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Abstract

We classify the almost complex structures on homogeneous spaces

M = G/H of Dimgr(M) < 6 with semi-simple isotropy group H.
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1 Introduction

1.1 Almost complex structures

An almost complex structure J on a manifold M is a vector bundle isomorphism
TM — TM such that J> = —1. This means that J induces the structure of
a complex vector space on the tangent space T, M for every point x € M (and
so dim(M) must be even). The most basic example of such a structure is the
following

Example: almost complex structure on C”. If z% are complex coordi-
nates on C™, the holomorphic tangent space T,C™ has basis 0., and an almost
complex structure is given by JO,o = i0,a. Alternatively one might identify
the tangent space T,C™ with C™ and let J be multiplication by i. These two
approaches result in the same structure J.

The main invariant of almost complex structures is called the Nijenhuis
tensor. The Nijenhuis tensor N; of an almost complex structure J is given by

N (X,Y)=—[X,Y] = JJX,Y] = JIX,JY] + [JX, JY]

where X,Y € T, M, and the brackets on the right hand side denote Lie brackets
of arbitrary extensions of X,Y to vector fields which are then evaluated at the
point x. All other invariants of J arise as jets of Ny [6], and it is a major
theorem by Newlander-Nirenberg that if and only if N; = 0 then J is induced
by local holomorphic coordinates [9]. The almost complex structure J called
integrable in this case.

The Nijenhuis tensor N; can be considered as a map A(%TzM — T, M which
is anti linear with respect to J. The case when dim(M) = 2dim¢(M) = 6 is
particularly interesting because dim(AZT, M) = dim (7}, M), so it is possible for
Ny to be a linear isomorphism. When this is the case, we call both N; and .J
non-degenerate.

Example: Calabi structure on S°. Let O denote the normed non-associative
algebra of octonions, and I(Q) the subspace of imaginary octonions. Identify
the set of imaginary octonions of unit length with the sphere S®. The tangent
space Ty SO for x € S° is then identified with the orthogonal complement of x
in 3(0), denoted x*. Multiplication by x preserves x+ so for each » € S°



define J : T,S% — T,S%y v+ zy. This J is an almost complex structure
because 2 = —1. There exists a complex basis x1,T2,x3 of TpS® such that
Nj(x1,22) = x5, Nj(x1,23) = —x2, Nj(x2,23) = x1, and since Ny is complex
anti-linear this means that Ker(Ny) = 0 so J is non-degenerate.

A symmetry of J is a diffeomorphism of M which leaves J invariant. The
space of symmetries is a Lie group.

1.2 Homogeneous spaces

A homogeneous space for a Lie group G is a manifold M such that G has a
smooth and transitive action on M. Every homogeneous space is equivalent to
a coset space G/H where H is the stabilizer, also called the isotropy subgroup,
of some point z € M. Moreover G acts smoothly and transitively on G/H for
any Lie subgroup H [10]. Therefore the classification of homogeneous spaces is
equivalent to classifying Lie subgroups H of GG. This can be done on the Lie
algebra level by considering Lie subalgebras b of g, and the Lie algebra § has a
natural representation on T, M = m = g/h called the isotropy representation.
The homogeneous space M has a G-invariant almost complex structure J if and
only if the isotropy representation is a complex representation. If this is the
case, then G is contained in the symmetry group of J.

1.3 Motivation and goals

According to the Erlangen program of F.Klein, a geometry is specified by a
transitive Lie group action [3]. Though this was generalized and relaxed by
E.Cartan, we would like to approach almost complex geometry from this clas-
sical viewpoint. The problem is that not many non-integrable almost complex
manifolds are known which have transitive symmetry group. In the literature
the most well known example is the Calabi structure on S% [2] [5] [12], and
except for this the non-integrable examples are almost all left invariant on Lie
groups. Thus it is important to find examples of highly symmetric almost com-
plex structures. It was shown in [8] that if J is non-degenerate, the maximal
symmetry group is 14d, and the almost complex structure which achieves this
is unique in the sense that all such structures J are locally equivalent to the
Calabi structure. We call the non-degenerate structure J, and also its symmetry
group, sub-maximal when the symmetry group is of the second highest possi-
ble dimension. The sub-maximal symmetry group was expected to be 8d, but
in this text we exhibit many examples of non-degenerate J with 9d symmetry
algebra. Our means of producing such symmetric structures is to provide a com-
plete classification of almost complex homogeneous spaces M with semi-simple
isotropy group H of dim(M) <6.

1.4 Previous work

All homogeneous spaces with irreducible isotropy representation were classified
by J.Wolf in 1968 [11]. A portion of this work is devoted to almost complex ho-
mogeneous spaces. However this is purely algebraic, and Wolf does not provide
neither geometric information about integrability nor concise examples in his
classification. Moreover many interesting homogeneous spaces are not isotropy
irreducible, and thus not contained in his list.



1.5 Methods

The direct approach to finding almost complex homogeneous spaces would be
to first classify Lie algebras g and also their subalgebras h, and then check-
ing which geometric structures are preserved by the isotropy representation of
h. The advantage of this approach would be that it is complete, any almost
complex homogeneous space would show up on the list. However brute force
classification of Lie algebras has been performed only up to dimension 6 [1] and
improving upon this would require a disproportionally great effort compared
to our goals, especially considering that we already know about an interesting
example with 14d symmetry algebra (the Calabi structure). In addition, there
are homogeneous spaces M = G/H with unrestricted dim(G), so this approach
works with a priori unbounded data. See [4] for examples of 2d homogeneous
spaces with arbitrary dim(G). We will therefore explore an another, more re-
strictive but also more realistic, approach.

Given a Lie algebra b and representation m, define the Lie bracket on h to
be the given one and let the bracket between h, m be given by the module
structure,

[h,m] = hm

for h € h and m € m. We may then look for maps

[]:A*’m = hom

such that the Jacobi identity is satisfied. This is a Lie algebra structure on
g = bhdm. We get the Jacobi identity between elements hy, ho, m for free -
it is equivalent to saying that m is an h-module. The Jacobi identity between
elements h, m1, mo however imposes a restriction

[hv [ml’mQ]] + [mQa [h’ ml]] + [m17 [mQ’ h” =0

which rewrites as

[hml,mg} + [ml, hmg] = h[ml,mg]

This means that the map [,] must be equivariant with respect to the natural
h-module structure on A?m (we consider h as a module over itself). One way
to find such equivariant maps is to decompose both m and A%?m into irreducible
submodules, and to make this feasible we will restrict our considerations to
semi-simple Lie algebras . See [10] for details about representations of semi-
simple Lie algebras.

Our plan of attack is now to systematically treat each pair (h,m) where b is
semi-simple and m is a representation with an h-invariant complex structure
and dim(m) < 6. The set of such pairs is finite. We will decompose A*m to
look for submodules which either appear in m or the adjoint representation of



h. Provided that such submodules exist, we parameterize the equivariant maps
and compute the only Jacobi identity left which is between 3 elements of m.
This yields equations for the parameters of the maps, and the solution sets are
the parameters for the desired Lie algebra structures on g.

Note that taking the bracket on m to be the zero map is always possible and it
satisfies the Jacobi identity, but this is not interesting because it corresponds to
a vector space C" with the given linear action of H which is the Lie group of h.
The complex structure is the standard one, which is integrable. We will refer
to the zero map as the flat case for this reason, and they are excluded from our
table of results.

Each Lie algebra g corresponds to at least one Lie group G such that h corre-
sponds to a Lie subgroup H. We may thus create the coset space M = G/H, and
as a homogeneous space M has a G-invariant almost complex structure J. This
J is defined by left translation of the complex structure on m = T.G/T. H = g/b
by G, and the left translation is well defined because J commutes with b.

1.6 Computing the Nijenhuis tensor

It is easy to compute the Nijenhuis tensor of J in the case when m is a Lie
subalgebra of g. For elements X,Y € m, we may simply use the formula

Ny(X,Y)=—[X,Y] = JJX,Y] = J[X,JY] + [JX, JY]

where the brackets are the ones we defined. This corresponds to extending
X,JX,Y,JY to their respective left invariant vector fields on M and taking
the commutator, which is then evaluated at m. Since M is homogeneous, N;
at any other point is the same. If m is not a subalgebra, ie. the bracket has
some h-component, we may use the same formula, but now projecting to m after
taking each bracket.

2 Table of results

Theorem 1. If M = G/H is a homogeneous space of dim < 6 equipped with
a G-invariant almost complex structure J and the isotropy group H is semi-
simple, then g is isomorphic to one of the Lie algebras in the following section
and the isomorphism preserves both isotropy algebra b and complex structure.

Note that for h = su(2,1), sl3, sl3(C) only the flat case is realized so these are
exempt from the tables. The complex dimension of the kernel of the Nijenhuis
tensor is given in the ”Notes” column, with the notation DG} meaning a k—dim
kernel. For more information about this notation and the possible types of
Nijenhuis tensors see [7].

2.1 h=su(2)
2.1.1 m =W, the tautological representation

Only the flat case of C? with the standard su(2)-action is realized.



2.1.2 m= Ad"

= Ad® Ad

In this section u, k, m are the generators of su(2) = h. They satisfy

We use the real basis u; = (u,

(0,k),ms = (0,m)

structure J is given

for some real r» and

[u, k] = 2m
[u,m] = -2k
[k,m] = 2u

by
J(h,0) = (—rh,th)
real t # 0.

O)akl = (kao)aml = <m70)7u2 = (O,’U,),kjg =

for m. The action of h is the obvious one. The complex

Ny

Notes

uy, ] = —2k;

k1, ml] = 2uy
U9 kg] = 2m2
Uug, mg] —2]€2

Ny(uy, k1) = =2(r2 + 1)my + 2(£2 + 2rt)ma
NJ(ul,ml) = 2(7‘2 + 1)]{11 — 2(t2 + 27’t)]€2
Ny(k1,m1) = —2(r% + Dug + 2(t% + 2rt)usy

m ~ su(2) ® su(2)
Non-degenerate

b is the diagonal subalgebra
in g = su(2)3.

ul,ml] = —21{‘1
kl,ml] = 2U1
ug, ko] = —2my
Uz,mﬂ = 2k,
Ul kg] = 2m2
Ui, mg] —2]62

Ny(ui, ki) =2(r? + 1 —t)my — 4trmy
NJ(u17m1) = —2(7“2 +1- t2)]€1 + 4dtrks
Ny(k1,my) = 2(r2 + 1 — t2)u; — 4trusg

m=~ 5[2 ((C)

Ny vanishes for r = 0,t = £1,
non-degenerate else

b is a diagonal subalgebra

in g = su(2) @ sly(C).

uy, k1) = —2(r2 + 1)my + 4rtmsy

m ~ su(2) & R3

Ny(
U1, ] = —2ky | Ny(ui,my) = 2(r? + 1)ky — drtks Non-degenerate
1 ml] = 2U1 NJ(kl,ml) = —2(7’2 + 1)’LL1 + 47’t’LL2
uy, k1] = 2mo Ny(ui, ki) = —@ml +2(3r2 — 1)m Non-degenerate
ul,ml] 72]{72 NJ(ul,ml) = Mk - 2(37’2 - ].)kg
(

Ny(ky,my) = =203y 4 9(32 — T)uy

21.3 m=WeaC

We use the real basis x,ix,y, iy for W and z,iz for C. A basis of § is given by

U=TRIx—JRIiYy—iITRT+IiJRyY
E=9®z—-2Qy+1iJ iz —iT @1y
MmM=TQRiYy+yRix—iTQyY—igQx




where Z,:2, 9,1y is the dual basis. The complex structure J acts in the obvious

manner.

1y,iz] = %iy — B(Azz — Aotz + A\1y)

z,iz] = 0z

] N Notes
x,ix) = [y,1y] = Mz Nj(z,y) = =2 2z — 2A3i2 N ; vanishes for Ay = \3=0,
x,y] = —[iz,iy] = A2z Nj(z,z) =28(A3y — Aaiy) DG4 for B =0,
iz, y] = [z,iy] = A3z Nj(y,z) = 28(A3z — Aaix) otherwise non-degenerate.
x,iz] = g$+ﬁ()\1i$+)\2y+)\3iy) 0=0ord=1
iz,iz] = iz — B(Mx — Ay + Aoiy)
y,iz] = Sy — Bz + Agiz — Ayiy)

x,1z] = aix — (Mx — Ay + A21y)
y,iz] = ay — (Ao + Azix — Aqiy)
iy, iz] = aiy — (Asx — Aotz + A\1y)

x,ix] = [y,1y] = A1z + Lyiz Nj(x,y) =2(Ls — A2 — iL2 — iA3)2|N; vanishes for Ay = A\3=0,
z,y] = —[iz,iy] = Aoz + Laiz Nj(z,z) =0 DGs else.

ix,y] = [z,iy] = A3z + Laiz Ny(y,z) =0

x, 2] = Bx Nj(z,y) =0 semi-direct product

iz, 2] = Bix Nj(z,2z) =2(Asy — A2iy) W x C

y,z] = By Ni(y,z) = 2(Asx — Agix) N vanishes for Ay = A3=0,
iy,z} = Biy DG else.

x,1z] = ax + (Ariz + Aoy + Aziy)

vulrvirvairirairnirdrealrealree Devalrenlvealrenlrenl ealvealenlrealeniwealrealree eyl bealiD el Bl el kreel v

x,1z] = ax + (Ariz + Aoy + Asiy) |[Ny(z,y) =0 semi-direct product
iz,i2] = cix — (M@ — Ay + Aoiy) [Ny(z,2) = 2(Ag3y — Aaiy) W x C

y,i2] = ay — (Aox 4+ Aziz — Miy)  [Nj(y, z) = 2(A3z — Aqix) N ; vanishes for Ay = A3=0,
iy, iz] = aiy — (Asx — Aotz + A1) DG else.

z,iz) =z

x,1z] = B(u+ 3z) N;=0

x,y] = —pk

€, Zy] = fBm

T, y] = —pm

iz, iy] = — Bk

z,z] =iz

z,ix] = —x

z,y] =iy

z, iyl = —y

2.2 h=su(l,1)

2.2.1 m = VC, the tautological representation

Only the flat case of C? with the standard su(1, 1)-action is realized.

2.2.2 m=Ad° = Ad® Ad

In this section A, B, C' are the generators of su(1,1) = . They satisfy




[A, B] = 2C
[A,C] = —2B
[B,C] = —24

We use the real basis 41 = (A,0),B; = (B,0),C; = (C,0),As = (0,A), By =
(0,B),Cy = (0,C) of m. The complex structure J is given by

J(h,0) = (—rh, th)

for some real r and real t # 0.

[,] Ny Notes

[AlyBl] = 2C1 NJ(Al,Bl) = —2(’[‘2 +1)Cl +2(t2 +2’I"t)02 m:su(l,l)@su(l,l)

[Al, Cl] = —281 NJ(Al, Cl) = 2(7’2 + 1)B1 — 2(t2 + 27‘t)BQ Non—degenerate

[B1,01] = —2A; | Nj(B1,C1) =2(r? +1)A; — 2(t> + 2rt) Ay b is the diagonal subalgebra
[AQ, BQ} = 2C2 in g= 5u(1, 1)3

[AQ, Cg] = —2B,

[BQ, CQ] = —2A2

[Al,Bl} :2C1 NJ(Al,Bl) :2(7"24*17?52)6’1 74157’6'2 m’:ﬁlg(C)

[A1,C1] = —2B; | Nj(A1,C1) = —=2(r? + 1 —t?)By + 4tr By N vanishes for r = 0,t = £1,
[B1,C1] = —2A; | Nj(B1,C1) = —=2(r2 + 1 —t?) Ay + 4tr A, non-degenerate else

[As, Bo] = —2C4 b is the diagonal subalgebra
[AQ, 02] = 2B1 in g= 511(1, 1) @5[2(@)

(B, Ca] = 2A,

[A1, Bo] = 2Cs

[Al, Cg] = —2B,

[Bl,CQ] = —2A2

[A2, B1] = 2C5

[AQ, Cl] = 72B2

[By, Ch] = —2A,

[Al,Bl} = 201 NJ(Al,Bl) = —2(’[“2 +1)Cl —|—4’I“t02 m:su(l,l)@R3

[A1,C1] = —2B; | Nj(A1,C1) = 2(r?2 +1)By — 4rtBs Non-degenerate

[Bl, Cl] = 72A1 NJ(Bl, Cl) = 2(7’2 + ].)Al — 47"tA2

[A1, B1] = 2C5 Nj(A1,By) = —@Cl +2(3r2 —1)Cs Non-degenerate

[Al,C’l] = 72B2 NJ(Al,Ol) == MBl - 2(37’2 - 1)B2

[Bl,Cl] = —2A2 NJ(Bl,Cl> = @Al - 2(37"2 - 1)A2

2.2.3 m=VCqpC

We use a real basis z,ix,, iy for VC such that z,y and iz, iy are submodules,
and z,iz for C. A basis of § is given by

J@T— & QY+ i) @iz —id @iy
QU+ IR +iT @iy + i Q ix
T®

I
2>

A
B
C T—YRY+IiT Rir — iy @iy



Here z, 9, 12,1y means the real dual basis. The complex structure J acts in the
obvious manner.

[,] N Notes

[z, y] = Mz Ny(z,y) = (A3 — M)z — 2Xqiz A3 # A2,

[x,1y] = [iz,y] = A2z Nj(z,z) =1(A3 — A\1)x — 2r)qiz N vanishes if

iz, iy] = A3z Ny, z) = r(As — A1)y — 2riqiy A= A3, A2 =0,
[,iz] = r(Aoz — Ajix) non-degenerate else.
[iz,i2] = r(Agx — Agix)

ly,iz] = r(A2y — AM17y)

iy, i2] = r(Asy — Asiy)

[z, ] =—f%2 N,(z,y) = (82 — a?)z — 2aBiz Non-degenerate
[x,iy] = [iz,y] = aBz  |Nj(z,2) = (I —ik)(ax + [ix)

iz, iy] = —a% Ni(y, 2) = (I — ik)(ay + Biy)

[x,iz2] = k(ax + Bix)

[iz,iz] = l(ax + Bix)

ly,iz] = k(ay + Biy)

[iy, iz] = l(ay + Biy)

[r,y] = —B%(vz +i2) Ny(z,y) = —(a+ip)%(i +7)z Non-degenerate
[x,iy] = aB(vz +iz) Nj(z,2) = r(—a—if)(azx + i)

liz,y] = aﬁ(wz +iz)  |Ns(y,z) =r(—a—iB)(ay + Biy)

liz,iy] = —a?(yz +i2)

[x,iz] = r(ﬁozx + B%ix)

liz,iz] = r(—a’x — afiz)

ly, i2] = r(Bay + B2iy)

iy, i2] = r(=a’y — aBiy)

[x, 2] = yx NJ(J:, y) = Semi-direct product
[iz, z] = yix Ny(x,z) = (/\2 + A3+ iAg — i)z VC xC

[y, z] = vy Ni(y,z) = (A2 + Ag + Ay — i)y DG unless

[iy, z] = iy Ao = —A3, A1 = N4
[x,iz] = Mz + iz in which case Nj = 0.
[iz,i2] = Azx + Agix

[y,iz] = My + Aoty

[iy,iz] = Ay + Mty

[x,y] = Mz + Lyiz Ny(x,y) = (A3 — A\ +2L2)z + (L3 — L1 — 2X9)iz|DG5 but Ny = 0 for
[m: iy] = A3z + Laiz Nj(z,z) =0 A1 — A3 = 2Lo,
[,1y] = A2z + Loiz Nj(y,2z) =0 Ls+ L1 =2\
[iz,y] = Aoz + Loiz




DG,

L] Ny Notes

[z,y] = A1z Ny(z,y) = (A3 — A1)z — 2\qiz M3 # A2,
[x,iy] = Aoz Ny(z,z) =1r(As — A1)z — 2\qix non-degenerate unless
[iz,y] = Aoz Ny(y,z) =r(As — A1)y — 2A21y A1 = A3, A2 =0,
[iz, iy] = A3z which gives Nj = 0.
[,i2] = 2z 4+ r(Asz — Ayiz)

[iz,iz] = 22.23 + r(Asx — Agix)

ly,i2] = y +r(A2y — Aiy)

iy, iz] = Liy + r(Asy — A2iy)

[2,i2] =

[z,y] = 762 Nj(z,y) = —(a +iB)%z Non-degenerate
[z,iy] = aBz Nj(z,z) = (—ia+ B)(k+ i)z

[i,y] = afz Ny(y, z) = (—ia+ B)(k +il)y

[iz,iy] = —a?z

[,i2] = 2o + k(az + Biz)

liz,iz] = 2@3: + l(ax + Biz)

ly,i2] = 2y + k(ay + Piy)

[iy,i2] = 3y + l(ay + Biy)

[2,i2] =

T =7 N (e.y) = —(a + )’z Fa+1B=1
[x,iy] = afz Nj(z,z) = (a+ip)(l —i(k —r(a —b))x | non-degenerate unless
[iz,y] = afz Ny(z,2)=(a+iB) (I —i(k—r(a—=0))y | =0,k =1r(a—Db),
[iz,iy] = —a?z which gives DG»
[z, 2] = r(aBx + B2iz)

liz, 2] = r(—a?z — afir)

,7] = r(afy + §*iy)

liy, 2] = r(=a®y — apiy)

[x,iz] = 23: + k(ax + fix)

iz, i2] = iz + l(ax + Bix)

ly,iz] = 2y + k(ay + Biy)

iy, iz] = Siy + l(ay + Biy)

[2,i2] =

[z,2] = r(ax - Fzm) Nj(z,y) =0 B#0

[iz, z] = r(Bz — aix) Ny(z,2) = (5 +i(1+2ra))z Semi-direct product
ly, 2] = r(ay — %zy) Ny(z,2) = (5 +i(1+2ra))y VExC

i .

[m,zz] (v+3)z— Fiz

liz,i2] = (v — 3)iz

ly,iz) = (v + 3)y — Gy

iy, iz] = ( —3)iy

[2,iz] =

10




Ny

Notes

NJ(xay) =0
Ny(z,z) = —(Aa+ Az)x + (M — \y)iz
Ni(y,z) = —(Aa + A3)y + (M — Ag)iy

Semi-direct product
VExC

DG4 unless

Aoy = —A3, A1 = N4
which gives N;=0

]

[x,iz] = Mx + Aqix
[iz,iz] = Azx + A\qix
[y,iz] = Ay + Aaiy
iy, iz] = A3y + Aaiy
[2,iz] = 2

[1'7y} = —3az
liz,iy] = —3az
[x,i2] = (A + B)
[v.iy] = o(A - B)
[x,iy] = —aC

[iz,y] = aC

[2,2] =iz

[2,iz] = —x

[Z’ y| =1y

[Z’ Zy] =Y

N;

Il
o

2.3 b :5[2<C)

2.3.1 m =W, the tautological representation

Only the flat case is realized.

2.3.2 m=Ad

We use the basis u,iu, k, ik, m,im of m, which are copies of the basis of h

satisfying

[u, k] = 2m
[u,m] = —2k
[k,m] = 2u

and the brackets are complex linear. The complex structure on m is the one
inherited from the complex Lie algebra structure, and it acts in the obvious

manner.

[,] Ny Notes

[u, k] = —[iu, ik] = 2m N;y=0 | g=5l(C)®sl(C)
[u,m] = —[iu,im] = —2k

[k,m] = —[ik,im] = 2u

[u,ik] = [iu, k] = 2im

[w,im] = [iu, m] = —2ik

[k,im] = [ik,m] = 2iu

233 m=WeaC

We use the basis z, iz, y, iy with z,y the standard complex basis of C2.
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,] Ny Notes

x,z] = fx Ny =
iz, z] = fix

y, 2| = By

Ly, Z] = Py

ir,iz] = adx — yx
y,i2] = ay + iy

x,1z] = ax + yix N;=0

ir,iz] = adx — yx

y,iz] = ay + iy

iy,iz] = aiy — vy

z,iz] =z

x,y| = az + Piz Ny(z,y) = —2(a+ 1)z +2(y — )iz | DGy unless

a=—ny=p
which gives Ny = 0.

iz, iy = —az — Biz | Ny(z
x,iy] = vz + niz Nj(y
ir,y] = vz + niz

W
~— —
Il
o o

N

[
[
[
[
[
[
[
[
F’y, iz] = aiy — vy
[
[
[
[
[
[
[
[

2.4 bh=su(3)

2.4.1 wm =W, the tautological representation

We use the basis x1,ix1, 9, iT2, T3, ixs of m. A basis of su(3) = § is given by

U1l = (3.7?1 ®iry — 311 @11 — J)

Ujo9 = (3§'Jz®i$2 —3ita @ x9 — J)

Ul = T1 @ Ty — Tog ® X1 + 1L ® ixe — 1T ® 1x1
Ulgii'l ®l’37i’3®1‘1 +’L£1®ZI’3*Z.’%3®ZI1
Uz = T2 @ T3 — T3 @ To + 122 Q 1T3 — 123 R 1 T2
Ui1o = T1 ® 12 + To ® 1T — 121 @ T — iTo ® X1
Ujng = T1 Q@ 1T3 + T3 @ 11 — i1 @ T3 — 103 @ 1

u,;gg:i2®ix3+a§3®im2—ia}2®x37i£3®12

Here 21,121, 29,129, 3,123 denotes the dual basis. The complex structure J
acts in the obvious manner.
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) Ny Notes

T, 021 = 2uin Nj(z1,22) = —8x3 | g = g2,

T2,1Ta] = 2u400 Njy(zq1,x3) = 8o the compact form of the
x3,1x3) = —2(ui11 + wio2) | Ny(xo,x3) = —8x1 | exceptional Lie algebra.
X1, T2 = 3uie + 2x3 Non-degenerate.

[

[

[

[

[

[$1,$3] = 3U13 — 2.’)3‘2
[€2, 3] = Bug3 + 211
[iw1, 22] = —3us2 — 2ix3
[€1,122]) = 3u10 — 2ix3
[l.’th 3] —3’LL7,13 + 2’L$2
[x1, 23] = Bui13 + 2ixg
[ng, 3] = —3u123 — 221‘1
[x2,ix3] = Bues — 2ixy
[iz1,ixs] = 3uie — 223
[th Z.’Eg] = 3’LL13 + 2252
[iz2, i3] = 3ugg — 211

3 Possible Isotropy Algebras

We are only interested in those representations on which the isotropy subgroup
acts effectively, ie. we exclude sub-algebras acting trivially. To ensure an almost
complex structure on the homogenous space we consider only real modules with
compatible complex structures. Moreover we can restrict ourselves to those
isotropy algebras ) which have such modules m of dimension Dim(m) < 6. These
algebras have semi-simple part su(2), su(1,1) ~ sls, sl3(C), su(2,1), su(3), sls or
5l3(C). Sometimes we will also augment these semi-simple algebras by allowing
a one dimensional center R C b.

3.1 Modules
3.1.1  su(2)

The 4 dimensional tautological representation W has a complex structure. It
is irreducible over the reals, but not absolutely irreducible as its complexifica-
tion splits over C into two submodules each isomorphic to W. W can also be
identified as the spinor representation of so(3).

We may complexify the adjoint representation Ad. This gives us a 6d module
AdC, which splits into Ad & Ad over the reals. This module is isomorphic to
S%W, another obvious candidate.

The last module we consider is W & C, where C is considered as a 2d trivial
module.

3.1.2 su(l,1)

In contrast with the previous case the 4d tautological representation is not
irreducible over the reals. It can be identified with V€ ~ V &V, where V is the
2d irreducible representation of sls.

We may add a trivial 2d module to this to obtain V¢ & C.

The adjoint representation Ad can be identified with S2V, the symmetric
tensor square of V, and this module can be complexified to obtain S?VC which
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splits into S?V @ S?V over the reals.

3.1.3 5[2(@)

The representations are the same as for su(2), except Ad is irreducible, complex
and 6 dimensional in this case.

3.1.4 sly

The tautological representation V' is of real dimension 3, so the complexification
VC is 6 dimensional. It splits into V¢ ~ V @& V over the reals. The complexifi-
cation of the dual representation V* is also eligible.

3.1.5 su(2,1)

This algebras have a natural complex structure on the tautological representa-
tion, which is of real dimension 6 and irreducible. The dual representation is
equivalent to the tautological rep. over the reals, but not over complex numbers.

3.1.6 su(3)

We have a natural complex structure on the tautological representation, which
is of real dimension 6 and irreducible. The dual representation is equivalent to
the tautological rep. over the reals, but not over complex numbers.

3.1.7 5[3(@)

We have a natural action on the complexification of the tautological represen-
tation V of slg and its dual V*.they are irreducible over the reals in this case
because we enlarged the algebra.

4 Homogeneous spaces and calculation of Nijen-
huis Tensors

4.1 5u(2)
4.1.1 m=W

The skew symmetric real tensor product AW can be computed easily by first
noting that the complexified Lie algebra sly(C) has a natural representation
on W (the representation is not absolutely irreducible), ie. we do not need to
complexify the representation as would usually be the case. We then make use
of the natural embedding of su(1,1) in sl(C) to represent the former on W as
well. This identifies W ~ V @&V (under different algebras). The right hand side
consists of a direct sum of highest weight representations, which allows us to
compute the decomposition of the tensor product easily.

NVoV)=caCoS?V

The decomposition of W should consist of irreducible components of the same
dimensions, and we get
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ANW=caCao Ad

The standard complex basis x,y of W extends to a real basis x,y,iz,iy. We
can write the decomposition concretely in terms of this basis

(x Nz +yANiy) ~¢
(x Ny — iz Ny, Niy + iz Ay) ~ AEW = C
(x Ny —ix Ay,z ANy +ix ANy, x Nz —y Aiy) ~ Ad
This allows for an equivariant map A?m — b, and hence opens up the possibility

of an algebra structure on hdm. Write z, ¢, i€, iy for the dual basis of z, y, ix, iy.
The following set of complex operators

X—YRIYy— 1T Rr+1yQy
T—TRY+IiYRQir —iT @1y
=IQiy+yQix —itRQy—igQu

T®
7R

U
k
m

is a basis of h with commutation relations

[u, k] = 2m
[u,m] = —2k
[k,m] = 2u
We solve for the brackets
[x,iz] = au
[, y] = —ak
[x,iy] = am
[iz,y] = —am
[iz,iy] = —ak
ly,1y] = —au

Attempting to compute the Jacobi identity for elements x,iz,y shows that it
fails unless g is flat:

[z, [iz, Y]] + [y, [, i]] + [iz, [y, ¢]] = Baiy

Here « is the free parameter corresponding to choice of equivariant map. This
calculation implies a trivial algebra structure on m and hence a vanishing Ni-
jenhuis tensor.

We now attempt to add a radical R to the Lie algebra, yielding h = su(2) @
R. The radical term could in principle be represented by any subalgebra of
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Endy (W), the operators that commute with §. Endg (W) is isomorphic to the
quaternions as an algebra. We demand that our isotropy algebra is C-linear, ie.
it must commute with the complex structure. The space of C-linear operators
form a subalgebra of Endy(W). This subalgebra is isomorphic to C and is
generated by 1,J, Suppose r is a basis of R represented by 8J + . Note that
by the previous Jacobi identity, we need to have  non-zero so we can cancel
out the iy-term. If 8 is nonzero this makes the C term in the decomposition of
A2W irreducible, so the only option is to map ¢ — R. Solving for the brackets
and computing the Jacobi identity from before we obtain

[z, [iz, y]] + [y, [, iz]] + [iz, [y, 2] = (Ba — B)iy — vy

Checking that the other identities are verified as well gives a non-flat homoge-
nous space for v = 0,8 = 3a. Since su(2) is embedded in g, g must be either
su(3) or su(2,1). The Nijenhuis tensor is zero since the bracket has no m-
component.

4.1.2 m= Ad®

Now let m = AdC. Abstractly the possible semi-simple algebra structures on
h @ m are g = su(2) G su(2) @ su(2) and g = su(2) @ sl (C).

In the case g = su(2)3, we know from the nontrivial module decomposition
that b corresponds to the diagonal subalgebra (It acts nontrivially on each copy
of su(2)). Each term in the abstract description is also an ideal, so we can find
two submodules Adq, Ad> C m such that

[Ady, Ady] = 0
[Ady, Ady] = Ady
[Ady, Ad] = Ady

which corresponds to the equivariant map

Ad1 ® Adg —0

A?Ady — Ady

A2Ad2 — Ad2
Now consider the complex structure on Ad® ~ Ad®rC ~ Ad® Ad. The splitting
of m into Ad; @ Ads may not be compatible with the splitting Ad & iAd. If we

use the first splitting, J can look like any equivariant map m — m with square
J? =1,

J(Ady) = {(—rh,th)}
J(h,0) = (—rh, th)

for some real r and real ¢ # 0. Now we have enough information to compute
the Nijenhuis tensor.
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Ny((h,0), (v,0)) = (= + 1)[h, 0], (t* + 2rt) [h, v])

This is non-degenerate because the bracket [h,v] vanishes only when h,v are
proportional.

The second case is g = su(2) @ sl(C). In this case h must also correspond
to a diagonal subalgebra, with the component in the sl(C) term consisting of
a choice of real su(2) (but all choices are equivalent). In this case the bracket
on m = Ad @ Ad is given by

[(h1,v1), (h2,v2)] = ([h1, ha] — [v1,v2], [h1, v2] + [v1, ha])

and J is given by

J(h,0) = (—rh, th)

which gives the Nijenhuis tensor

Ny((h,0), (v,0)) = ((r* + 1 = t})[h, v], —2tr[h, v])

The coefficients have » = 0,t = 4+1 as a common root, which corresponds to
the natural complex structure on sl (C) regarded as a complex Lie algebra. All
r # 0 give a non-degenerate Nj.

There are two possible cases where g is not semi-simple but the semi-simple
part @ C g strictly contains h. We may attempt to extend to either @ = sl3(C)
or @ = su(2) @ su(2), both with an abelian radical I = R?. Since we know that
I must be a Q-module, the former case is easily disqualified due to the lack of
nontrivial sus(C)-actions that extend the known su(2)-action on I.

In the latter case @ = su(2)? we must also have a Q-action on I, and the

kernel of this action will be an ideal and hence also a submodule. Denote this
submodule by Ad; = {(h,0)}. It is sus as a Lie algebra. As usual we have

J(Ady) = {(—rh,th)}

J(h,0) = (—rh, th)

and we can compute the Nijenhuis tensor for (h,0), (v,0) € Ad;

N;((h,0), (v,0)) = (=(r* + 1)[h, 0], 2tr[h,v])

This is non-degenerate since the polynomial coefficients do not vanish simulta-
neously.

Finally we have the case of m being a solvable radical. Split Ad® ~ Ad; @ Ads,
and let the Lie bracket be given by
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[(h'la Ul)) (h27 U2)] = (07 [hl’ h’QD
This is the only non-flat solvable structure on m, as the other possibilities violate

the Jacobi identity. As before the almost complex structure will in general be
given by

J(Ady) = {(—rh,th)}
J(h,0) = (—rh, th)

for some real r and real ¢ # 0. We compute the Nijenhuis tensor

2(r% +7)

NJ((h7O)7(Uvo)) (7 [hvv]a(3T2 - 1)[h,’0])

It is always non-degenerate because the polynomial coefficients have no common
ZEeroes.

The case r = 0,t = +1 can be identified with the following construction: Identify
su(2) ~ s50(3) and Ad ~ V, where V denotes the 3d tautological representation
of 50(3). We can identify V ~ A2V as modules. Define m = V & A2V, and let
the Lie bracket be given by the wedge product

[v,w] =vAw
Now the Hodge-* operator
V — A%V
AV -V
is precisely the equivariant almost complex structure we wanted.
It is interesting to note that all of the non-zero Nijenhuis tensors on m = Ad® Ad
have the same pointwise type, ie. all of them can be transformed to the form of

any other at a given point. Of course, this transformation does not necessarily
respect the homogeneous structure.

4.1.3 m=WaoC
The last case to consider is m = W @ C. We have

AMom=ANWeWerCaA’C=CpAdeRasW aR

and we know that T is not absolutely irreducible, which means that W¢ ~
W @ W (over C). The decomposition of AW is given by
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(x Nix+yANiy) ~¢
(x Ny —ix Niy,x Niy +iz Ay) ~ A2W = C
(x Ny —ix ANy, x ANy +iz ANy, x Nz —y Niy) ~ Ad

Let Endg,2)W denote the space of equivariant maps W — W. As an operator
ring it is naturally isomorphic to the quaternions H. A € Endg,2)W can be
written as A = ol + 8B with B? = —1, so B is an equivariant complex struc-
ture on W. The space of such structures is a 2-sphere in Endgy )W'. They are
all equivalent, so we fix our complex structure to be the standard one. Note
that since H is a division algebra, every non-zero operator in Endg, o)W is in-
vertible. Traceless operators correspond to imaginary quaternions under our
isomorphism.

To begin we assume that the bracket has no h-component. The bracket A2W —
C is given by a C-valued h-invariant 2-form o. The bracket W @ C — W is
given by a map A : C — Endg,2)W such that

z A,
(X, 2] =A. X

In addition to this C can have a 2d Lie algebra structure, either abelian or
non-abelian solvable. We can write all our brackets

[X,Y]=0(X,Y)
[X,z]=A.X
z2 Niz— [z,iz2]

for X, Y € W,z € C. We compute the Jacobi identities

Asiv,y X + Agxv)Z + Asz,x)Y =0

[Aza Azz] = _A[z,iz]

[0(X,Y), 2] =0(A.X,Y)+0(X,A.Y)
for X,Y,Z € W,z € C. The third identity suggests that we look for equivariant
symmetries of o, which will be useful in at least the case of abelian C (and also

in the non-abelian case). We can write our vector valued form as the sum of its
components in some basis

o(X,)Y)=0.(X,Y)z 4+ 0,.(X,Y)iz
such that o,,0;, are h-invariant real valued forms. The symmetries of o will

then be the intersection of the symmetries of o, 0., so we start by computing
the symmetry algebra of the scalar valued forms.
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The algebra b preserves a hermitian form H on W. The real part of this form is
an invariant real inner product. Denote it by ¢ = ®H. Any invariant scalar form
o can be written as 0(X,Y) = g(BX,Y) for some operator B. Since both o and
g are invariant, B € Endg, )W'. If B contains a non-zero identity component,
o will not be skew symmetric. On the other hand, ¢ is skew symmetric if B is
an imaginary quaternion, so we have a bijection between imaginary quaternions
and skew symmetric invariant 2-forms. Therefore we will denote

wp(X,Y)=¢(BX,Y)

for imaginary B. Since non-zero B is an invertible operator wpg is non-degenerate,
and therefore the symmetries are traceless. We easily see that B is contained
in the symmetry algebra of wp, because

wp(Bz,y) + wp(x, By) = 8*(g(z,y) — g(x,y)) =0

for 3 such that B* = —3?. On the other hand, if we take A € Endgy )W
imaginary and not proportional to B, we get

WB(Axa y) + wB(:L'vAy) = 29(%(BA)x7y) = 2w%(BA)(x7y)

which is non-zero if A, B are non-zero. We have shown that for non-zero B

Symy (wg) = (B)

Let’s apply this to compute the algebra structures. Suppose first that both
A # 0,0 # 0. From the identity

[Az7 Aiz] = _A[z,iz]

we see that A takes values in a 2d Lie subalgebra with the same structure as C.
However all 2d Lie subalgebras of Endy W are isomorphic to the complex num-
bers as associative algebras and are therefore abelian Lie algebras. Therefore
we can find z € C such that A, is proportional to the identity (possibly A, = 0)
and

[2,i2] = bz

Here 6 = 0 if C is abelian (in which case z is not fixed), 6 = 1 if C is non-abelian
(z is fixed up to scaling in this case). o splits into components

o(X,)Y)=wp(X,Y)z+wc(X,Y)iz

(we have changed our notation from the last time this decomposition was used,
to indicate symmetries) and the third Jacobi identity becomes
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wC(AZX, Y) + wC(X, AZY) =0
WC(AizX; Y) + wC(X, AMY) =0

which must hold in all cases, and additionally for abelian C we have

wB(AZX, Y) +wB(X, AZY) =0
WB(AizXa Y) + wB(Xv Aizy) =0

or for non-abelian C we get

WB(AZXv Y) + WB(X7 AZY) = _wC(X7 Y)
wp(A4i:X,Y) +wp(X,A4,.Y) =wp(X,Y)

If C is abelian, A, and A;, must be symmetries of both wp and w¢, so it follows
from our discussion of symmetries above that there is some z such that A, = 0,
A;, = B and wp,wc are proportional. If C is non-abelian, A, = 0 because
A,, A;, is an anti-representation of C. In either case we get z € Ker(A). We
insert this into the first Jacobi identity, which becomes

we (Y, Z2) Az X + we(X,Y) A Z + we(Z, X)AY =0

We claim that we = 0. If we is non-zero, it is non-degenerate and for any
Z € Wwe can find non-zero X,Y € W such that we(Y,Z) = we(X,Z) =
0,wc(X,Y) =1, and so we must have A;.Z = 0, but non-zero A;, is injective.
Now we get

(SOJB(X, Y)Z = (wB(AizX, Y) —|— OJB<X, A,LZY))Z

which means that

A, = gn+5B

Now all the Jacobi identities are satisfied. The algebra structures are

X, Y] = g(BX,Y)>
(X, iz] = gX + BBX
[2,i2] = 0z

Here X, Y € W, 2 € C, B € R, B € Endgy )W, Tr(B) =0 and 6 is 0 or 1. The
Nijenhuis tensor is given by
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Ny(z,y) = g(J[J, Blz,y)z + g([J, Blz,y)iz
NJ(IVZ) = /B[Ba J]I
Ny(y,2) = BB, Jly

in terms of the complex basis x,y, z of m we defined earlier. Note that this is
a function of [J, B], and therefore vanishes if B is proportional to J. We may
also write these brackets and the Nijenhuis tensor in terms real parameters by
writing

Bz = )\1i$ + )\gy + )\3iy

and extending it uniquely to B € Endgy )W'. This is done by noting that if z
a basis element other than x, we can find a unique h € h such that z = hx and
so we must have

Bz = Bhx = hBx

which shows uniqueness of the extension of B. The brackets are then

[51772.’1}] = [y,zy] = )\12
[,y] = —[iz,iy] = A2z
[i%,y] = [z7zy} = A32

[x,iz] = gx + B(Ariz + Ay + Asiy)
[iz,iz] = gw + B(= Mz + A3y — A2iy)
ly,iz] = gy + B(=X2x — Agiz + Aiy)
iy, iz] = gzy + B(=A3z + Agiz — A\1y)
[2,iz] = 0z

and the Nijenhuis tensor is

NJ(Z‘,y) = —2)\22’ - 2/\3i2
Nj(z,z) = 28(A3y — Aaiy)
Nj(y, z) = 28(Asx — A\qix)

In addition to this we have the cases when A =0oroc =0. If A =0 we can
write the brackets

[X,Y] =wp(X,Y)z +we(X,Y)iz

[2,iz] = 0z
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The only Jacobi identity in this case is

we(X,Y)z +wc(X,Y)iz,w] =0

for w € C, so we see that if 6 = 1, B = C' = 0. Otherwise there are no
restrictions. The Nijenhuis tensor is

Ny(z,y) = g((J[J, B] = [J, Chx, y)z + ([, Bl + J[J, C))z, y)iz
Nj(z,2z)=0
NJ(yvz) =0

it vanishes if I(JB — (') is proportional to J. If we write

Bx = A\iix + Aoy + Asiy
Cx = Lix + Loy + Lsiy

as before this becomes

[x,ix] = [y,iy] = A1z + Liiz
[z, y] = —[iz, iy] = Aoz + Laiz
[iz,y] = [z,9y] = A3z + Lsiz

with Nijenhuis tensor

NJ(:L‘,y) = 2(L3 — )\2)2’ - 2()\3, + LQ)ZZ
Nj(z,z) =0
NJ(yv Z) =0

If o = 0 we get that A, A;, is any anti-representation of C. We can have abelian
C, in which case we get the brackets

[X,z] = BX

[X,iz] = aX + BX
or non-abelian C with the brackets

[X,iz] = aX + BX

[2,i2] = 2z

The Nijenhuis tensor is the same in both cases

NJ(I::y) =0
Nj(z,z) =[B, J]x
Nj(y,z) = [B,J]y
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In terms of parameters this can be written

[
[i
[
[iy, Z] = Biy

[x,iz] = ax + (Aix + Aoy + Asziy)

[iz,iz] = ciz — (M@ — Ay + A2iy)
ly,iz] = ay — (Ao + Aziz — Aiy)

[iy,iz] = aiy — (A3 — Agiz + \1y)

in the case of abelian C, and

x,1z] = ax + (Ariz + Ay + Asiy)
iz,iz] = cix — (Mx — A3y + Aa2iy)

[

[i

[y,i2] = ay — (Ao + Aziz — Aiy)

[iy,iz] = iy — (A3 — Aotz + \y)
[

2,2 =

for non-abelian C. The Nijenhuis tensor is

NJ(:E’ y) =0
Ny(z,z) = 2(Asy — A2iy)
NJ(y, Z) = 2()\3.’13 - /\QZQS)

Let’s now consider the possibility of g with nonzero h-component. If h is not
contained in a strictly bigger semi-simple subalgebra, then by Levi decompo-
sition m is conjugate to the radical of g. Since the radical is an ideal, b is
conjugate in g to another subalgebra §’ ~ § such that the bracket has vanishing
h-component. This means that the homogenous space is equivalent to a space
considered previously.

If b is strictly contained in a semi-simple subalgebra @ C g, @ must have
dimension 6,8 or 9. Since W must be contained in @, it is at least dim 7. All
options of dim 9 contain ideals which would necessarily also be submodules, and
such submodules are not present. So we are left with dim 8.

This was explored in the section for m = W, h = su(2) ® R, with a subset
(z) = ¢ C C playing the role that was earlier taken by the center in h. This
process yields @ isomorphic to su(3) or su(2,1). Since these algebras have no
non-trivial 1d representations, g = Q ® R. N; = 0 because [z,y] € b and the
action of z is complex linear. The brackets are
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[

[z,y] = —Bk
[x,iy] = Bm
[iz,y] = —pm
[iz,iy] = —Bk
ly,iy] = B(3z — u)
[z, 2] = iz

[2,ix] = —x

[z, 4] = iy

[2,iy] = —y

where u, k, m is the basis for h we described earlier. We may rescale our basis
to make 8 = +1. 8= —1 gives g = su(3) R and § =1 gives g = su(2,1) R.

4.2 su(l,1)
421 m=VC®

Let m = VC, the tautological representation of h = su(1,1). Choose a Borel
subalgebra b C . Pick an element x € VC which is annihilated by b. Then
x,ix generates the real splitting VC = V @ V. We may pick an element y from
the submodule generated by x such that the the following complex operators is
a basis of h, and z,y, iz, iy is a real basis of V@ V.

A=9JRzr—-2TRy+igRQirx — it ®iy
B=2Qy+§Qz+id @ iy+ i) @ iz
C=IQRr—9Qy+ilQir — iy iy

Here Z, 9,1z, iy means the real dual basis. The commutation relations are

[A, B] = 2C
[A,C] = —2B
[B,C] = —24

Note that if V@ V is identified with W from the previous section as a vector
space, the respective choices of complex basis x,y are different. In particular
x,y in the su(1,1)-sense is not the standard basis, and if we denote the basis
from the su(2)-section by X, Y we can write

r=JX+Y
y=X+JY

For the rest of this section, capital letters will denote arbitrary elements of V'€
while z,y means the basis we defined above. Abstractly the decomposition of
A%m is
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Nm=caCao Ad

We note immediately that because there is no possible bracket with nonzero
m-component, every Nijenhuis tensor in this section will vanish. The decompo-
sition can be written concretely

(xANy+izNiy) ~¢
(x Niy +iz Ay, x Ay — iz ANiy) ~ A2m = C
(x Nz +yNiy,z Nz —y Ny, x Ny —ix Ay) ~ (A, B,C) = Ad

The identification with C of the second term is done because the Lie algebra
action of J on A?m maps the two submodules into each other, and so this piece
is irreducible with respect to J. It trivial and not irreducible with respect to b.
We solve for the brackets and introduce a parameter « for the map VeV — §

[z,y] =0

[iz,iy] =0

[x,iz] = (A + B)
[y, iy] = a(A - B)
[x,iy] = —aC
[iz,y] = aC

Attempting to compute the Jacobi identity for elements x,iz,y shows that it
fails unless g is flat.

[z, [iz,y]] + [y, [z, iz]] + [iz, [y, 2]] = —3ax

As before we attempt to extend h by a 1d center, so now h = su(1,1) ¢ R.
The center can in principle be represented by any element r of Endg,,1)m,
which is isomorphic to Mats,2(R) as an algebra. The isomorphism can be man-
ifested by picking an action on the 2d subspace (z,iz) C m, and extending by
su(l, 1)-equivariance. The result of this is 4x4 matrices containing two identical
2x2 blocks. We demand that the center is complex linear, which reduces the
possibilities to complex scalar operators. This means that the center must be
represented by

r=v1+p3J
By the Jacobi identity above, the representation of the center needs to map =
to something proportional to ixz. Therefore we set

r=J
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The new brackets must be equivariant with respect to J, and since (J) is a 1d
algebra this means we must map the first term in the decomposition of A%m to
J. This gives the brackets

[:C’ y] = 67"
[iz,iy] = Br

which makes our Jacobi identity become

[z, [iz, y]] + [y, [, 0] + [iz, [y, 2] = =(Bar+ B)z =0

This and all other identities are satisfied if we set

[ = -3«

The algebra structure of g depends on the sign of . Since su(1,1) is non-
compact and the algebra structure we just defined is semi-simple, it must be
either sl; or su(2,1).

4.2.2 m= Ad®

Now consider the m = Ad @& Ad case. Everything is perfectly analogous to
the su(2)-case, and we proceed by considering sequentially smaller semi-simple
extensions of h. The possible extensions Q are su(1,1) & su(1,1) & su(1,1),
su(l,1) ®slz(C) and su(1,1) @ su(l,1).

The splitting m = Ad; @ Ady will depend on the structure of g, but the possible

almost complex structures J depend only on the module decomposition. We
can therefore write

J(Ady) = {(—rh,th)}
J(h,0) = (—rh,th)
for some real r,t with ¢ # 0.
In the case of maximal @) we know that fh must be conjugate to a diagonal subal-

gebra because of the nontrivial h-module decomposition of g. For Q = su(1,1)3
this yields the brackets

[(h1,v1), (ha,v2)] = ([h1, h2l, [v1, v2])

and the Nijenhuis tensor

N;((h,0), (v,0)) = (=(r* + 1)[h,v], (t* + 2rt)[h, v])

27



For Q = su(1,1) @ sl3(C) we get the brackets

[(h1,v1), (ha,v2)] = ([P, ha] — [v1,v2], [h1, v2] + [v1, ha])

with corresponding Nijenhuis tensor

N;((h,0), (v,0)) = ((r* + 1 —*)[h,v], —2tr[h, v])

Once again we note that there is precisely one integrable case which is when J
is the natural complex structure on sly(C).

Suppose now that g contains the abelian radical I = Ads. Since sly(C) lacks a
nontrivial action on I, we get @ = su(1,1) @ su(1, 1) with the second summand
corresponding to the kernel of the Q-action. The brackets are

[(hhvl)v (hz,’l)g)] = ([hh h2]70)

with corresponding Nijenhuis tensor

Ny((h,0), (v,0)) = (=(* + 1)[h, 0], 2tr[h, v])

There is only one algebra structure g with m solvable, and it is given by the
brackets

[(h17 /1)1)7 (h27 'UQ)] = (07 [hlu h2])
The Nijenhuis tensor is

2(r3 + 1)

NJ((h7O)7 ('U’ 0)) = (_ [h,’U], (3T2 - 1)[h’ U])

It is worth noting that except for the single case that was mentioned, every

Nijenhuis tensor in this section was found to be non-degenerate and of the same
pointwise type.

423 m=VCtaC
Finally let m =V @V & C. We compute

Nm=c0AdoCo(VaV)®Coe

Define
my=VeopV
A € Hom(C,R) ® Endymg
A, =1,A
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If we suppress the possible h-component the brackets can be given by

[X,Y] = o(X,Y)
[X, 2] = A.(X)
21 N\ 29 —> [21,22]

with X,Y € mg and o takes values in C. There exists a basis z,iz of C such
that the last bracket is given by either

[2,iz] =0 or
[2,iz] = 2

We may write the form o, given by e1, es, ez € C, in terms of the basis x, y, iz, iy
we defined earlier

TR
S

RS
.
=
||

[
[i
[
[i
The brackets give the Jacobi identities

Aa(y7z)X + AU(X7y)Z + Aa(Z,X)Y =0
[Aza Azz] = A[iz,z]
[0(X,Y),0] = 0(A,X,Y) + 0(X, AY)

for X,Y,Z € my,b € C. We start by treating the case where C is abelian. The
Jacobi identities change to

AJ(Y,Z)X + A(,—(va)Z + AU(Z,X)Y =0
[Aza Aiz] =0
O'(AbX, Y) + O'(X, AbY) =0
Note that (A, A;,) is a commutative subalgebra contained in the intersection

Endymp Nsym(o). Let’s use the isomorphism Endymg ~ Matayx2(R) ~ R & sy
to compute the symmetry algebra of o.

First we suppose that o is a scalar form proportional to a vector v € C
(which can be taken to be v = 2), because if dim(Im(o)) = 2 we can write
0 = 012+ 091z, and the symmetry algebra is the intersection of the symmetries
of the scalar forms o1, 09. Write e; = A\;z. o always has the symmetry A

A(z) = Mz — iz
A(ix) = Mgz — Aotz
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If o is non-degenerate then all symmetries must be traceless and A is a basis
for the symmetry algebra. o is degenerate if and only if
Mg = A2

In this case ¢ has a kernel, which is h-invariant and therefore generated by a
highest weight vector ax 4+ Biz. This means that up to sign

M =4
)\2 = Oéﬂ
)\3 = —042

The symmetry algebra is 2d and generated by B, C' such that

B(z) = ax + Bix
B(iz) =0
C(x)=0
C(ix) = ax + Pix

In particular the symmetry A from above is
A=8B-aC

The basis B, C satisfies the commutation relation

[B,C] = aC — BB

From now on, denote the scalar form ¢ and the operators A, B, C' corresponding
to A; by o, Ay, By, C)\. Earlier we used A, B, C' to denote a basis of h, but there
is no relation.

Let’s apply this to our brackets. A maximal abelian symmetry algebra is 1
dimensional. Therefore A, and A;, are linearly dependent, so we can write
Ap =0(b)Ag

for some fixed § € Hom(C, R), Ay € Endymy. We assume 6 # 0, so it must have
a 1d kernel. Suppose z € C is a basis of Ker(§). Write 0 = o5z + opiz. The
first Jacobi identity then becomes

Ao(o(X,Y)Z +0r(Z, X)Y +0r(Y,Z2)X) =0
Ag is a symmetry of or. If o is non-degenerate then its symmetry algebra

is generated by Ap, which is invertible. This leads to Ag = 0, so o must be
degenerate and if it is non-zero then Ker(oy) = Ker(Ap), which means that
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Ag is proportional to A, = By — aCL. Ap must also be a symmetry of oy
so oy, and oy must be proportional because the traceless part of the symmetry
algebra determines L, A up to scaling. This means that Im(o) is 1d. We may also
have o) degenerate and non-zero, oy, = 0. In that case we lose the restriction
Ag = rAy. Another alternative is that o = 0, o) is non-degenerate and

f(Im(c)) = 0

The case of non-degenerate o) has the following brackets

xvy] - )\12
x,1y] = [iz,y] = Aoz
iz, iy] = A3z

iz] = r(Aqx — Apix)
iz] = r(Azz — Aqix)

&

7/ 9
y,1z] = r(A2y — A11y)
iy,iz] = r(A3y — A2iy)

[
[
[
[,
[ie
[
[

Here A\ A3 # M2, and r € R. The Nijenhuis tensor is

NJ(xay) (>‘3 - )\1)2 — 201z
Njy(z,z) =r(A3 — A1)x — 2rhqix
Ny(y,z) =r(Ag — M)y — 2riqiy

and it is non-degenerate unless Ay = A3, A2 = 0. In the case when o, = 0 but
oy is degenerate, the brackets are

‘T,y] = 7ﬂ22
x,1y] = [iz,y] = afz
iaxiy] = —a?z

i ,zz] (ax + Bix)
y,iz] = k(ay + Biy)
iy, iz] = l(ay + Biy)

which gives the Nijenhuis tensor

Ny(z,y) = (8% — a®)z — 2afBiz
Njy(z,z) = (I — ik)(ax + Bizx)
Nj(y,z) = (I —ik)(ay + Biy)

It is non-degenerate. The brackets when oy = yo,0r # 0 are both degenerate
are
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z,y) = —B(y2 +iz)

y.iz] = r(Bay + B*iy)
iy, iz] = r(—a’y — afiy)

[

[x,1y] = aB(yz + iz)

[iz,y] = aB(yz +iz)
[iz,iy] = —a®(yz + iz)
[x,i2] = r(Bax + Bix)
[iz,iz] = r(—a’z — aBiz)
[

[

which gives the Nijenhuis tensor

Ny(z,y) = (V(ﬂQ - 02) +2aB)z + (8 — o® — 2yap)iz
Njy(z,z) =r(—a—if)(azx + Biz)
Ny(y,2) = r(-a—if)(ay + Biy)

It is non-degenerate.
We must also consider the two possibilities 0 = 0 and § = 0. The choice
o = 0 gives us

[X,z] =X

[X,iz] = C(X)

such that C € Endymg, v =1 or v = 0, with Nijenhuis tensor

NJ(xay) =0
Njy(z,z) =[C,i]z
Ny(y,z) = [C,ily

The other option 6 = 0 gives

[z,y] = e1

[iz,iy] = es
[x,iy] = eq
[iz,y] = ea

without any restrictions on e, ez, e3 € C, and thus gives Nijenhuis tensor

Nj(z,y) =e3 — e — 2ieg
Njy(z,z)=0
NJ(va) = 0
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Suppose now that C is non-abelian. The Jacobi identities become

Ao.(y7z)X + AO’(X7Y)Z + AG'(Z,X)Y - O
[Az; Azz] = _Az
[0(X,Y),b] = 0(4pX,Y) + 0(X, 4,Y)

Let’s write ¢ = o)z + oriz, where oy, o0y, are scalar forms as defined earlier.
The third Jacobi identity becomes

[O‘)\(X, Y)Z + O'L(X, Y)zz,b] = (0’)\<AbX, Y) + U)\(X, AbY>)Z + (O‘L(AbX7Y) + O'L(X, AbY))’LZ

Since the iz-component of the right hand side must vanish, we get A, € sym(oy,)
for all b. From [z,iz] = z we get

U)\(X7 Y) = O-A(Aisz Y) + Uk(Xa AzzY)
oA(A X, Y)+ o)X, AY) = —0r(X,Y)

and we know that A, is traceless because it is the commutator of A;,, A.. Since
the symmetry algebra of non-degenerate o, would be commutative, we have
that A, = 0 in this case, a contradiction. Therefore oy, must be degenerate and
A, is proportional to Ay, if o7, # 0. For degenerate o, A2 = 0, so by inserting
the second of the two equations above into

O’L(ALX,Y) +0L(X,ALY) =0

we obtain

J,\(ALX, ALY) =0

for all X,Y. This shows that the image of Ay, which is Ker(oyr), is an isotropic
subspace for o). If the kernels coincide, the forms are proportional and thus
share their symmetry algebra. This is not possible, so Ker(or) # Ker(oy).
Thus o) must be non-degenerate, because if it had a kernel distinct from its 2d
isotropic submodule, it would be a 2d submodule and their direct sum would
be isotropic as well. We also have

JA(Xa Y) = O—A(AizX7 Y) + O_A(Xa AzzY)

which makes it clear that the kernel of A;, is another isotropic submodule and

1
A, ==-1+S5
5 +

for some symmetry S € Sym(cy). Given a module decomposition V¢ =
Ker(A,) @ Ker(A4;,) and the knowledge that both of these are isotropic, o is
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determined up to scaling as it must be contained in Ker(A,) ® Ker(A4;.) which
contains only a 1d trivial module component. A;, can be written as
A;, = kB +1Cy,

which means that

Ker(4;,) = (—lz + kiz)y

The other expression for A;, above gives the additional condition

ka+18=1

because S is traceless so Tr(A;.) = Tr(11). We write the equations for isotropy
of the kernels of A, A;, and the tensor product being non-zero:

oxlax + Biz, —ly + kiy) = v
ox(0 + Biz, ay + Biy) = 0
ox(—lz + kiz, —ly + kiy) =0

where « is an arbitrary scaling factor. This system is linear in Aq, Ao, A3, and
writing it in terms of these yields

—alA + (ak — Bl)Ag + BkAs = v
a1+ 2aBXs + 2N =0
PPA1 —2lkXy + k2 X5 =0

The solution is

A = =290k
Az = y(ak — Bl)
A3 = 2val

We will also write

Az = TAL = T(BBL - OéAL)

and consider again the equation

U)\(AzXa Y) + UA(Xv AZY) = 70—L(X7Y)

It is clear that the right and left hand side are proportional, because we know
from previous considerations that they have the same kernel. We determine the
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constant of proportionality v by inserting X = —lx + kix,Y = —ly + kiy. This
gives

—2ry=1
-1
7= 2r
The equation
1
A, ==-1+S8
5 +

Is satisfied as well, which we can verify by checking that

S = —’I“A,\

We also have the commutation relation

[AuAiz} = 7Az
which holds because ka + {3 = 1. The only Jacobi identity left to be satisfied
is then
Aa(yyz)X + Ag(ny)Z + AU(wa)Y =0

which becomes

A (oY, 2)X +0x(X,Y)Z + 0x(Z, X)Y )+

+ AoV, 2) X 40, (X,)Y)Z 4+ 0,(Z,X)Y)=0
There are two cases to consider: X,Y € Ker(A,),Z € Ker(A;,) and Z €

Ker(A,), X,Y € Ker(4;,). It is easy to check that the former case vanishes by
using kernels and isotropy with respect to o). The latter case yields

AZ(U)\(Ya Z)X + O-)\(Za X)Y) + Aiz(aL(Xv Y)Z) =0

and trying for example X = —lz 4 kiz,Y = —ly + kiy, Z = ax + [ix gives

A (oA (Y, Z2)X + or(Z, X)Y) + Apu (01 (X, Y)Z) = —g(az + iz)

which shows that it fails unless a = 8 = 0, which we take to mean o, = 0. Many
of the restrictions that were placed on o) were caused by assuming oy, # 0, these
will no longer be valid. The Jacobi identities are now
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A (o Y, 2) X +ox(X,Y)Z 4+ 0x(Z,X)Y) =0
[Az, Aiz] = — A,

ox(X,Y) =0a(A.X,Y) +00(X, A4,.Y)
oA(AX,Y) +0oxr(X,A.Y)=0

The third and fourth identities say that A, is a symmetry of o) and A;, = %IH—S
where S is another symmetry. The second identity says that if o) is non-
degenerate, then A, = 0 because the symmetry algebra is 1d and commutative
in this case. This satisfies all other Jacobi identities as well. The Lie algebra
structures in this case is

[z,y] = M1z
[x,iy] = Aoz
[iz,y] = Aoz
[

iz, iy] = A3z

[x,iz] = %x + r(Aaz — Aqix)
liz,iz] = %zx + r(A3z — Agix)
[y, iz] = %y + r(A2y — Aiiy)

L. 1. .
iy, iz] = S+ r(Asy — A2iy)

[2,i2] = 2

with A A3 # A2, the condition for non-degeneracy. The Nijenhuis tensor is

Ny(z,y) = (A3 — A1)z — 200z
NJ(JJ, Z) = (/\3 — )\1).23 - 2)\22@‘

If we keep A, = 0, the Jacobi identities are still satisfied for degenerate o with
kernel generated by ax+ Gix. There are now two parameters k, [ for determining
the symmetry S. The algebra structures are then given by
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[x,iz] = %x + k(ax + Bix)
[iz,iz] = %zx + l(ax + Biz)
ly,iz] = %y + k(ay + Biy)
[iy, iz] = %Zy + l(ay + Biy)

[2,i2] = 2
with corresponding Nijenhuis tensor
Ny(z,y) = (8% — a?)z — 2aBiz

Nj(z,z) = (la+ kB)x + (I8 — ka)iz
Ni(y, 2) = (la+EB)y + (I8 — ka)iy

<
~—

Finally we have the case A, = rA) # 0. In this case A;, # 0 as well, and we
get the condition ka + I3 = 1 from their commutation relation. The algebra
structures are

z,y] = -2
x,1y] = afz
ir,y) = aBz
iz, iy = —a’z

2

[

[

[

[

[z, 2] = r(afBx + B2ix)
[iz, z] = r(—a’x — afizx)
[y, 2] = r(afy + Fiy)
[iy, 2] = r(—a®y — aBiy)

[x,iz2] = %x + k(azx + fBix)
[iz,iz] = %zm + l(ax + Pix)
ly,iz] = %y + k(oy + Biy)
iy, 2] = %Zy + l(ay + Biy)

[2,i2] = 2
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with Nijenhuis tensor
Ny(z,y) = (8% — a?)z — 2apBiz
Njy(z,2) = (la+ kB —2raB)z + (I8 — ka + r(a? — ?))iz
Ny(y,z) = (la+ kB — 2raB)y + (18 — ka + r(a® — 5%))iy

In the case o) = 0 we get

[X,z] = AX
[X,iz] = BX
[2,i2] = 2

such that A, B € Endymg satisfy [A, B] = —A. This yields the Nijenhuis tensor

N.I(xay) =0
NJ(va) = 7(2[‘477’] + [B,Z])I
Ny(y,2) = —(i[A,d] + [B,1])y

Let’s now consider the possibility of g with nonzero h-component. If § is not
contained in a strictly bigger semi-simple subalgebra, then by Levi decompo-
sition m is conjugate to the radical of g. Since the radical is an ideal, b is
conjugate in g to another subalgebra §’ ~ § such that the bracket has vanishing
bh’-component. This means that the homogenous space is equivalent to a space
considered previously.

If b is strictly contained in a semi-simple subalgebra @ C g, @ must have
dimension 6,8 or 9. Since only the bracket between two different copies of V/
can go to b, both of them must be in @ and this would make @ at least dim 7.
All options of dim 9 contain ideals which would necessarily also be submodules,
and such submodules are not present. So we are left with dim 8.

This was explored in the section for m = V&V, h = su(l,1) ® R, with a
subset ¢ C C playing the role that was earlier taken by the center in . This
process yields @ isomorphic to sl3 or su(2,1). Since these algebras have no non-
trivial 1d representations, g = Q @ R. Nj = 0 because [z,y] € . The brackets
are

iy] = —aC
ir,y] = aC
z,x] =iz
z,ix] = —x
z,y] =1y
20yl = —y

Where A, B, C' means the basis of h given earlier.
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4.3 5[2(@)
431 m=W

Denote the tautological representation of h on C2 by W, and let n = (A, B, C)
be a real subalgebra of type su(1,1). W restricted to n is of type VC, so
we produce the basis x,y,ix, 7y with respect to n as described in the section
h=su(l,1). A, B,C,iA,iB,iC is a basis of h. The last three elements act as the
first three composed with J. Note that the subalgebra (A,iB,iC) = (u,m,k)
is of type su(2) and precisely the same operators as we described in the section
h = su(2),m = W. An endomorphism of a sla(C)-module is equivariant if and
only if it is equivariant with respect to both the real forms su(1,1),su(2) that
we specified. Now we may decompose

NW=UasC

U is the tautological representation of s0(3,1) ~ sl3(C), and it is irreducible
but not isomorphic to W. C is a trivial module. The concrete decomposition is

(x Ny +ix ANy, x ANy —ixz ANiy) ~C
(x Nz +y Ny, z Nz —y Ny, x Ny —ix Ay, z Ay +ix Niy) ~U

Since no bracket AW — b & m is possible g must be flat.

4.3.2 m=Ad

For m = Ad, the isotropy representation is irreducible. This means that a non-
flat algebra structure, if one exists, is unique at least up to a change of sign on all
equivariant maps. g must therefore either be flat or be of type sl3(C) @ sl5(C),
which is stable under a sign change. Since the Lie algebra is complex and the
complex structure on the module is unique, the non-flat structure is integrable.
The bracket is the same as on sly(C).

433 m=WaC

By the earlier decomposition of A2W, there is no possibility for a bracket to
h. Thus m must be a solvable ideal. Since h contains both su(2) and su(1,1)
and these are represented in the same way as in their respective sections, the
algebra structure on m must be equivariant with respect to both of these. The
endomorphism ring End, W is only complex scalars in this case. Following the
development in the section about su(2), we get the following assuming that both
brackets A2WW — C and W ® C — W are non-zero.

[X,Y] =¢g(BX,Y)z
[X,iz] = gX +BBX
[2,i2] = 0z
Here X, Y € W, 2 € C, B € R, B € Endg o)W, Tr(B) =0and § is O or 1. g is

the real part of the suy invariant hermitian form. B must now be proportional
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to J because the endomorphism ring is smaller. g is not invariant under su(1, 1)
while J is, so these brackets are not sly(C) invariant. Therefore one of the
brackets must vanish, and we get either a semi-direct product W x C or the
derived subalgebra of m is contained in C. The first case is either

[X, 2] =8X
[X,iz] = aX +4JX

or

[X,iz] = aX +4JX
[2,i2] = 2

which corresponds to respectively abelian or non-abelian C. The Nijenhuis
tensor vanishes in both cases. Finally we may have an invariant skew-symmetric
form on W taking values in C. Following the su(2) development again, we must
then have abelian C. We use the decomposition of A2W given earlier to write
the brackets

[x,y] = _[ix’iy] =
[z, iy] = [iz,y] =w

for some v, w € C. The Nijenhuis tensor is then

Njy(z,y) = —2v + 2iw
Nj(z,z) =0
NJ(yaZ) =0

4.4 sl3

441 m=VC

We have that for the tautological representation V, V€ =V @ V. We compute
Nm=AVaoA VoVeV
AV =V*
Vev=USeV*

where US is irreducible. Thus there is no bracket to g = h ® m

4.4.2 m= (V¢

We have that for the dual representation V*, (V*)¢ = V* & V*. We compute
Nm=ANV'e ANV eV V"
AN VF =V
VeV =UaV

where US is irreducible. Thus there is no bracket to g =h & m
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4.5 su(2,1)

The Lie algebra h = su(2,1) has two non-isomorphic complex representations
of dimension 3. These are the tautological representation, which we denote by
W, and its dual representation W*. Since h preserves a hermitian form on W,
we have an equivariant C-anti-linear map from W to W*. Therefore they are
equivalent as real representations, and since only the real module structure is
interesting for determining real Lie algebra structures we need only treat one of
them. Our choice will be W.

The endomorphism ring Endy (W) is isomorphic to the complex numbers. This
is important because any bracket may be post-composed with an endomorphism.

To compute the decomposition of A?m, note that

(MW)E=AWE) =AW aW*)=WaW* oW ac W) =(Waeu(?2,1))°

Here u(2,1) means the module Ad @ €. Let zx,k = 1,2,3 be the standard
complex basis of W. Then x,ixi, k = 1,2,3 is a real basis with dual basis
Tk, 1Tk, k = 1,2,3. Denote the real part of the invariant hermitian form h by g
and the imaginary part by w. The projection

AW — u(2,1)

is given by contraction with the tensor

g1 +w®J

and removing trace gives the map to su(2,1), which is

2 (e 9)J)

.13/\?}'—>’}/(Lg;g®y—Lyg®$+bxw®Jy—Lyw®Jx—3

for arbitrary z,y. This is the h-component of our bracket, and can be written
in terms of our basis as

1
[xl,ixl] =29( ® iz — i1 @ x1 — ,J)

3
1
[2,i72] = 27(T2 ® ize — ide ® To — §J)
1
x3,1x3] = 2v(—f3 @ ix3 + i3 @ x3 + §J)

J?l,l‘g] = [il‘l,ixg] = ’}/(.ffl R Xy — T ®x1 + 1T Q iTo — i1To @ ixl)
£L'171‘3] = [il‘l,il'g] = ’y(f}l R x3+ T3 QX1+ 1T Q ix3 + 13 ®i1‘1)
= =~

[
[
[
[
[
[
[

X9, x3] = [ix9,ix3 (o ® 23 + &3 @ Tg + ido ® ix3 + i3 ® ixa)

1T, To] = —[x1,122]) = V(=31 Rixg — To @iz + id1 @ 22+ 0Ty @ X1)
iry, 23] = —[x1,ix3] = y(—11 ®ix3 + &3 Qiry + i3 @ 3 — id3 @ x1)
iTo, x3] = —[xa,ix3] = Y(—T2 ®ix3 + I3 ® 122 + ido ® 3 — id3 @ x2)
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There is a 6d real submodule corresponding to A%W. This must be isomorphic
to W as a real module because it has an invariant complex structure.

(T N T — 1Ty N BT, 1Ty A Tl + Ty N iTg) = W

for k,m € {1,2,3},k # m. This means that the m-components of the brackets
are

[1, 2] = —[iz1,i72] = (v + i8) w3
[z1, 23] = —[iz1, ix3) = —(a + i8)x
[x2, x3] = —[ize,ix3] = (a+i8)x1
[x1,122] = [iz1, 22] = —i(a +if)xs
[x1,ix3] = [iz1, 23] = i(a + i)z
[a,ix3] = [iz2, 23] = —i(a + if)x1

Note that the m-component of the bracket is C-anti-linear in both arguments.
We compute Jacobi identities

o1, [i1, @] + [£9, [0, 621]] + [iwn, [0, 21]] = 2(%7 o = B)izy =
(3, [izs, z1]] + [21, [w3, izs]] + [izs, [x1, 23] = 2(—— — &® — B*)izy =0

The only solution is « = = =0 so g is flat.

4.6 su(3)
461 m=W

The Lie algebra h = su(3) has two non-isomorphic complex representations of
dimension 3. These are the tautological representation, which we denote by
W, and its dual representation W*. Since h preserves a hermitian form on W,
we have an equivariant C-anti-linear map from W to W*. Therefore they are
equivalent as real representations, and since only the real module structure is
interesting for determining real Lie algebra structures we need only treat one of
them. Our choice will be W.

The endomorphism ring Endy (W) is isomorphic to the complex numbers. This
is important because any bracket may be post-composed with an endomorphism.

To compute the decomposition of A%m, note that

(AAW)E =AW = A2Z(W W) =(WaoW*aW @c W*) = (W o u3)°

Here u(3) means the module Ad®e. Let zx, k = 1,2, 3 be the standard complex
basis of W. Then xy,izy, k = 1,2,3 is a real basis with dual basis &g, g, k =
1,2,3. Denote the real part of the invariant hermitian form h by g and the
imaginary part by w. The projection
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AW — u(3)

is given by contraction with the tensor

g1 +w®J

such that

T ATl = Ty @ T — T @ Ty + 180y, @ 1T — 1T R 1Ty,

and projection to su(3) is then only a matter of removing trace. The trivial
submodule is then

(x1 Nz + 2o Nz + 23 Aixs)

so the full projection to su(3) is

2
TAY =Yg @Y — Ly @ T+ 1w @ Jy — Lyw @ Jr — zw(z,y)J)

3

for arbitrary x,y. This is the h-component of our bracket, and can be written
in terms of our basis as

1
[T1,i71] = 27(31 ® iy —id1 @ 21 — §J)

[xg,i.rg] = 2’)/(.%2 ® 1Ty — 109 @ To — gj)

) ) . Y 1
x3,1x3] = 2v(&3 @ ixg — i3 ® x3 — §J)

[

[x1,22) = [ix1,i22] = V(81 @ X2 — B2 @ 11 + iB1 ® iT3 — il ® i21)
[x1, 23] = [ix1,i23] = V(81 @ 23 — &3 @ x1 + 181 ® iwg — il3 ® ix1)
[, 23] = [ima, ixs] = V(%2 ® T3 — &3 ® T + i%e ® i3 — il3 @ iT3)
[iz1, o) = —[x1,122] = Y(—F1 Q@ iz — T2 Qixy + 1T ® 22 + ido ® 1)
[iz1,x3] = —[z1,ix3] = y(—T1 ®ix3 — I3 ®ix1 + i1 @ 3 + iT3 @ x1)
[izg, x3] = —[@a,ixg] = Y(—T2 ®ix3 — I3 ® iTa + ids @ 3 + if3 ® x2)

There is a 6d real submodule corresponding to A(QCW. This must be isomorphic
to W as a real module because it has an invariant complex structure.

(T N g — 1Ty N 1T, 1Ty A T + Ty N iTg) = W

for k,m € {1,2,3},k # m. This means that the m-components of the brackets
are
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(21, x2] = —[iz1, ix2] = (o +if)z3
[z1, 23] = —[iz1,ix3) = —(a + iB)x2
(w2, 23] = —[izg, i3] = ( +iB)a:
[x1,122] = [iz1, 22] = —i(a + if)xs
[x1,ix3] = [iz1, 23] = i(a + i)z
[a,ix3] = [iza, x3] = —i(a +if)xy

Note that the m-component of the bracket is C-anti-linear in both arguments.
The only non-trivial Jacobi identities are those with 2 out of 3 subscripts equal,
for example

(21, [iz1, 2o]] + [m2, [21,d21]] + [izy, [22, 21]] = 2(4% —a? = B%izy =0

so we set v = (a + (%). This satisfies the other identities as well. We may
make a change of basis by complex multiplication such that

a=2
B=0
v=3

which makes the Lie algebra structure

xl,ixl] = (621 ® iz — 6iT1 @ x1 — 2J)
= (62 ® ixe — 6idy @ x5 — 2J)
T3 zsr:g] (623 @ ixs — 6ids @ x3 — 2J)
321 @ o — To @ 1 + 181 ® ixe — il ® ix1) + 223
z1,23] = 3(%1 @3 — I3 @ 11 + 181 Q@ ixs — il3 ® iw1) — 229
(o @ k3 — I3 @ T + ids ® ixs — id3 ® ix2) + 211
] (=31 @ixg — To @ixy + 181 @ T + ide ® 1) — 2ix3
| = —=3(—%1 ®ize — &g ®ix1 + i1 @ To + 1Ty ® 1) — 2ix3
| =3(—21 ®ixs — &3 Qixy + i1 Q@ x3 +1iT3 @ 1) + 2z
x1,ix3] = =3(—1 ® ix3 — T3 Q@ ix1 + i1 @ x5 + i3 @ x1) + 2ix
| =3(—39 ® izg — &3 @ ixg + idy ® X3 + i3 ® x2) — 20z
| = —3(—%2 ®izg — &3 Q@ ixe + ilo ® x3 + T3 ® T2) — 2ix
ir,1x9] = 3(&1 Q@ o — Tg @ T1 + 181 ® ixe — ids Qi) — 223
iry,ixs) = 3(8 @ x3 — T3 @ o1 + 1T ® ix3 — id3 @ iwy) + 29
iTo,ixg) = 3(&e ® x3 — I3 ® Tg + ily ® i3 — id3 @ ixe) — 22
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It is easy to compute the Nijenhuis tensor because it only depends on the m-
component, which is anti-linear. Thus we have

NJ(ZL'l,(EQ) = 78%3
NJ(J)l,Q?g) = 8332
NJ(.%‘Q,I?,) = —81‘1

We can identify this Lie algebra as g = g2, the compact form of the exceptional

Lie algebra. The simply connected version of G5 gives us the homogeneous
space G/SU(3) = 5%, and J is the Calabi structure.

4.7 5[3(@)

The representations are the same as for sl3, and this is embedded in sl3(C).
Only the flat case was realized under the smaller isotropy algebra. Therefore
s[3(C) has no non-flat cases as well.
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