by Vence et al. [25].
They view the semigroup as a convolution and mitigate the errors aris-
ing from its oscillatory behavior by damping high-frequency oscillations
in Fourier space. The resulting kernel approximation can be seamlessly
integrated into the multiwavelet framework developed for static prob-
lems.

In contrast, we adopt a different approach by leveraging the smooth-
ing property of the semigroup instead of damping it. It enables us to
achieve a highly accurate multiscale approximation of the free-particle
propagator. Moreover, it turns out that this representation can be re-
garded as sparse, as long as particular restrictions are met during numer-
ical simulations. Since we do not treat the semigroup as a convolution
suitable for chemistry applications, unlike the mentioned above method
employed by Vence et al., further development is necessary to fully ex-
ploit our representation for studying electron dynamics in molecules.
Therefore, this article focuses exclusively on the one-dimensional case.
In the future, we plan to extend our results and simulate the three-
dimensional quantum mechanical problems. It is here difficult to predict
if a multiresolution representation of oscillatory operators such as the
free particle propagator considered here is going to be practical in 3D,
due to its computational cost. However, we demonstrate below a signifi-
cant improvement of the results by Vence et al., at least in 1D. Therefore,
we believe that our approach will show an efficiency comparable to
other grid methods for small molecules in strong laser fields.
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The paper is organized as follows. In Section 2 we introduce some
preliminary notions and recall the theory behind multiwavelet bases. In
Section 3 we lay out the problem with some insights into the difficulties
that we aim to overcome. In Section 4, the multiresolution represen-
tation of exp (ita)z{) is reduced to the evaluation of a special kind of
integrals. In Section 4 these integrals are evaluated by deforming the
integration contour in a way that allows to exploit the smoothing prop-
erty of this exponential operator. Furthermore, we demonstrate that by
carefully selecting the time parameter ¢ and polynomial approximation
order, its multiresolution representation will display an unusual sparsity
pattern. More specifically, the matrices used in calculations have non-
zero elements away from their main diagonals. This sparsity depends
significantly on the value of 7, necessitating the use of high-order nu-
merical schemes for accurate wave propagation simulations. To address
this requirement, we introduce high-order symplectic integrators in the
second part of this work [12].

2. Multiwavelet bases

This section provides a concise theoretical background on multi-
wavelet bases. We are interested in approximations of functions in
L%(R). However, for practical reasons, we have to restrict ourselves to
a sufficiently large interval. Equation (1.1) can always be normalized
in such a way that the unit computational domain [0, 1] will suit our
needs, while keeping the constant in front of the second derivative to
be —1. Note that any function u € L?(0,1) can be trivially extended to
a function in L?(R), by setting it to zero outside (0, 1). On the contrary,
any function from L?(R) can be projected into L2(0, 1), by multiplying
it with the characteristic function of the unit interval (0, 1). This remark
allows us to make sense of the inclusion L2(0,1) ¢ L%(R). Now for any
teN={1,2,...} and any n € Ny = {0, 1,2, ...} we introduce a space of
piecewise polynomials V: as follows. A function f € V: provided that
on each dyadic interval (//2",(/ +1)/2") with / =0,1,...,2" — 1 itis a
polynomial of degree less than ¢ and it is zero elsewhere. Note that the
space V! has dimension 2"¢ and

Vicvic..cvic...cL*0.1)c L*(R),

which defines a multiresolution analysis (MRA) [19,20], since the union
U:":O Vne is dense in L%(0, 1). We refer to the given fixed number ¢ as the
order of MRA and to the integer variable n as a scaling level.

Let ¢y, ..., ¢p_; be a basis of V(f that will be called scaling functions.
The space V’f is spanned by 2"¢ functions which are obtained from the
scaling functions by dilation and translation

¢ =2"2¢;@"x~D), j=0,...e-1, 1=0..2"-1 @D

There is some freedom in choosing a basis in V¥, at least for £ > 1. The
first example appeared in [4], and it consists of the Legendre scaling
functions

¢,(0)=V2j+1P,2x~1), x€(0,1), j=0,.. b1, (2.2)

where P; are standard Legendre polynomials. Outside the unit inter-
val (0, 1) they are set to zero. An alternative basis, proved to be more
efficient that is especially crucial in multi-dimensional numerical cal-
culations, was presented in [5]. It consists of the interpolating scaling
functions

-1

@)= 1] Y b)), =0, =1, (2.3)
m=0

where ¢,, are the Legendre scaling functions (2.2). Here x,...,x;_;
denote the roots of P.(2x — 1) and the quadrature weights w ;=
1/ (EPE’ 2x = DPe 1(2x = 1D). The expansion coefficients of a general

function f in a scaling basis are the integrals
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1
0= [ s wax=2" [ rererngwax
R 0

that can be evaluated numerically using the Gauss-Legendre quadrature

-1
SR 2N W, 27+ DI (),
m=0

j=0,....,t—1, [=0,...,2"-1. (2.5)

Note that the interpolating scaling functions (2.3) satisfy ¢;(x,,) =
wj_l/zéjm and so (2.5) simplifies to

()~ 272 Jw; f (27" (x,, + 1)) (2.6)
for this particular choice of a basis.

The multiwavelet space I/VnE is defined as the orthogonal complement
of VnE in VnEH, so we have

Vin=Vi@W/ =VieW oW e oW

As above it is enough to define a basis yy, ..., y_; in I/VOe and then trans-
form it in line with the general rule (2.1), in order to get an orthonormal
basis in each W'n". The construction of a specific multiwavelet basis that
satisfies certain given restrictions is more involved. We are using the
one that was constructed in [4], since it provides us with an additional
vanishing moment property, namely,

1
/y/j(x)xmdxzo, m=0,1,...,j+¢—1. 2.7)
0

The multiwavelet expansion coefficients of a general function f are the
integrals

di(f)= / J Oy (x)dx, (2.8)
R

that could in principal be also evaluated with the help of the Gauss-
Legendre quadrature. However, there are precision issues connected to
this approach. The multiwavelet coefficients (2.8) are instead obtained
from the higher level scaling coefficients s’.’l“( f), where the latter are
calculated by the quadrature rule (2.5). This is possible thanks to the so
called forward wavelet transform [11]

¢?>:U(¢n+l> 2.9
<V’In ¢g;r+11

where the two bases of V"E_H
notation agreement

are grouped in accordance with the short

g,(x) v, ()
no__ n_
¢[ - s lI/[ - " s
o1 1(x) Wy, ()
and U stands for the unitary matrix
HO HO
“\g® g >
consisting of ¢ X ¢-size filter blocks H(® = (h;3)> v, GV = ( (1)) de-
pending only on the type of scaling basis (Legendre or interpolating) in

use [5]. Integrating (2.9) together with f, we immediately obtain the
following relation

n n+1
(3)-+(3)
21+l

with vectors s d" consisting of coefficients s” it dj = 0,
accordingly.

(2.10)

(2.11)

.
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There are two main advantages with multiwavelets, compared to
other discretization methods: (1) the disjont support of the basis func-
tions combined with the vanishing moments of the wavelets enables
sparse and adaptive function representations, with a rigorous preci-
sion control; (2) some pseudo-differential operators have sparse mul-
tiwavelet representations [4], leading to fast (ideally linearly scaling)
algorithms.

Let P",Q" be the orthogonal projectors of L2(R) into V!, W}, re-
spectively. Clearly, Q" = P"*! — P". Moreover, P" converges strongly
to the projection P : L%(R) — L%(0, 1), whereas Q" tends to zero. Then
any bounded operator 7 can be represented on the computational do-
main [0, 1] as

PTP=limT,= TO+Z W+ B,+Cp), (2.12)
n—oo — 0

where we introduced the multiresolution restrictions

A,=0"TQ", B,=Q"TP", C,=P"'TQ", T,=P'TP". (213)

In other words, each approximation 7, of 7 on [0, 1] is defined by its
restriction 7 in VOE and by the collection of triplets (Ag, By, Cp), ...,
(A,,B,,C,). We refer to this representation as the nonstandard form
and write shortly

T, = {7y, (Ag, By, Cp), ...

(A, B, C Y. (2.14)

This form is very useful for some classes of operators. In particular,
Calder6n-Zygmund operators have sparse representations for the matri-
ces associated with A, B,,C,, leading to fast effective algorithms [6].
Another advantage of the nonstandard form is the absence of coupling
between scales when the operator is applied (such a coupling results
from a post-processing step which relies only on the fast multiwavelet
transform [6,15]). This is a key-feature as one wants to preserve the
adaptivity of functions while the operator is applied.

Before proceeding to concrete examples of operators 7, we introduce
the following matrices, defined in the V! @ W! basis, as

oy, = / O OTdx, [r ], / @, Ty, (0dx,
0

1 1

AP / vl T 0dx, o], = / y, COT yih (x)dx.
0 0
(2.15)

For every scale n € N, symbol ¢ stands for a table of 2" X2"-size, where
each element is itself a matrix of ¢ X ¢-size. Similarly, the blocks a”, "
and y", associated with the triple (A,,B,,C,), have the same forms.
Making use of the wavelet transform (2.9) one can easily deduce the
following relation

n n+1 n+1
Oy ym Cwa %o T
n =U 6"+1 6n+l Uu.
% 2004120 U2 41,2141
Finally, we can describe a practical algorithm for the operator appli-
cation in the nonstandard form. Let us for a given arbitrary f € L?(0,1)
consider the sequences dl"N;’ with n €N,/ =0,1,...,2" — 1 of ele-
ments from C! defined by the followmg iterative procedure

(2.16)

21— 21—

iy =3 (o, di(f)+B,s0(), 5 Z v dr(f)
1=0

and

8, = HO (5 43 + GOTL

~ (1) (an—=1 , ~n—1 (1) Fn-1" nzl, wheres 00 o(f)
— - = n—

S2m+1_H (Sm +sm >+G dm
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Lemma 1. Let f € L*(0,1), n€Ny and g =T,
can be obtained by the above iterative procedure as

1 f. Then its coefficients

dMg)=d}', s)(g) =5 +5) (217)
at the finest scale n. The rest coefficients, at scales n =0, ... ,n—1, are found
by (2.11).

Proof. It is enough to prove (2.17), since the scale relation (2.11) is
already known. Moreover, the first equality in (2.17) is obvious. Now
we can notice that the second equality in (2.17) clearly holds for the
finest scale n = 0. Thus the statement follows by induction over n from
the equalities

1

/ P 0P5L dx = s, / whoOgrs! (ndx =g0s),,

Jj2m Jj2m
0

1
) b
/ ,(x)¢;';,1,,+1(x)dx =h, 6 / p[(x)¢7-;rln+] ()dx = gz(zj O1m
0 0

that are straightforward to check. Further details are omitted. []

3. Review on time evolution operators in multiwavelet bases

There are two main examples of the operator 7 that we regard here,
namely, the heat exp (#02) and Schrédinger exp (itd?) evolution opera-
tors. The former one is probably the most used and studied operator in
relation to application of multiwavelets. In this section we review how
the heat propagation operator exp (ra}() is discretized in a multiwavelet
basis, and which problems arise when the same techniques are directly
adapted to the Schrodinger semigroup exp (itz))zc).

3.1. Finite interval representation with Dirichlet boundary conditions

The Laplacian 05 together with the Direchlet boundary conditions,
or more precisely, defined on the domain

Dom (2) = {u € H2(0,1) ( u(0) = u(1) = 0},

constitute an unbounded self-adjoint operator in L2(0, 1).

The collection of functions {x — \/5 sin(zrvx)} N forms an or-
Ve

thonormal basis in L2(0,1). Let F be the Fourier transform associated
with this basis, that is
1
Fu(v) = / u(x)\/isin(zrvx)dx.
0
The elements of this basis are eigenfunctions of the Laplacian 0§, with
eigenvalues —(7v)?, v = 1,2,.... Therefore, according to the general

spectral theory for any function ¥ we can define the following oper-
ator

1
[se]

¥ (0%) u(x) = Z ¥ (—(zv)?) / u(x)V2 sin(zvx’)dx' V2 sin(zvx)
v=1 0

on functions u € L2(0, 1). Alternatively, this can be written as a Fourier

transform, followed by multiplication by ¥ (—(nv)z) and inverse Fourier
transform:

¥ (o) =F'¥ (-(zv)*) F

The Fourier transform [ is an isomorphism and its inverse is defined

as

AN 3 ae Y a,V2sin(rvx) € L20,1).

v=1
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The main example we are interested in is W(4) = exp(it4). The heat ex-
ponent with W(4) = exp(t4) has been previously considered in [5]. The
propagator exp (if92) is defined through the symbol exp (—if(zv)?) as
described above. We would like to represent this operator in a multi-
wavelet basis in the same spirit as in [5]. Following the same logic we
start with the projection of u(x) in a MW basis:

N-1¢-1

Pu= 3 S0 N2
j=0

and then consider its time evolution under the action of the operator
T=Y (d)zc) The function 7 u is approximated by 7,u which lies in the
span of piecewise Legendre polynomials. We have

N-1¢-1
p— n n
Tou= Z Z%‘I%’
1=0 j=0

where the coefficients 5" 57 are obtained by applying ¥ (02) onto P"u(x),

and then taking the inner product with the scaling function qﬁ;’l(x),

1
3 / ¥ (0?) P u(x)¢’ (x)dx
0

F~' (¥ (=(x)?) FP"u(v)) ()¢ (x)dx.

o _

The rightmost integral is the inner product in L2(0, 1). It can be rewritten
in terms of the inner product in #2(N) by noticing that F* = F~! which
follows immediately from the Parseval’s identity. Thus

5, = Z ¥ (~(@v)?) FP"u(F 4, (v)

N-

._.

-1
s i
=0 j=0 ~ v

M8

¥ (=(2v)?) ol (MF ), ().

1

Here we make a first remark on the convergence of this series. Our main
example ¥ (—(zv)?) = exp (—it(zxv)?) is a function bounded with re-
spect to v € N. Both [F¢" and F¢", , are £%-sequences. Therefore the
series is absolutely convergent by the Cauchy-Schwarz’s inequality. So
far we do not have much information about the rate of convergence,
though one can anticipate a significant cancellation effect at high fre-
quencies v due to oscillations caused by the exponent.

Let us simplify further the expression for [Fq.’);’l(v) in the following
way

'

Fg,(v) = /¢" (x)\/Esm(nvx)dx_—/qb (x)\/Esm 7rv )dx

= —\/%W 0/ @;(x) (exp (izrvx; ! ) —exp (—izzvx; ! )) dx.

If we introduce the usual Fourier transform as

fe=rre= / f(x)e ¥ dx @1
R

then after simple algebraic manipulations we get
irv(l! = 1)
70 () 7o (-5 o =5
( ¢ ¢y exp

)F’d) ( ”v)expmv(]l\;ﬂ)).

Fol(MFYS,, (V) =

—Fo; (

Summing up we obtain
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N-1¢-1

~ o _ n 1n 2n __An
S = Z 2511 ([‘7/'_/],-/,- [ 1'+1] > N=2'
=0 j=0

which shows that the matrix elements of 7, can be written as ¢/, =

]
ll,"_ - 0-12,"+ , in {¢}, where we introduced the following notations

[Ulln]j’j:ily(‘(”")z)% <7’¢< )Fqﬁ—()e pﬂ>’
o], ZLP ~?) ke (7o, (5 )y (5 e 22

The advantage of the above equations is that the Fourier transforms
above can be computed exactly, because they involve the calculation
of integrals of polynomials multiplied by exponentials. Moreover, the
recursion formula for the Legendre polynomials implies a recursion for
the corresponding Fourier transforms. Indeed, integrating the following
relation [2] with an exponential weight

o

2j+ DP;i(x) =0, (P (x) = Pi_;(x))
one obtains
1 1 1

P,(x)e”Fdx = / Py (x)e S dx — / P, (x)e* dx.

-1 -1 -1

2j+1
i&

Hence, the Fourier-transformed Legendre scaling functions (2.2) display
the following recursion formulas

2j+3 V@2ji+D2j+3
Fin®© =157 ARG, %P@(:), 3.2)

whereas the first two Fourier transforms

(1 —e), (3.3)

2\/_ (et -

Feo) = iz

1\/_ )

Fo (&) = 1) 6X)

can be obtained by direct calculatlons.

We remark again here that each Fourier transform F¢; (%) =

O (% ), when v = oo, as follows from the calculation of Fourier trans-

forms. This is prohibitively slow for our main example of bounded W.
Keeping only the first N terms of the sums we get

1”1, Z‘P ~?) L ReFg, () Pty (2 )exp 2

N
+f9(—1 ):
Nm-1

and similarly for [af"]j,j. Indeed, the remainder is bounded up to a
constant by
1 < 1 I d 1
Ly L ¢ / dx_ 1
N s V/N)? x* o Nl

Nm=1

This is problematic since in practice an acceptable precision demands
setting m = 3 or larger, which corresponds to the tolerance © (#) =

O (272"). This requires at least N multiplications. On the other hand,
the remainder can be estimated more precisely by making use of the
high oscillation of ¥ mentioned above. The advantage of the smoothing
property of the exponential operator will be exploited in Section 4.

For the heat equation the series [a}”]j,j and [alzn]j,j converge signifi-

cantly faster thanks to the decay ¥ (—(zv)?) = exp (—#(zv)?). Moreover,
the corresponding non-standard form blocks a”, " and y" defined in
(2.15) turn out to be effectively sparse. We remark here that the entries
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of the matrices [all"]j,j R [612"] . are calculated only once for a fixed

i
and given time step ¢, or, in case of higher-order temporal integration

schemes, for a sequence of time substeps. Then each of these matrices
is applied to a vector {s”,} following a fast numerical procedure devel-
oped in [6]. When the non-standard form of the operator is used, the
sparse approximations of a”, f” and y” are applied to {s;.’l I {dj'.'l 1.

3.2. Convolution representation on the real line

On the real line, the operator 7 = ¥ (aﬁ) is a convolution of the form

Tu(x)= / K(x = y)u(y)dy (3.5)
R

with the kernel K = Fr Iy (—.52). Its matrix elements (2.15) are the
integrals

1

lon] ;= / / K(x =y}, ()¢}, (y)dxdy
0 0

simplifying to

+1' —
[O'[r[]jj_[ " 1// N/ (Z )fbj/j(z)dz

according to (2.1), where N = 2" and the so called correlation functions

@, i(z)= / @jr(x)p;(x — 2)dx
0

have been introduced. Each of them is continuous with the support in
[—1, 1]. Their restrictions to either [—1, 0] or [0, 1] are polynomials of or-
der at most 2¢ — 1. Therefore, one may expand the correlation functions
in L%(-1,1) as
2e-1
LEEDY ( O B2+ bz + 1))
0

J'ip
p=

where the cross correlation coefficients

1 1

i) = //¢ 1(x); (x — 2)¢p,(2)dxd z

JJP
0
1 1 ’

¢ jp //qb 1(X)p;(x—z+ 1)¢,(2)dxdz
0

jj=0,...,t=1, p=0,...,26—1,

are easily tabulated. Thus the convolution operator 7 in the orthonor-

mal collection { q.’:;.'l} has the matrix elements [0'["/ l]j'j = [o["/_ ’]j’j de-

pending only on the distance I’ -/ =1- N N — 1 to the diagonal.

These elements may be evaluated via

[6 == Z ( §+J)p ;l(K)+CJ( /)p Zl 1(K)) (3.6)

where N =2" and the scaling coefficients of the kernel K are defined
by (2.4).

The numerical evaluation of convolution operators is reviewed in
[14], for instance. Equation (3.6) gives the pure scaling component of
the operator, the first integral in (2.15). The other components can be
calculated by the decomposition transformation (2.16) that simplifies to

o J/n n+1 n+1 r
(5 m)=v(gn v (37)
1 ! 21+1 21
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for the convolution operator 7 and / =—-N +1,—N +2,..., N — 1 stand-
ing for the distance to the diagonal.

We can now demonstrate how the multiwavelet framework can be
used for the exponential heat operator exp (192). It can be regarded as
a convolution operator in L2(R) of the form

7= /()
exp | — u(ydy, t>0,
4711R 4t

as shown in Ref [13]. It is associated with the heat equation ou= 02u on
the real line R. The Green’s function scaling coefficients s” (K ) can be
calculated easily with high precision. Then from (3.6), (3.7 one obtains
the corresponding non-standard (NS)-form matrices ", ", y" with n =
0,1, .... Gaussian kernels are separable and possess a narrow, diagonally
banded structure in their NS-form, which has already been exploited for
Chemistry applications in the past, in particular by approximating the
Poisson and Helmholtz kernel as a sum of Gaussians [16,14,15], similar
to the one appearing in this heat semigroup convolution.

An attempt to adapt the above approach to the time-dependent
Schrodinger equation (1.1) was made in [25]. The exponential oper-
ator exp (itdf{) can be regarded as a convolution operator in L2(R) of
the form

exp (tdz) u(x) =

i i(x — y)?
exp(itaf)u(x)zw exp<u

Vért 4

see [13]. The oscillatory behavior of the kernel makes it not feasible
to calculate the convolution with a given high precision. Therefore, in
[25] this difficulty has been overcome by damping high frequencies: the
kernel was approximated by

) udy, >0,

K@~ T (e 2©) (),

where y(&) is a smooth cut off function. The problem with such an ap-
proach is that it is difficult to control the error and the cut off y(&) should
be tuned for each particular problem. Moreover, as in Subsection 3.1 this
approach ignores the smoothing property of the exponential operator.

4. Contour deformation technique

Kaye et al. [18] have exploited the smoothing property of the ex-
ponential operator 7 = exp (naﬁ). They regarded Equation (1.1) in the
frequency domain. Returning back to the physical domain, where the
potential V' (x,t) is applied, they calculated the inverse Fourier trans-
form F~! over a specifically deformed contour I instead of R, which
allowed them to increase the precision significantly, while keeping the
advantage of using Fast Fourier Transform (FFT) based schemes. In this
section we adopt their approach in order to get a precise multiresolution
representation of 7. As in Section 3.1, we can write

N-1t-1
_ 32 _ —1 ,—ite? _
T,u=P"exp (i107) P"'u=P"F e FP"u= Z Z J/dJ"
1=0 j=0
where now the operator 7 is unitary in L?(R). Similarly, we obtain

N-1¢-1

'l’_ ZZ Sji [ 1],,

1=0 j=l
where the matrix [al", 1] o defined in (2.15) depends only on the dis-
3
tance !’ — [ to the diagonal, as explained in Section 3.2. In terms of the
introduced notations we have the following expression

1 [ () (8 B

=5 /exp (iEl —itN?E*) Fop (O)F s (—E)dE.
R
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Note that [al”]j,j = [o-fl]jj,
tions are given by (3.2), (3.3), (3.4). Clearly, the integrand can be ex-
tended to an entire function of complex variable { € C. In two quadrants
of C-plane we have Re ( —itN%¢ 2) < 0, which suggests that deforming
the integration contour into them, would lead to a more effective cal-
culation of the integral with respect to {. We could in principle deform
the integration contour exactly as was done in [18], so that the new
contour I' would be chosen depending on the sign of ¢ and an accuracy
parameter £. Without loss of generality one can assume ¢ > 0 from now
on. Their contour I'y; is kept in an H -neighborhood of the real axis R,
i.e. in the band |Im{| < H, where the bound H > 0 is introduced in or-
der to avoid multiplication of big and small numbers while calculating
the integral. A direct repetition of their argument leads to the optimal
bound

. The Fourier transforms of the scaling func-

H—ilog s

% (4.1)

mach

where ¢ is the desired precision and €, is the machine epsilon (the
precision limit of floating-point arithmetic on a computer, approxi-
mately 2752 for double type), see the details in Subsection 4.3. However,
in our case we can use as an advantage the fact that we are able to
calculate Fourier transforms of piecewise polynomials ¢; exactly. In-
deed, all the integrands are sums of exponents (up to powers of 1/¢),
therefore, combining them together one can try to avoid inaccurate mul-
tiplications. Without this restriction, we are able to take a contour that
will allow us to exploit the smoothing semigroup property at its best.
Namely, we choose a contour to be the line I' = (1 — /)R oriented with
angle —x /4 to the real line. On such contour I' the main exponent part

—itN2¢2 = —tN?|¢|?, which guarantees fast integral convergence.
The nonstandard form matrices (2.15) take their final form
o], = i / exp (i¢l — itN?¢?) Fp;(O)F b ,(=0)dC, (4.2)
r
lof],, = i / exp (i¢1 —itN*¢*) Py (O Fw,(=0)d¢, (4.3)
r
=5 [ e (i1 IN?C) Fg Ty (00de, (44
r
% exp (iG] —itN?¢?) Py (O)F b, (=0)d. (4.5)
r

As we shall see below, the matrices are effectively sparse, due to
F;(0) =0 of at least order £. We point out here that Fourier transform
Fy;(£) can be easily found analytically and extended to the complex
plane { € C as

suc=L 15, (£) i+ e (5)]

where g ) and gj are elements of the filter matrices G© and GO,
respectlvely The justification of the contour deformation is straightfor-
ward, so we omit the proof.

Before we continue with the evaluation of these integrals, it is worth
to make a couple of remarks on the behavior of the integrands in
(4.2)-(4.5). As can be seen from Equations (3.2)-(3.4), the Legendre
Fourier transform extensions $ () have a removable singularity at zero
¢ = 0. The same is true for the interpolating Fourier transform exten-
sions @ ,(¢) and the wavelet Fourier transform extensions y/}j(c ). This
suggests that they can be approximated by power series around zero.
Moreover, taking into account the Gaussian factor exp (—tN?|¢|?), one
may expect that these power series will provide good numerical values
also away from the origin { = 0. Below, we will mostly focus on de-
veloping this idea further. The last remark concerns the price to pay
for the contour deformation. As it will be obvious below, apart from
the Gaussian fast decreasing factor we also get the increasing factor
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exp ((ll |+ DI¢l/ \/5), that turns out to be crucial, due to round up er-
rors, when the time step ¢ is small and the scale »n is coarse (small n).
This problem is, in practice, overcome by the algorithm used to con-
struct the NS form of the operator. Specifically, the first integral (4.2) is
computed with high precision at the finest scale n required, depending
on t. Then the operator matrices at coarser scales are obtained by virtue
of the MW transform (3.7).

4.1. Legendre scaling functions

Our goal is to calculate the integrals
1 . . NN .
[o7],, @ =5~ / exp (il —ial?) (O, (=0)dL. 0<pj<t, (46)
r

where a = tN? = 4", We can represent the multiplication of Fourier
transforms as a {-power series. This will transform this integral into
a series of integrals J;(a,/), that can be evaluated exactly, with some
coefficients depending solely on p, j, k. These coefficients need to be
computed only once and tabulated, as they are problem-independent.
We will call them correlation coefficients. We make an extensive use of
(3.2) which is valid for integers j > 1.
Firstly, we notice that $ ,(£) has a root at zero of order j. Indeed,

' (0) = (—i)" / ¢b;(x)x"dx
R

that equals zero for any 0<sm<j and a non-zero provided m = j. In
particular, ¢y(0) =1 and ¢;(0) = 0. In other words, the Taylor series of
the entire function $ ;({) starts with the power j.

Secondly, we can see from Equations (3.2)-(3.4) that each $ ;(§)isa
combination of powers of 1 /¢ and of exponentials e’¢ . More precisely,
$;(§) = ®;(=i¢), where

o=alty s L pC .y 4
J T, T J xi+l 0 x J xi+l’

These coefficients are real and can be found exactly. Indeed, from
(3.3) we deduce

A)=-1, BJ=1, (4.7)

and from (3.4) we deduce

Ab=v3, Al=2v3, Bl=V3 Bl=-2V3 (4.8)

For j > 1 from (3.2) we deduce the following relation

AjH _ 2j:+3Aj71
0 2j—1 0

J+1_ [2j+3 o \/7,
Al _‘/ﬁA1 —2y/@2j+ D2j + 3)A)

(4.9

A+ _
ATt =

2j+3 AT -2V DR+ DAL,

2j—1
Ajﬁ“ =-2v/2j+ DQj + 3)Ajj_1
Jj+l _ . . J
Aj+1 =-2vQ2j+D2j + 3)Aj
which also holds for B{'n with j > 1.

It is now possible to write the Taylor series about zero { =0 for the
entire function ¢;({)¢,(—¢) = @;(—i)®,(i{). For j, p > 0 we have

J

o 1
_ (=" J AP Jj gP J BPoX J AP =X
CDj(—x)CD,,(x)—ZOZ:‘) T (AmAq+BmBq+Amqu +B) APe )

Expanding the exponentials e** in powers of x we obtain
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D;(—x)®,,(x)

J P 0 —m—g—
-1 m+1 xk m—q—2 . .
=ZZ Z ()7<AJBP+(—1)/‘BJAP),
k! mq mq
m=0 g=0 k=j+p+2+m+q
where we have discarded small powers, since the Taylor series starts
from the power j + p in x-variable. We can change the summation vari-

able in the third sum as

D;(—x) P, (x)

J P X (_])m+1xk+j+p . . .
=Yy : (41,87 + (DkHrrimiag) 4},
S S k+2+j+p+m+g)! 4 4

This series can be written down as

oo Ck xk+j+p
@ .(—x)D - L
S0P kzzo(k+2+j+p)!

where

J p m+1 .
Ck — 2: 2: (=1 + ({C+2+J +p)! (Aj BP+(_1)k+j+p+m+qBj AP>.
P (k+2+j+p+m+g! \ "4 "o

m=0 g=0

In particular, C(’)‘O =1 + (—1)*, that constitute all cross correlation coef-
ficients required for the Haar multiresolution.

There is an obvious problem here, namely,

A{n| ~ (4jy" which is
numerically problematic, and the same is true for Bf,,. So one may try
to balance multiplication by factorizing it in the following way
Ch 3 3 ED ek 2 )+ I e

J (k+2+j+p+m+9g)!

m=0 g=0

x (&1 Bp + (—1ysrrema Bl A1)

with

~ Al ~ B’

Al =" pr—_9_ andsoon.
T 1 (4p)

These new coefficients satisfy the following relation
o [H 3 E

0 2j—10

§j+1 _ 2]:+3j:—l§j_1 _ (2j+ 1)(2_]+3)§J
1 2j—1j+1"1 2j+2)2j+2) 0
G U3 (=1 g [QiA DRI+ T g
2 2j—1\j+1 2 Q2j+2)2j+2)j+1

2j+3<j;1>"‘§,-- B (2j+1><2j+3)<L>"2§j
J= 2j+2)2j+2)\j+1 i=2

<

B+ _
Bt =

—_—

2j—-1\j+1
: ; oo\ J-l
sl __ [@i+DRi+Y (N Ty
J 2j+2)@2j+2) \j+1 J=1
G [@i+Dei+3) (i N g
it @ji+2)2j+2) \j+1)
which also holds for Z{n with j > 1, whereas the initial coefficients are

v

- - - 3
0_ 1_ 1_
A=-1. A=V3 A=

V3

2

(4.10)

B=1, Bl=v3 Bl=- (4.11)
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These formulas are well balanced and can be easily implemented. It
turns out that due to multiple self-cancellations, the correlation coeffi-
cients stay bounded. For all the ranges of k, j, p of interest our simula-
tions give |C1’.‘p| < 10. Moreover, we can further simplify the expression
for Cj’.‘p, by exploiting some symmetries of A- and B-coefficients. For

example, we can guarantee that Cjzlf“ =0forall k=0,1,....

Lemma 2. For any j =0,1,... and m=0,1,...,j it holds true that A{n =

(_1)l+j—mB{n.

Proof. The proof is split in two steps. Firstly, we claim the statement
for m =0, namely,

Al =(=D'YB! jeN,. (4.12)
Indeed, for j = 0 it follows from (4.7) and for j = 1 it follows from (4.8).
For the other integers it follows by the induction
A =10, + DA = ¢,0.j + (1Y B} = (-1) B!

due to the relation (4.9) which both A- and B-coefficients satisfy to.
Similarly, we obtain

j j i__pi

Aj _Bj » A;=-B;, jeN. (4.13)
The second step is to prove that

AZFS = (=) BEFs (4.14)

for all z,s € Nj. One could proceed by using induction over two vari-
ables, but we can easily reduce the problem to the standard one variable
induction. Indeed, let us consider a standard bijection between n € N
and (z, s) € N2, mapping the increment n - n + 1 either as

(z,5)~>(z+1,5s—1) (4.15)
or as
z0and z+s—z+s+ 1. (4.16)

Let P(n) stand for the statement (4.14) with z(n), s(n). The induction
base follows from the previous step (4.12). Let P(1),...,P(n) hold true.
We need to check the validity of P(n + 1). If the increment n - n + 1
corresponds to (4.16), then s(n) =0, s(n+ 1) =z(n)+ 1 and P(n+ 1)
stands for the statement

A(Z)(")'FS(”)‘*‘] - (_1)2+Z(n)Bg(")+5(n)+l

holding true by (4.12). It is left to check P(n + 1) for the case of the
correspondence n — n+ 1 to (4.15), namely, we need to prove

Az(n)+s(n)

s(n) pz(n)+s(n)
z(n)+1 ( 1) B .

z(n)+1

This is obviously true when s(n) =1 or s(n) =2 due to (4.13). For other
possible z = z(n) and s = s(n), i.e. s > 3, it follows from the recurrence
relation (4.9) as

A;:i =c(z+1,z+ s)Aﬁii_z —c(z+1,z+ s)A?'S_l
=i (z+ 1,24 8)(= 1) P BI T — oy (241, z45)(= 1) BZT = (1) BZ}

and the induction assumption on the validity of the first n state-
ments. []

From this lemma one can easily derive the final expression

j P . .
k — (=1} _1)k (k+2+j+p'E)"@p) = =,
Ch = (=1 (1+(=1) )ZBZ‘J Ciat tormiqr BhB 417

In particular, C¥ =0 for odd indices k. Finally, we show that these
coefficients are uniformly bounded with respect to k.
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Lemma 3. For any non-negative integers k, j, p the following bound holds
true

)C]’.‘p‘ <22+ D2p+ 1)

p+1
G+ 1)%, provided p=3(j — 1),
j+1
X (p+ 1)%, provided j =3(p—1),

(@Y =G +j+py*) (@pyt!' =G +j+pyt!)

BU-D=pOG-D=-pG+ 4o e

Proof. We start by showing that

max |§fn‘ <2425 +1

m=0,1,....j

for each j € N,,. Indeed, E(j) can be calculated directly by the first line in

the recurrence relation (4.10) with the first coefficients (4.11). It yields

=4/2j+1,

The last two lines in (4.10) give

JeN,.

<l [B]<l] sen
In particular,
) V2j+1, jeN.

Now let us consider an array M é with z=0,...

z . . z—1
M = Ui RV ety G VY
j+1 z 2j+2 \j+1 z-1

z=1,....j—1, j=2,

EJ 1)

,Jj and j € N, satisfying

where

j+1 .
Mf M/ M’ =1, jeN,.

Then it is easy to see that
<SMI2j+1

holds true for all admissible pairs z,j. These new parameters can be
roughly estimated by

Mit? < max
z 2=0,...,j+1 =0,...,

which leads to the bound for B,’n claimed above at the beginning of the
proof. We finish now by noticing

Z Z 4j)"(4p)?
h B+ j+pymta

m=0 g=0

i i (k24 + I " Ap) _

o (k+2+j+p+m+q)!

that is a multiplication of two finite geometric series. Summing these
geometric series and using the bound for B/, we conclude the proof by

4.17). O

Now we can make a use of the obtained power series for é)\ (¢ )$ (=)
standing in (4.6). The contour I is parameterized by ¢ = pe~/4 peR.
One can change the integration variable, and then exchange integration
and summation by appealing to the dominated convergence theorem.
Thus our main operator (4.6) has the following expansion

[

[o—ln]pj (@)= k—()C k‘]2k+j+p(l a),

(4.18)

where a = 14" and



E. Dinvay, Y. Zabelina and L. Frediani

eirtm D/ ¥ 2\ m
Jm=m/exp<plexp(1z>—ap )p dp (4.19)
R
satisfying the following relation
Inir = 3o (Mt 2, m=0,1,2 (4.20)
m+1_2a(m+3) m (m+2) m—1 ] > =0,1,2,..., .
with J—l =0 and
e_[% (;12>
Y= Tra P\1a ) (4.21)
44/ma 4a

The zero-power integral J; is standard and the rest are obtained from
it via integration by parts. The expansion (4.18) turns out to be very
efficient as long as the scaling order » is big enough for the chosen time
step t: the smaller the time ¢ the bigger n should be, in order to avoid
that |J,,| become so large that it will affect accuracy due to rounding
errors. For example, n should be bigger than 12 for t = 107>,

Using this recurrence formula we can prove some very useful error
estimates. It is worth to point out that CJ’.‘p € *°(Ny), therefore, it makes
sense to estimate the sequence of power integrals in ! (N;). We note that
J,, = 0 as m — oo, since the series converges. Appealing repetitively to
the recurrence relation we can show that J,, tends to zero faster than
any power of 1/m. Denoting b,, = |J,,| we can notice that

] m
b, < b b
S S+ 3) " T 2amt 2y m+3) !
1] m+1
b on<———b _ mr:
2= 2am+4) " 2a(m+3)(m+4) "
1] m+2

b3 S ———b o t— T p
3N 2am+5) " 2a(m+4)(m+5) "

Summing these inequalities one obtains

m

bbb
el ¥ Omi2 ¥ S S o 3) !

1 3
— (1 1——)b
+2a(m+3) (||+ m+4/ "
1 3
— (1 1——>b
+2a(m+4)<||+ m+s ) m

On the right-hand side, the coefficients standing in front of b, 1, b,,,», ...
form a decreasing sequence (strictly decreasing for either m > 1 or / # 0),
and so we can take them out of the brackets. Moreover, for m > Il;—:l -

2
1]+1 3 .
% + (—' ;: + %) — >, or any m in case the value under the square

root is negative, we have
m b4 1
am+2)(m+3) "' a(m+3)

that can be used in practice for series termination. We can even be more
specific, since we only need to sum b,, with either even or odd indices
m, as follows

3 )bm

I+1—-—
(||+ m+4

bm+1+bm+2+"' <

me—l i .
2a(m+2)(m+3) 2a(m + 3)

Za(m -T:)(zm Ty me ¥ 2a(r|rf|+ 5 et

S 2a(m +'2n)(m +3) m-! + 2a(;l1l|+ 3)m
21127:5) am+ 2r;l(m T3)0m1t a(m1+ 3) ('” 1= mi-f—ét) bm] :

byt + bz + .. <

These inequalities may be exploited to cut the infinite sum in (4.18)
in practical calculations, once the requested precision is set. In princi-
ple, we could proceed further and try to obtain an optimal precision-
dependent expression to determine how to terminate the series, though
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for big |/| we anticipate the series cut to be unnecessarily large. More-
over, the bound in Lemma 3 is in practice very rough, due to very fast
convergence of the integral series. In most practical calculations it is
enough to know that |CJ’.‘p| < 10 for k £ 50.

We now turn our attention to the sparsity of the matrices (4.3)-(4.5)
associated with the nonstandard form (2.14) by means of (2.13), (2.15).
The matrices 0'["+1 , associated with the scaling functions, can be obtained
using the expansion (4.18), whereas the matrices al", ﬂl" s yl” can be com-

puted exploiting (3.7). The Frobenius norm

-1 ) 172
llall = < 2 |ta1,)] >

p.j=0

(4.22)

is used for a matrix a of ¢ X ¢-size. In Fig. 1 we have displayed the norm
of the different components of the NS form as a function of the distance
between two nodes |/| for a selection of scales n, time steps ¢ and poly-
nomial orders ¢. The values of the norms for |/| = 0 (diagonal elements)
and |/| =2" — 1 (corner elements) are reported in Table 1. These results

show that away from the main diagonal Ha,” and

ﬁl"” are significant,
whereas they become negligible closer to the main diagonal / = 0. This is
in contrast with the fact that the NS-form matrices of the heat equation
exhibit a narrow-bounded structure along the main diagonal, as men-
tioned in Subsection 3.2. Intuitively, this difference can be explained as
follows. The heat defuses with time, that is, it transports away from the
initial local perturbation point with some smearing. Waves described by
the Schrédinger equation (1.3) disperse. Such a wave moves away from
the initial local perturbation point forming high frequency ripples that
are captured by multiresolution analysis.

Alternatively, the values on the diagonal and away could be roughly
estimated as follows. Due to the vanishing moment property (2.7), y’}l- ©
has a root at zero of order ¢ + j. It results in the fact, that the corre-

sponding expansions, similar to (4.18), for the matrix elements [le"]pj

and [ﬂl"]pj start with integrals Jy;,,,; and Jy,,,;, respectively. These
integrals constitute the leading terms, due to their fast convergence to
zero. Moreover, the corner elements [a and [ﬂ” o0 are dominant for

prll ~ 17l

In]OO
~ |J5 ()| and
For [ =0 from (4.20) one obtains
£imQk=1)/4
2\/7a2a) k + DNk + 1)’

In the case of |/| > 1, we can admit the following approximation

the same reason. Therefore,

n
o

T, (0) = (4.23)

J2441(0) = 0.

il

J Ny —J,
me1(D 2am+3) "

)
and so

L e (L)
nm (%> 2\/?:(m+;)!

which leads to

(4.24)

<%(L
" 2y/ra2t +2)! \2a

Meanwhile,
Thus

n

2
a ) , | >1

n
%

~ |J5¢(0)|, where the integral is calculated in (4.23).

1 1 1\
S + =
2y/7aa)t e+ 21126+ 1) 24/ma(2e+2)! <2a>

Similarly,

n
&

1 1 1\*
< + =
24/7maRa)t 2k +2)NE+1)  2+/mae +2)! <2a)

provided ¢t is even

v

B

and
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Fig. 1. Sparsity of the non-standard form for selected choices of scales and time steps. Left panels show results for time step # = 0.0001 and scale from n =7 (top)
to n =9 (bottom). Right panels show results for time step ¢ = 0.001 and scale from n =5 (top) to n =7 (bottom). Each color represents a different component of the

NS-form: ||a; | is blue, |
in the figure(s), the reader is referred to the web version of this article.)

B

¢ s e (5)
! ) 7aRa) D2+ DN +2)  24/malt+2)! 2a

provided ¢ is odd.

Note that the expansions for matrices a}, | with respect to the power
integrals contain cross correlation coefficients depending on the MRA
order ¢. Therefore, the implicit constants staying in the obtained in-
equalities for B'|| depend on ¢ as well. In other words, these
inequalities provide only a qualitative behavior of the norms. For in-
stance, one can compare

>

n
%

8.6e-05, t=2
[56(0) =4 2.1e-11, E=6
1.0e-20, t=11

B,|| is red and ||6;|| is black. Solid lines correspond to & = 6, dashed lines to & =2 and dash-dot lines to £ = 11. (For interpretation of the colors

for n="7 and t = 0.0001 with the values ‘ reported in Table 1.

%
4.2. Interpolating scaling functions

Another common choice of polynomial basis is constituted by the
interpolating scaling functions. Similarly to the previous case we intro-
duce the functions ¥ (=if) = @ (), where ¢ ; are given by (2.3), so that

e-1

V(0= 1/10] Y bu(x )P, (x), j=0,....k—1,
m=0

where ¢,, are the Legendre scaling functions. Here x, ..., x,_; denote
the roots of P,(2x — 1). We are interested in the following combination
-1

W (0,0 = 0510, Y, br(x)dy(x)P i (—X)D,y (x)

J'p'=0
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Table 1
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Values of diagonal elements (|/| = 0) and corner elements (|/| = 2" — 1) for the ||«;]|,
||8)]| and ||6;|| components of the NS form for selected time steps ¢, scales n and

polynomial order ¢.

ool llazill el flowa]]
0.22  50e03 26e-03 1.3e3
022 32002 17e02 9.0e3
022  1.8e01 81e-02  0.037
011  3.2e:03 32003 3.1e3
011  86e-02 42e02 0.021
011  29e:03 18e-02 0.1
0.055 3.0e:02 9.8¢-03  3.2¢3
0.055 1.6e:03 9.1e-03  0.054
0.055  6.8¢:09 19e-05  0.055
0.28  26e:02 11e02 5.2
028  15e:01 14e01 012
0.28  15e:04 6.4e:03  0.28
0.14  9.8e:02 3.7e-02  0.014
0.14  41e:04 7.5¢-03 0.14
014  1.4e10 43e06 0.14
0.070  1.3e:02 27e-02  0.056
0.070  1.1e:07 8.8e-05  0.070
0.070  3.0e17  1.4e-09  0.070

t n_ & laof [I4ol
0.0001 7 2  80e05 2.4e-03
0.0001 7 6  3.2e13  3.9e-08
0.0001 7 11  27e18  4.0e-15
0.0001 8 2 2.5e-06  3.0e-04
0.0001 8 6 3917 3.1e10
0.0001 8 11 52e19  3.5e-18
0.0001 9 2  7.8e08 3.8e-05
00001 9 6 5319 2.4e12
0.0001 9 11 3.2e19  1.5e-18
0.001 5 2 2.6e-04  4.9e-03
0.001 5 6  6.8el12  20e07
0.001 5 11 24e18 8.5e14
0.001 6 2  8l1e06 6.1e04
0.001 6 6  83el6 1.6e-09
0.001 6 11 63e19 1lel7
0.001 7 2 2.5e07  7.7e-05
0.001 7 6 4219 1.2e11
0.001 7 11  20e19 1.8e-18
which can be expressed as the series
oo D;cpxk
¥ (=P, (x) = Z /-
J p N
& (k+2)!
where
k _ k=j'=p' . _
D, =\w;w, Y, by (,)C, T jp=0 k- L.
0<)’.p'<t-1
i<k

Note that this double sum can be restricted to k — j/ — p’ being even
and non-negative. Thus the time evolution operator in the interpolating
basis has the following expansion

[Se]

[o7],, (@ = Z Dk Iy (1, a), (4.25)
k=0

where a = 4" as above for the Legendre basis.

Calculating matrices al", /JI" s yl” from al"“ by (3.7) and then evaluat-
ing the norms Br v
results as in the previous subsection. Moreover, the interpolating ba-
sis spans the same space and the norms of the operator therefore do
not change, and as a result matrix norms may change insignificantly.
Therefore, we omit the illustration of the sparsity and refer to Fig. 1 for
details.

and , one arrives to the same qualitative

n
o

s

4.3. Haar multiresolution analysis

The above conclusions simplify significantly in the case ¢ = 1. By
(4.6), (3.3) we have

—cos¢

1
[ﬁm=/F©M,F©= 7

r

exp (i¢l — itN*¢?)
T

Let us first justify (4.1), so we regard ¢ lying in the band |Im{| < H
and satisfying Re ¢ - Im¢ <0, then

2 2
[F) < =MD ¢ Z HN,
T T

In order to maintain accuracy ¢, while discretizing the integral in such
domain, the right-hand side of this bound should not be bigger than
€/€mach- Thus we obtained (4.1).

11

Now we have only even-power integrals in the expansion (4.18),

(67100 =2 X Tl ). (4.26)
k=0

since C(’J‘O =1+ (=1)¥ by (4.17), that can also be checked directly by
expanding cos ¢ about zero. The convergence rate of this series was an-
alyzed in Subsection 4.1.

Finally, let us have a closer look at the dependence of [al”] 00 1 the
distance |/| to the diagonal. In the case of / =0, one can calculate the
sum of the series by means of special functions as

k=0

2 e%[
[o6] 00 = =11/ ZFi < _2a> , (4.27)
where
b 2k+1 _ X2 :
Fx=Y X N Y A
2k + DRk +2)!! X 2 \/5

i
V2a
cision control, since its real and imaginary parts are alternating series
with monotonically decreasing coefficients.

In the case of |/| > 1, we have (4.24) which leads to
2a

EEoN (L)

Here the term in front of the exponent changes slowly with /, whereas
the exponent itself oscillates very fast. This formula describes the oper-
ator matrix with a very high precision for any / # 0. In fact, the limit
of this expression as //2a — 0 is identical to [06’] 0 evaluated by (4.27)
with the first order approximation F)(x) = x/2. Moreover, (4.27) and
(4.28) give us an idea of how many terms are important in Expansion
(4.26) for a given precision. The same series cut is reliable in practice
for evaluation of the general expansion (4.18).

using (4.23). The series F; < > is very useful in practice for the pre-

il?  ir

4a 4

(4.28)

o700 ~
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