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Abstract

The main notion behind the study of matroids is linear dependence. In
this thesis, we give a survey of the concepts and properties of linear error-
correcting codes over finite fields being dependent only on the matroids de-
rived from these codes. In particular, the weight distributions of linear codes,
and their extensions, over bigger fields are only dependent on the N-graded
Betti numbers of these matroids and their so-called elongations. We will use
this fact to find the weight distributions for some important codes as con-
stant weight codes and Hamming codes. In addition, the connection between
the Betti tower of a matroid and its dual tower will be studied for general

matroids.
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Introduction

In this thesis we will look into some deep connections that exist between

coding theory, combinatorics, algebraic topology and homological algebra.

Matroid theory was introduced in 1935 by Hassler Whitney, an American
mathematician who dedicated himself to graph theory, differential geometry,
cohomological theory and algebraic topology. It was also independently stud-
ied by Takeo Nakasama, but his work was not recognized until years after he
died.

We will begin with a compilation of elementary definitions and properties
that codes satisfy. The main concepts for codes introduced in Chapter 1 are
the Hamming distance, the weight of a codeword, what a linear code is and
the equivalence of linear codes. When dualizing a linear code, we obtain an
important result about weight hierarchies: Wei’s duality. After coding the-
ory, we will give a introductory overview of matroid theory. There are many
equivalent ways to define a matroid, but the principal one is about indepen-
dence. Afterwards, we will show the relation between codes and matroids, a
matroid associated to a linear code will be defined by the parity check matrix
of the code.

11



12 INTRODUCTION

In Chapter 2 we will establish the main base so that we can work with
matroids as topological objects (simplicial complexes). A very basic back-
ground in monomial ideals will be given so that it can be applied to matroids.
A matroid, seen as a simplicial complex, gives rise to a monomial ideal of a
polynomial ring, the Stanley-Reisner ideal, which is the ideal generated by
squarefree monomials corresponding to non-faces of the simplicial complex.
As a result, the Stanley-Reisner ideal has minimal free resolutions, and this

defines its Betti numbers.

In Chapter 3 we will extend the definition of weight enumerator of a
code C, given in Chapter 1, to the extended code C ®p, Fyr. It has recently
been shown that the extended weight enumerator of a code can be entirely
expressed with the help of Betti numbers of the matroid and its elongations.
The formula given in [18] for computing the coefficients for the GWP has
special importance in this thesis since it will be used frequently in chapters 4
and 5. MacWilliams identity will be mentioned here as well, since it will be

relevant for computing the dual Betti numbers.

Throughout Chapter 4 the focus will be on constant weight codes. They
have pure resolutions, so the Betti numbers for its Stanley-Reisner ring satisfy
certain properties. By using some results given in [5] and the Herzog-Kiihl
equations, we will get a general formula for computing all the Betti tables
for a matroid M associated to a constant weight code and its elongations
just from its parameters. Furthermore, we will get a general formula from
the GWP for computing all the Betti tables of M and its elongations and we
will give the last columns and some more entries for the duals of the Betti

tables.

In Chapter 5, we will leave aside the condition for matroids coming from
constant weight codes and take general matroids. We will try to obtain as

much information as possible from the Betti tower of M to achieve the Betti
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numbers of the dual tower. This will result in a formula for the last Betti
number of each dual table. If the GWP are given, we will always be able to
compute the Betti numbers for the last complete column of each dual Betti
table, in addition to the first and the next-to-last entries as well as the po-
sition of certain zeroes. Finally, an example will be given to illustrate how

this process works.
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Chapter 1
Basic definitions

In this first chapter we will introduce some basic concepts so that we can
later work with matroids as representants for linear codes. We will define
here what is a code, its length, its weight, its minimun distance, etc. Af-
terwards, we will define what a parity check matrix is, by dualizing, and we
will formulate the Wei’s duality theorem. Next, we will go through the basic
definitions for matroids (via independent sets, bases, circuits and rank func-
tion), providing some examples. Finally, we will end up showing the relation

between codes and matroids.

1.1 Coding theory

1.1.1 Elementary definitions

In this section we will provide a really basic overview of what is a code,

its parameters and its basic properties.

Definition 1.1.1. An alphabet is a finite set of symbols. We will denote it
by X.

Definition 1.1.2. A code C is a subset of all posible words.

C C @OE”:{{Q}UZUEQUE?’U...}

15



16 CHAPTER 1. BASIC DEFINITIONS

Definition 1.1.3. Let q be an integer. A g-ary block code C is a set of
r-tuples (ay,...,a,), where a; € ¥, alphabet of cardinality g. An element in

this set is called a codeword.

Definition 1.1.4. The length of a block code is the length of any codeword

from the code.

Example 1.1.1. (Difference between code and block code) The set of all
English words is a 26-ary code, but not a block code, since all words do not
have the same length. The set of all Norwegian ID numbers is a 10-ary block
code of length 11.

From now on we will just work with block codes.

Definition 1.1.5. The Hamming distance between two codewords x =

(1, ..., zy) and y = (Y1, ...Yn) is:
d(z,y) = #{i, z; # yi}
If the alphabet is F,;, then we can define the weight of a codeword z as :
wi(z) = #{i ; z; # 0}

Example 1.1.2. If x = (10111),y = (01101) the Hamming distance between
them is d(x,y) = 3.

Definition 1.1.6. The minimun distance of a code C is

d = min{d(z,y); =,y € C,x #y}
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Definition 1.1.7. Two different block codes of length n over the alphabet
> are equivalent if we can obtain one from the other by using the following

operations:
1. Permutation of the positions of the code.

2. Permutation of the symbols appearing in a fixed position.
Notation. A (n, M,d) code is a code of length n, size (number of codewords)

M and minimun Hamming distance d.

Theorem 1.1.1. A g-ary (n, M,d)-code satisfies
‘Y /n
v (5 (Du-v) <o
i=0

Proof. |7, Theorem 2.16] O

where t = [41].

Definition 1.1.8. A g-ary code for which there is equality in Theorem 1.1.1

is called perfect.

Definition 1.1.9. A linear code of length n and rank k£ is a linear subspace

with dimension % of the vector space Fy, where F, is the finite field with ¢

elements.

Remark. In a linear code, any linear combination of codewords is again a

codeword.

Remark. The zero vector is necessarily a codeword for any linear code.

From now on we will just work with linear codes.
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Definition 1.1.10. The support of a codeword x is

Supp(x) = {i,z; # 0}

The support of a set of codewords, .S, is the union of the supports of all

codewords in S.

Supp(S) = U Supp(x) = {i,Jx € S,z; # 0}

z€eS

Property.
d = min{#Supp(D) | D subcode of C of dimension 1}

Proof. [20, Proposition 2 Section 3.1] O

Definition 1.1.11. The generalized Hamming weights of a [n, k]-code C are:
d; = min{#Supp(D) | D subcode of C of dimension i}

where 1 < i < k. The sequence (dy, ..., dy) is called the weight hierarchy of
the code.

Notation. [n, k], describes the code: length n, dimension k£ and alphabet

size q.

Definition 1.1.12. A generator matrix of a [n, k],~code C is a k X n matrix

over [F, whose rows form a basis of C.

Definition 1.1.13. Two different linear block codes of length n over a field
[F, are equivalent if we can obtain the one from the other by using the fol-

lowing operations:
1. Permutation of the positions of the code.

2. Multiplication of the symbols appearing in a fixed position by a non-

zero scalar.
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Example 1.1.3.
Let

B =

1 201 2
0012 2

be a generator matrix of a linear code over Fj.

If we multiply the fourth column by 2, we will obtain an equivalent code.
1 2 0(1)2) x2 |1 20122 |p |1 202 2
_> =
00 122 0 0 1142 0011 2

Remark. If two different linear codes are equivalent in the sense of Defini-

tion 1.1.13, they are, obviously, also equivalent in the sense of Definition 1.1.7.

In the sequel, equivalence of linear codes will always be in the sense of
Definition 1.1.13.

Proposition 1.1.2. Two equivalent linear codes have the same parameters:

length, cardinality and minimal distance.

Proof. 20, Proposition 7] O

Theorem 1.1.3. Let G be a generator matriz of an [n,k],-code. Then we

can find an equivalent linear code with generator matriz of the form
[ L ‘ Al
where Iy, is the k X k identity matriz and A is a k X (n — k) matriz.

Proof. [7, Theorem 5.5] O
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Definition 1.1.14. A generator matrix of the form
[ Iy ‘ Al

where [}, is the k x k identity matrix and A is a k x (n — k) matrix, is called

generator matrix under standard form.

Example 1.1.4. Let us take a code C over Fy generated by the codewords
x=4{0,1,1,0,1} and y = {1,0,1,1,1}. A generator matrix of C is:

G =
10111

01101]

We can swap the rows and obtain a generator matrix in standard form:

G | 1011t
01101

Remark. Generator matrices under standard form are not unique for equiv-

alent codes.

Example 1.1.5. In F3, (G; is a generator matrix for a code and G5 a gen-
erator matrix for an equivalent code. Then, their generator matrices under

standard form do not need to coincide:

(001 2 2 1| (12 2 2 1]
(2 2 2 2 1| (0122 1|
— i - - \l/ -
10221 1011 2
G = G =
! (00122 1| 7 G (00122 1]
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1.1.2 Duality

Let us first introduce some algebraic concepts that will provide the base

for the definition of dual objects related with coding theory.

Definition 1.1.15. Let u = (uy, ..., un),v = (v1, ..., vn) € Fy be two vectors.

Then the inner product is
n
u-v = Z U;V;
i=1

The inner product is a bilinear form, that is, it is linear on each component
of the cartesian product (bilinear), and its target is the set of scalars of the

vector space (form).
Definition 1.1.16. A bilinear form f : V x V — K is said to be:
e Symmetric if f(x,y) = f(y,z) Vzr,y €V,

e Nondegenerate if f(z,y) = 0Vy € V = 2 = 0 and f(z,y) = 0Vx €
V=y=0.

Definition 1.1.17. Let V be a K vector space, and ¢ : V x V — K
be a symmetric bilinear form. Let W C V be a subspace. We define the
orthogonal of W as:

WH={veV; ¢(v,w)=0vYwe W}

Theorem 1.1.4. Let V be a K wvector space, and ¢ : V xV — K be a
symmetric bilinear form. Let W C V be a subspace. Then W+ is a vector
subspace of V. Moreover, if V' is finite dimensional and ¢ is nondegenerate,

then W+ is finite dimensional and
dimg (W) + dimg(W) = dimg (V)

Proof. [13, Theorem 2.3] O
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Remark. Even if dimg (W) +dimg (W) = dimg(V'), we do not usually have
Wewt=V.

Let C be a [n, k], code with generator matrix G. Let C* be the orthogonal
of the code for the usual inner product. Since the inner product is a nonde-
generate symmetric bilinear form, we know that C* is a [n,n — k|, code. A
generator matrix H of C* is therefore a (n — k) x n matrix with entries in

FF,, and whose rows are a basis of C*.

Definition 1.1.18. Let C be a [n, k|, linear code. Then, the [n,n— k|, linear
code C* is called the dual code.

Definition 1.1.19. A parity check matrix of a linear code C is a generator

matrix of the dual code C*.

Remark. It describes the linear relations that the components of a codeword
from C must satisfy, since the rows of a parity check matrix are the coefficients
of the parity check equations, defining linear combinations of codewords. It
can be used in decoding algorithms and also to decide if a particular vector

is a codeword: z is a codeword in C iff Ha! = 0.

Definition 1.1.20. A parity check matrix of the form
[ B | Ly]

is said to be under standard form.
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Theorem 1.1.5. Let C be a linear [n, k], code given by a generator matriz

G under standard form, say
G= [I | A]
Then, a parity check matriz for C is given by
H= [ A" | ;]

Proof. [7, Theorem 7.6] O

Proposition 1.1.6. If G,H are a generator matriz and a parity check matrix
for C respectively, then they are a parity check matriz and a generator matriz

for C+ respectively.

Proof. 1t is clear from the definition of parity check matrix. Since H gener-
ates the dual code, being a parity check matrix for C, then, a parity check

matrix for C* will generate (C*+)* = C. O

Example 1.1.6. Let us take G a generator matrix in standard form over F,

as in Example 1.1.4

G =
01101

10111]

From the standard generator matrix we can obtain a parity check matrix:

11100
H= 110010
11001

That is a generator matrix for the dual code of C.
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Theorem 1.1.7 (Wei’s duality). Let C be a [n, k|, linear code, and C* its
dual code. Let dy < ... <dy and ey < ... < e,_ the weight hierarchies of C
and C* respectively. Then,

{di,...;dg,n+1—ey,.on+1—e, 1} ={1,....,n}

Proof. |21, Theorem 3] O

1.1.3 Weight enumerator for a linear code

Definition 1.1.21. Let C be a linear [n, k]-code over F,. The weight enu-

merator of C is defined as the following polynomial:
We(Z) = Z Ac ;2
=0

where A¢ ; denotes the number of codewords in C of weight j.

Remark. Another way of express We(Z2) is

We(Z)=>_ 2"

zeC

Example 1.1.7. Let C be the binary even-weight linear code of length 3, i.e
C = {000,011,101, 110}.
Then, We(Z) =1+ 322

Definition 1.1.22. The homogeneous weight enumerator of C is defined as:

We(X,Y)=> " Ac; XY/

=0



1.1. CODING THEORY 25

Remark. Another way of express We(X,Y) is

Wc(X, Y) _ ZXn—wt(J:)th(x)

zeC

Remark. Note that We(Z) and We(X,Y) are equivalent in representing
weight information. They determine each other uniquely by the following

equations:

WC(Z) = WC(L Z)
We(X,Y) = X"We(XY)

Also note that We(X,Y) is not the ordinary homogeneization of We(Z2)
as usually described. In the case of the code from Example 1.1.7, we ob-
tain We(X,Y) = X3+ 3XY?, but if we just homogenize as usual, we obtain
WE(Z,T) = T? + 322, which is different from We(Z) .

Example 1.1.8. Let us compute the weight enumerator for Example 1.1.4

10111
G —
[O 1101 ]
The generators of the code C over Fy are the words z = {1,0,1,1,1} and

y =1{0,1,1,0,1}, therefore all the words w € C can be written as w = ax+fy
where o, 5 € Fs.

w= oz + Py | wt(w)
{0,0,0,0,0} | 0
{0,1,1,0,1} | 3
(1,0,1,1,1} | 4
{1,1,0,1,0} | 3

el el =l =)
— |l olR|O ™
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Then,

We(2) = Y z2"0 =1422°+ 27"

zeC

We(X,Y) = Y Ac;X"7Y7 = X°+2X°Y? + XY*
=0

We(Z2) = We(1,2)=1+22° + 74

It has important applications in the theory of error-correcting codes.
Knowledge of the weight enumerator of a code enables us to calculate the

probabilty of having undetected errors, as shown in [7, Theorem 6.14].

1.2 Matroids

1.2.1 Equivalent definitions

There are many equivalent ways to define a matroid. In this section some

alternative ways to define them will be given among some properties.

1.2.1.1 Via independent sets

Definition 1.2.1. A finite matroid M is a pair (E,Z), where E is a finite
set (called the ground set) and Z is a family of subsets of £ (called the

independent sets) satisfying the following axioms:
(I) VeT.
(I;) If 1 €Z and I, C I, then I, € 7.

(I3) If I, Iy € T with |I;| < |I2| then there exists x € Iy\I; such that
]1 U {l’} el
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Example 1.2.1. Let Z(M) be

IM) = ({0} {1}, {23, {3}, {4}, {5}, {1, 2}, {1, 3}, {1,4}, {1, 5},
(2,3},{2,4},{2,5}, {3,4}, {3,5}, {4,5}, {1,2,3}, {1,2,5},
(1,3,4},{1,3,5},{1,4,5},{2,3,4}, {2,4,5}, {3,4,5}}

It is straightforward to check that this is a matroid. We will see in the
sequel that this is the matroid associated to the code defined in Example
1.1.4.

Definition 1.2.2. A subset of the ground set E that is not independent is
called dependent.

1.2.1.2 Via bases

Definition 1.2.3. A basis for a matroid is a maximal independent set for
inclusion, i.e., an independent set which becomes dependent on adding any

element of E. The set of bases will be denoted as B.

Example 1.2.2. The set of bases for the matroid given in Example 1.2.1 is

B - {{]‘7 27 3}7 {17 27 5}7 {]'7 37 4}7 {17 37 5}7 {]'7 47 5}7 {27 37 4}7 {27 47 5}7 {37 47 5}}
Proposition 1.2.1. All the bases of a matroid have the same cardinality.
Proof. [17, Lemma 1.2.4] O

Proposition 1.2.2. Let B C 2F be a set of bases. B satisfies the following

properties:

(B,) B+#0.

(Bs) (Base change) ¥V By, By € B, Vo € By\ By, Jy € B\ By such that (BsU
{yPH\{z} € B .
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Proof. [17, Lemma 1.2.2] O

Theorem 1.2.3. {1,2,5} Let B be a set of subsets of E satisfying (By) and
(BQ) Let
I={ocCB|BeB}

Then, M(B) = (E,T) is a matroid, whose set of bases is B.

Proof. [17, Theorem 1.2.3] O

1.2.1.3 Via circuits

Definition 1.2.4. A circuit of a matroid M is a minimal dependent sub-
set of E (for inclusion), i.e, a dependent set whose proper subsets are all

independent. The set of circuits will be denoted as C.

Proposition 1.2.4. The set of circuits of a matroid satisfy the following

properties:
(Cy) D¢cC.
(02) ]fCl,C’QEC with Cy CCQ, then C1 = (.

(C3) (Global elimination axiom) If Cy,Cy € C are distinct and C, N Cy # (),
then Ye € C; N Cy 3C3 € C such that C3 C (Cy U Cy)\{e} .

Proof. [17, Lemma 1.1.3] ]

Definition 1.2.5. An element that does not belong to any independent set
is called a loop, i.e, if {e} € C then e is a loop.
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Theorem 1.2.5. A matroid over the ground set E is entirely defined by its

set of bases, or by its set of circuits. Namely we have:
I={cCFE;3dBeB, 0 CB}
and
I={cCE, VTeC, 71¢o0o}
Proof. [17, Theorem 1.1.4] O

Remark. While the bases of a matroid have all the same cardinality, circuits

might not.

Example 1.2.3. The set of circuits for the matroid given in Example 1.2.1
is

CM) =1{{1,2,4},{1,3,4,5},{2,3,5}}

Proposition 1.2.6. Let E be a finite set and C a set of subsets of E. Let
(C%) be the following property:

(C%)  (Strong circuit elimination aziom) If Cy,Cy € C are distinct and Cy N
Cy # 0, then Ve € C1 N Cy, Vf € C1\Cy, 3C5 € C such that f € C5 C
(CLUC)\{e} -
Then, the properties (Cy), (C2), (Cs) are equivalent to the properties (Cy), (Cs), (C5).

Proof. [17, Proposition 1.4.11 + Corollary 1.4.12] O

Theorem 1.2.7. Let E be a finite set, and C C 2F satisfy the azioms
(C1), (Ca), (C). Let

I={ocCE, $r€C, 1 Co}
Then (E,T) is a matroid whose set of circuits is C.

Proof. [17, Theorem 1.1.4] O
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1.2.1.4 Via rank function

Definition 1.2.6. Let M = (E,Z) be a matroid.

The rank function of the matroid M is :
r. 28— N
o > r(o)=max{ |[| st [ Co, [ €T}
The nullity function of the matroid M is :

n: 280 — N

o +— n(o)=|o|—r(o)

Proposition 1.2.8. Let 0 C E, then
r(c) =max{ |[cNB|; B e B}

Proof. [20, Proposition16] O

Definition 1.2.7. The rank of a matroid M over E is defined as

Example 1.2.4. Let us take Example 1.2.1 and calculate the rank and nul-

lity for some sets:

o r(o) | n(o)
0 0 0
{1} 1 0
(1,2} 2 | o
(124} | 2 | 1
(123 | 3 | o0
(1234} | 3 | 1
(12,345} | 3 9
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Proposition 1.2.9. The rank function of a matroid M = (E,T) satisfies
the following properties:

(Ri) r(0)=0.
(Ry) Ifoc CE, x€E, thenr(o) <r(cU{z}) <r(o)+1.

(Rs) Ifo C E, xz,y € E are such that r(c U{z}) =r(c U{y}) =r(0o) then
r(cU{z,y}) =r(o).

Proof. [17, Theorem 1.4.14] O

Proposition 1.2.10. Let r : 2¥ — N be a function. Then, the three

followning properties are equivalent to the ones that the rank function satisfies

( (B1), (R2), (Rs) ).

(R1) 0<r(o) <ol

(Ry) Ifo C7CE, rlo) <r(r).

(Ry) Ifo,r CE, rlont)+r(cUr) <r(o)+r(r).

Proof. [17, Lemma 1.3.1] 0

Theorem 1.2.11 (Matroid Via rank function.). Let E be a finite set and
r: 2 — N a function satisfying ((R1),(R2),(R3)) (or alternatively
((R1), (R3), (R3)), and

I={I1e2% r(I)=|I}
Then, (E,T) is a matroid with set of bases
B={Iec2f r(E)=r()=|I|}
and rank r.

Proof. [17, Theorem 1.3.2] O
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Corollary. If M = (E,I) is a matroid with rank function r, o C E is
dependent if and only if
r(o) <lo| -1

In particular, if o is a circuit, then
r(o) =lo] =1

Proof. [17, Proposition 1.3.5] O

1.2.2 Duality

Theorem 1.2.12. Let M be a matroid on the ground set E with set of bases
B. Let B be
B={E\B, Bc B}

Then B is the set of bases of a matroid over E.

Proof. [17, Theorem 2.1.1] O

Definition 1.2.8. Let M be a matroid on the ground set E and set of bases
B. Then the matroid on F and set of bases B is called the dual of M, and
denoted by M*.

Remark. (M*)* = M

Example 1.2.5. The set of bases for the dual matroid from Example 1.2.1

1S

B = {{1’ 2}7 {1’ 3}7 {17 5}v {27 3}’ {27 4}’ {27 5}7 {37 4}7 {4’ 5}} = B(M*)
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Definition 1.2.9. Let M be a matroid. Then

The elements of Z(M*) are the coindependent sets of M.

The elements of B(M*) are the cobases of M.

The elements of C(M*) are the cocircuits of M.

The rank function of M* is the corank function of M.

A coloop of M is a loop of M*.

Remark. The coindependent sets are not the complements in E of the inde-
pendent sets. There is not a nice description of the cocircuits of a matroid.
We cannot even predict the number of cocircuits from the number of bases

or the number of circuits.

Proposition 1.2.13. Let M be a matroid of rank r on the ground set E.
Then the rank of M* (or the corank of M) is |E| —r.

Proof. The rank of M is equal to the cardinality of any base. Then, the
cardinality of any base of M* is equal to |E| — 7. O

Theorem 1.2.14. Let M be a matroid of rank function r. Then the rank
function r* of M* is given by

r*(o) = |o| +r(E\o) —r(E).

Proof. [17, Proposition 2.1.9] O

Definition 1.2.10. Let M be a matroid over the ground set F with rank
function r. Let 1 < ¢ < |E| —r(E). Then the i-th generalized Hamming
weight of M is

d; = min{|o|; n(o) =i}
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Proposition 1.2.15. Let M be a matroid of rank r on the ground set E.
Then, we have

d1<...<d#E7T

Proof. [21, Theorem 1] O

Theorem 1.2.16. Let M be a matroid on the ground set E and rank r. Let
diy < ... < dyp_, be its weight hierarchy. Let e; < ... < e, be the weight
hierarchy of M*. Then, we have

{di,....,dgp—}U{n+1—e1,....n+1—e}={1,...,n}
and the union 1s disjoint.

Proof. [14, Proposition 5.18] O

1.3 Relation between codes and matroids

1.3.1 Representable matroids

Definition 1.3.1. Two matroids (F,Z;), (F,Z,) are isomorphic if exists a
bijection ¢ : E — F such that o € 7; <= ¢(0) € Ls.

Definition 1.3.2. A vectorial matroid over a field F is a matroid obtained

from a finite set 1?1, . ,QZL in some finite dimensional vector space W over F
such that £ = [1,...,n|, and o = {iy, ..., 4, } € Z if and only ifzz, . Up. are

linearly independent vectors over F.

Definition 1.3.3. A matroid is representable if it is a vectorial matroid over
some field F.
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V1
Example 1.3.1. V =K', v; =
7
Vi1 ... Uin
From these vectors we obtain a matrix A = : : = [ Viyen.,Up ] )
Vg1 - - U

The independent sets of the vector matroid M[A] are

Tamga) = {{i1s - im} 5 Vis ooy 04, liniindep. }

Remark. A set of columns in A is linearly independent (as vectors) if and

only if the corresponding set is independent in M[A].

Proposition 1.3.1. Let A be a kxn matriz withk <n, X C E=11,...,n].
Then, the rank function of the matroid M[A] is given by

r(X) = rank(A[X])
where A[X] is the vector matriz formed by the columns of A indezed by X .

Proof. 1t comes directly from the definition of rank since, for X C FE, the
rank of the matrix A[X] is the rank of the vector space spanned by X. O

Theorem 1.3.2. If M is the vector matroid of [ I | A |, then M* is the
vector matroid of [ —A' | I ].

Proof. [17, Theorem 2.2.8] O

Corollary. If M s representable over the field F, then M* is also repre-

sentable over IF.
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Proposition 1.3.3. Let M be a matroid having fewer than 8 elements.
Then, M is representable.

Proof. [17, Proposition 6.4.10] O

1.3.2 Non-representable matroids

All matroids that come from a code are vector (representable) matroids.
However, there are some matroids that are non-representable, so they do not

came from any code. Let us see an example:

Example 1.3.2 (Vg - Vdmos matroid).

The Vdmos matroid V is defined on the set V' = {vy, ..., vg}. Its indepen-

dent sets are all the subsets of cardinality < 4, except for five: {vy, v9, v3,v4},

{Ulv V2, Us, Uﬁ}; {U37 V4, Vs, UG}? {U?n V4, U7, U8}7 {U57 Ve, V7, 08}'

It is the smallest known matroid that is non-representable over any field,

as shown in [17, Proposition 6.1.10].

\ 4

Figure 1.1: Vamos matroid
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1.3.3 How to obtain a matroid from a code

Proposition 1.3.4. Let H; and Hs be two different parity check matrices

from the same linear code. Then,
M[H,] = M[H,]

Proof. Hy and Hy are parity check matrices from the same code. It means
that we can obtain one from the other by row operations. Since the matroid
M([H,] describes the independence between columns in H; and the matroid
M([H,] describes the independence between columns in Hs, both of them will

define the same exact independent sets. O

Definition 1.3.4. A matroid from a [n, k], linear code C is defined as
Me = M[H]

where H is a parity check matrix.

Remark. Although a matroid can also be defined using the generator matrix,
we will use the parity check matrix. The reason comes from the definition of

weight hierarchy of a code.

d;(C) = minflof; n(o) =i} = di(Mp)

Example 1.3.3.

01110 10010
Hi= 110100 Hy= 101011
00101 00101

Both matrices give us the same matroid.
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Remark. Two different isomorphic matroids may come from two codes that

are not equivalent.

Example 1.3.4. By using MAGMA ( [2]), we can find two different isomor-

phic matroids such that come from two [5,3,2]-codes over F; that are not

equivalent:
100465 100 25
Gmy=101 0 4 3 Gma=101 0 6 5
00140 00150

Theorem 1.3.5. Let C be a linear [n,k],-code. Then, Mc is a matroid on
E=11,...,n] of rank n — k and the dual of this matroid is M} = M.

Proof. [20, Theorem 7.12] O

Theorem 1.3.6. Let C be a linear code, and Mc its associated matroid.
Then,
di(C) = di(Me)
where d;(C) and d;(M¢) are the generalized Hamming weights of C and Mc

respectively.

Proof. [20, Theorem 7.14] O

Definition 1.3.5. (Shortening) Let C be a [n, k], linear code with generator
matrix G and parity check matrix H. Let J C [1,...,n]. Consider the set
C, obtained from C by taking all the words from C that are equal to 0 on J,
and then delete the zeroes at J.
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Proposition 1.3.7. The code C; is a linear code of length n—|J|, with parity
check matriz Hjy obtained from H by deleting the columns corresponding to

J. C7y is called the shortened code.
Proof. 20, Proposition 10] O

Remark. Shortening involves the throwing out of codewords and deleting

coordinate positions.

Generalizing the definition of shortening for codes we get to the concept

of restriction of a matroid.

Proposition 1.3.8. Let M be a matroid on the ground set E, with set of
independent sets I, and let ' C E. Let

J={XCF|Xel}
N = (F,J) is a matroid.

Proof. [20, Proposition 24] O

Definition 1.3.6. The matroid N on the ground set F' with set of indepen-
dent sets J is called the restriction of M to I or the deletion of E \ F' from
M, and denoted by either M|p or M\ (E\ F)

1.3.4 Elongation

Definition 1.3.7. For 0 < i < n —r(FE), we define the i-th elongation of M

as the matroid M;) whose set of independent sets are

I(M@) ={c CE; n(o) <i}
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Remark. 1t is not difficult to see that My;) is, indeed, a matroid:
() O € Z(My;)), since n(B) = 0.
(Iy) If L € Z(My), I, C I, then
|Z,| < |Ih] and (1) < (1)
By the property (R»),
r(l2) + [\ Io| = (1)
Then,
n(lz) = L] = (L) < [L| —r(lL) + L] = [I2] = n(l) <
Therefore, Iy € Z(My)).

(I3) Let I, I, € I(Mg;) such that |I;| < [I5] and assume that Vo € I\
I, n(lyU{z}) >i. Then,

i<n(lLu{z})=|L|+1-r(lU{z})
r(liU{z}) <|L|+1—1i
We have that r(Iy) > |I;| — ¢ and r(I) > |Is] — 4. Then,
(| —i<r(l) <r(LhU{a}) < L] -

Thereore,  r(Iy U{z}) =r(L) = || — .

Since M is a matroid, the properties for the rank function r are
satisfied, and we asumed that n(I; U{z}) > ¢ Va € I, \ I;. Then, by
repeated aplications of (Rs),

r(L) =r(lLLU{z}) =r(LU{z,y})=...=r(lL) = || —i
We get
n(ly) = || —r(lL) = |L|—r(L) = |L| — |L|+i= n(ly) > i

that is absurd.
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Proposition 1.3.9. Let M be a matroid and let v and n be its rank and

nullity functions. Then, for o € E, the rank and nullity functions for its
elongations are:

r(o)+i if n(o)>i

r@(o) = . .

lo| if n(o) <i

and

Proof. We know that the rank of an independent set is equal to its cardinality.
Therefore, ;) (o) = |o|, when n(o) <.

For dependent sets we need to find one I € Z(M;)) such that I C o and
|I| =r(o) +i. Let 0 C E such that n(o) = |o| —r(0) > i.

Let now I € Z(M) such that I C o is maximal. Then, r(o) =r(I) = |I].

Since o is dependent,

r(o) <lo|—i = |o|—i>r(c)=r{)=|I]

= o| = |I] >

Then, 37 C ¢ \ I such that |7| = 1.

Let J =1Ur. Then, n(J) = |J| —r(J) = |I| + ¢ — || = i. Therefore,
J € Z(M).

We have I C J C 0 and J € Z(M;)). Therefore,

ra(0) = max{[l| ;I C o, I € I(Mg)} > |J| = [I| +i=r(o) +1

Assume now that 3J € Z(My;)) such that J C o and |J| =r(0) +i + 1.
Then,

n(J)=|J|—r(J)=r(o)+i+1—r(J)>r(J)+i+1—r(J)>1i

that is absurd.
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In the case of nullity function for elongations, the definition reads:

ng (o) = |o| —ra(o)

Therefore,
If n(o) > 1, n (o) =lo| = (r(o) +i) = o] —r(o) —i =n(o) —i.
If n(o) <1, n (o) =|o| —|o] = 0.

Corollary. r; (M) =r(E)+i=r(E)+i.

Remark. The matoid Mg;) is commonly referred to as the elongation of M
to rank r(M) + 1.

Lemma 1.3.10. Let r be the rank funcion of a matroid M. Then, the rank

function for its elongations satisfies:
7@ (o) = min{|o|,r(0) + i}
Proof.

o (o) = { rio)+i if n(o)>i<r(o)+i<lo|
lo] if n(o)<ie o <r(o)+i

Therefore, 7(;y(0) = min{|o|, (o) +i}.
[

Corollary. Let r be the nullity funcion of a matroid M. Then, the nullity

function for its elongations satisfies:
n (o) = max{0,n(c) — i}
Proof. By the definition of nullity function,

nw(o) = lo| =ra(o) = lo| —min{lo|, (o) + i}

= max{0, |o| —r(0) — i} = max{0,n(c) —i}
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1.3.5 Truncation

Definition 1.3.8. The i-th truncation of M is the matroid M; whose set

of independent sets are
I(MW)={oeT; |o| <r(E)—i}
Remark. 1t is not difficult to see that M(i) is a matroid:
(L) 0 € Z(MD).

(I) If I, € Z(MWD), I, C Iy, then |I,| < |I; < r(E) — 4. Therefore, I, €
Z(MD).

(I3) Let I, I, € Z(MW) such that |I;| < |I|. Take z € I, \ I, then
|, U{z}| = || +1 < |L| < r(E) —i. Therefore, I, U {z} € Z(M®).

Remark. Equivalents ways to define truncations are:
IMD={oceT; r(o)<r(E)—i}
BMYD)Y={oeT; r(o)=r(E)—i}

Proposition 1.3.11. For o € E, the rank function for truncations is:

A%@‘{dm_i#rwﬁwwww

(o) if r(o)<r(E)—i

Proof. 1t is sufficient to prove it for ¢ = 1.

For independent sets in MW, r(¢) < r(E) — 1. Let J be a maximal
independent subset in M such that J C o. Then, |J| = r(0) < r(E) — 1.

Therefore, J € Z(MW), and so, rM(a) > |J| = r(0).

On the other hand, by definition, r™(¢) = max{|J| ; J C o,J €
ZMN} <max{|J|; J Co,J € (M)} =r(0).

Thus, 7Y (c) = r(o) for r(c) < r(E) — 1.

If o is dependent in MW, r(¢) > r(E) — 1. Therefore, r(c) = r(E).

We have that r (o) < r(E) = r(E) — 1.
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Now, If r(0) = r(F) then 3B C B such that B € 0, s0o B\z C 0 Yz € B.
Since B € Z(M) we get that B\ z € Z(M).

rB) = rE) = |B
r(B\z) = r(B)—1 = r(E£)—-1
r(B\z) = [B\z[ = r(B)-1
Then, B\ z € Z(MW). So rM(s) > |B\ z| = r(E) — 1.
Thus, rV (o) = r(E) — 1 for r(0) > r(E) — 1. O

Corollary. Let r be the rank function of a matroid M. Then, for o € E,

the rank function for its truncations satisfies:
r® (o) = min{r(E) —i,r(o)}
Proof. 1t comes directly from the previous proposition. n

Proposition 1.3.12.

Proof.
(r) (o) = lo|+r(E\o) —r?(E)

= |o| + min{r(E\o),r(F) —i} — min{r(E),r(FE) — i}

= |o| + min{r(E\o),r(E) —i} — (r(E) — 1)
If r(E\o) < r(E) —i, (r)*(o) = |o| +r(E\o)— (r(E) —i) = r*(c) + 1.
If r(E\o) > r(E) —i, (r)*(c)=|o]
On the other hand,

(r)@(o) = min{r* (o) +4i, |o| }
= min{ |o|+7r(E\o) —r(E)+i, |o| }

If r(E\o) <r(E)—i, (r)u)(o) =|o|+r(E\o)—(r(E)—1i) =1r*(0) +i.
It r(E\o) > r(E) —1i, (r")m)(o) = o]

which are the results we were looking for. O]



Chapter 2

Betti numbers associated to

matroids

In this chapter we will define what a simplicial complex is and what its
homological properties are. This will establish the base for its later use in

chapters 4 and 5.

2.1 Simplicial complexes

Definition 2.1.1. A simplicial complex A on the vertex set £ = {1,...,n}

is a family of subsets of F, called faces, that satisfy the following condition:

e lfore Aandoy Coy = 0y € A

The set of maximal faces (for inclusion), called facets, is denoted as F(A).

The set of minimal non-faces (for inclusion) is denoted as N (A).

Definition 2.1.2. The dimension of a face F'is |F| — 1, and the dimension

of the simplicial complex A is the maximun dimension of its faces, i.e.
dim(A) = max{|o| — 1, 0 € A}

45
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Definition 2.1.3. A subcomplex of A is a simplicial complex such that every

of its faces belongs to A.

Definition 2.1.4. The k-skeleton of A is the subcomplex of A consisting of

all of the faces of A that have dimension at most k.
Definition 2.1.5. A is said to be pure if every facet has the same dimension.

Definition 2.1.6. Let A be a pure simplicial complex. A shelling on A is
a total order on the facets Fi<...<F; such that V1 <i<j <t 4 k<j such
that F; N F; C FyNF; = F;\{z} for z € F;.

2.2 Monomial ideals

Let K be a field, and let S = K[zy,...,x,] the polynomial ring in n

variables over K.

Definition 2.2.1. A monomial is a polynomial of the form

where a = (ay,...,a,) and a; € N .

Property.

Remark. The set Mon(S) of monomials of S is a K-basis of S, i.e any

polynomial f € S is a unique finite K-linear combination of monomials.

f= Z QU where a, € K

ueMon(S)

Definition 2.2.2. The set supp(f) = {u € Mon(S) ; a, # 0} is called the
support of f
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Definition 2.2.3. An ideal [ is called a monomial ideal if it is generated by

monomials.

Theorem 2.2.1. The set of monomials belonging to a monomial ideal I is
a K-basis of I.

Proof. [6, Theorem 1.1.2] O

Remark. This is not true for all ideals.
If we take I =< x1 + xox3 >, the set of monomials belonging to I are not a
K-basis for it since Mon(I) = ().

Definition 2.2.4. For a monomial ideal I,
Mon(I) = Mon(S) NI

Corollary. Let I be a monomial ideal. The residue classes of the monomials

not belonging to I form a K-basis of the residue class ring S/I.

Bs/r = {u; ue Mon(S), u¢ Mon(I)}

Proof. [6, Corollary 1.1.4] O

Definition 2.2.5. A monomial x2 is called squarefree if the components of

a are 0 or 1.

Definition 2.2.6. A monomial ideal is squarefree if it is generated by square-

free monomials.
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2.3 Gradings

Let K be a field, and let S = Klzy,...,z,]| the polynomial ring in n
variables over K.
Any nonzero polynomial f € K can be decomposed, in an unique way, as

sum of homogeneous polynomials of different degrees.

Definition 2.3.1. The polynomials from the descomposition of f in the sum

of homogenous polynomials are called the homogeneous components of f.

Definition 2.3.2. An ideal I C S is graded if, whenever f € I, all homoge-

neous components of f belong to I.

Let G be an abelian group.

Definition 2.3.3. A G-graded ring R is a ring such that R = @ R, where:

geG

e (R,,+) is a subgroup of (R,+) Vge G
L] Rg'Rh CRg+h Vg, h € G

Remark. 1 € R,

Definition 2.3.4. A G-graded module M on a G-graded ring is such that
M = GB M, where:

geG

e (M,,+) is a subgroup of (M,+) Vge G

e Ry- My C Mgy, Vg,heG

Definition 2.3.5. Elements in M, are called homogeneous elements of de-

gree g.
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Definition 2.3.6. The standard structure of the polynomial ring S as a Z-
graded ring is the following;:

0 if <0
Si=4 K if 1=0

{homogeneous polynomials of degree i} if > 1

Definition 2.3.7. The standard structure of the polynomial ring S as a Z"-
graded ring is the following;:
Let a = (ay,...,a,) € Z". Then,

Definition 2.3.8. A G-graded (or homogeneous) morphism of graded R-

modules

of degree d is a morphism of R-modules such that p(M,) C Nyiq Vg.

Definition 2.3.9. A graded (or homogeneous) morphism of graded rings

p:R=EPR,— S=EPS

geG heG

is a morphism of rings such that ¢(R,) C S, Vn.
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Definition 2.3.10. If M is a graded module then, the shift of M by d € G
18 M(d)g = Mg-i—d’

Remark. 1f ¢: M — N is a graded morphism of degree d, then
¢ : M(—d) — N is a degree 0 homomorphism.

From now on, we will consider all the morphisms as morphisms of degree 0.

Definition 2.3.11. A chain complex (F,,d,) is a sequence of modules con-
nected by homomorphisms 6; : F; — F;_; (called boundary operators) such
that d; o0 6,41 = 0. We will denote it as F.

3 5 3i s 5 5 5 5
F:.. 5% p 5 2R S 5SF, 5 F, = .

It is exact when Im(F; ) = ker(F}).

Due to Hilbert’s Basis theorem, S is a Noetherian Z-graded ring. Let M
be a finitely generated Z-graded S-module.

Theorem 2.3.1 (Hilbert Syzygy Theorem). Let K be a field and M a finitely
generated module over the polynomial ring Klxy, ..., x,|. Then, exists a free

resolution of M of length at most n.

Proof. 4, Theorem 1.13 and Chapter 19| O

Definition 2.3.12. A free resolution of a G-graded module M over S is an
exact complex of S-modules

di & 05— 1 é [
F:...% p % 20 2 M 2 50

such that each map 9; is a G-graded morphism, and each F; is a free S-
module.

It is called minimal if Im(F; ) C IMMF;, where M =< xq,...,x, >.
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Proposition 2.3.2. Minimal graded free resolutions of a graded module are

unique up to isomorphisms.

Proof. [6, Prop.A.2.3] O

Proposition 2.3.3. Let M be a finitely generated Z"-graded S-module and
F.:.. "8 SFp ™3 R SRS M—0

a minimal graded free resolution of M with

Fi=@ S(-a)’ vi

acZm

Then,
Big = dimg Tor? (K, M), Vi, a

Proof. [16, Lemma 1.32] O

Proposition 2.3.4. Let M be a finitely generated Z-graded S-module and
F:..™MF S, 5 5SF S M—0
a minimal graded free resolution of M with
R=@st-i v
J
Then,
6@' = dlmK TO’I"Z'(K, M)j VZ,]

Proof. 6, Proposotion A.2.2] O

Remark. Tor? (K, —) are the i-th derived functors of the functor S/M®g —.
The definition and properties can be found in [8, Chapter 3, Section §|.
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Definition 2.3.13. The numbers
Biq = dimg Tor? (K, M),

are called the Z"-graded or multigraded Betti numbers of M, and
Bi= B
J

where f3; ; = Z Biq 1s called the i-th or ungraded Betti number of M.

la|=j
Remark. We also must observe that the f;; are independent of the minimal
free resolutions, and that we hence can find them by studying one explicit

such resolution.

Definition 2.3.14. Let A be a simplicial complex. The chain complex as-
sociated to A is

0i—1

F:0— .. 2 gAG) i gra@) oy 0 gR@) %

20 KA 0

where
F;(A) ={c e A; dim(o) = i}.
and ¢§; are defined as follows:

(Si . KFi(A) - KFi—l(A)

1<j<i

where 7 = g% A < .. < Ay

Then, the i-th reduced homology is defined as

H,(5,K) = ker(6:) / Im(5;11)

Definition 2.3.15.
hi(M,K) = dim(H;(M, K))
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Definition 2.3.16. Let A = @ A,, be a finitely generated graded K-algebra.
n>0

The Hilbert function of A is defined as
H(A,n) = dimg(A,)

where dimg(A,,) is the dimension of the vector space A,, over K.

If I = & I, is a homogeneous ideal of A, we can also define
n>0

H(I,n) = dim(I,)

Definition 2.3.17. Let A = @ A,, be a finitely generated K-algebra.
n>0
The Hilbert series of A is defined to be the generating function

F(At) =) H(An)- t"
n=0
Similarly, if I is a homogeneous ideal of A, then the Hilbert series of I is

F(I,t) :iH(I,n)-t”

2.4 The Stanley-Reisner ideal for a Simplicial

complex

Let A be a simplicial complex on E = {1,...,n} and S = K[z, ..., x,]

be the polynomial ring in n variables over a field K.

Notation. We will use the following notation:
zf = H T for FC FE
i€l

Remark. This is a squarefree monomial ideal.
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Definition 2.4.1. Let A be a simplicial complex on the ground set E. The
Stanley-Reisner ideal of A is the monomial ideal generated by its minimal

non-faces, i.e,
In=<2'5FeN(A)> = <ot F ¢ A>

Remark. I is a squarefree monomial ideal.

Definition 2.4.2. The Stanley-Reisner ring is
K[A] = S/1a
Definition 2.4.3. The facet ideal of A is
I(A) =<2t s FeF(A)>
where F(A) is the set of facets of A

Remark. 1(A) is also a squarefree monomial ideal.

Definition 2.4.4. The Facet Ring of A is
S[A] = S/1(A)

Definition 2.4.5. Given a simplicial complex A on F, we define its Alexan-
der Dual as
AV ={E\F ; F ¢ A}

Proposition 2.4.1. AV is also a simplicial complex.

Proof. [6, Lemma 1.5.3] O
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Theorem 2.4.2. (Hochster’s formula) The nonzero Betti numbers of In

and S/Za lie only in squarefree degrees o, and we have
Bio(S/Za) = Bi-1(Ia) = hyg-i-1(A))

Proof. [16, Corollary 5.12] O

It is quite easy to verify that the definition of a matroid M ensures
that the set Z(M) of independent sets satisfies the conditions of a simplicial
complex. Consequently, the Stanley-Reisner ring and the Stanley-Reisner
ideal of a matroid M can, and will be defined as those ones from the simplicial
complex A = Z(M).

Since all matroids are shellable simplicial complexes we can apply the

results from algebraic topology to them.

2.5 Matroids as simplicial complexes

2.5.1 Free resolutions for matroids

Let K be a field and S the polynomial ring K[z, ..., z,]. Let also M be
a matroid on the ground set E = {1,...,n}.
As we saw before, matroids are simplicial complexes, so the definition of

the Stanley-Reisner ideal is the same as for matroids.

Definition 2.5.1. The Stanley-Reisner ideal of M is the ideal in S generated

by monomials corresponding to its circuits.

Iy=<z?€S8§; Ucircuitof/\/l>:<Hxi; oceC>

€0
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Definition 2.5.2. A free resolution of I, is

0 — @S(—d)Prall) — s §S(—d)fodliM 1o 0
d d

It said to be pure if it has the form:
0 — S(=d)a — ... — S(=dg)?d0 — Iy — 0

where d = (dy, ..., d;) is a strictly increasing sequence of integers.

It is said to be linear if exists d € Z such that

0— S(—d—p)» — ... — S(=d— 1) — S(=d)* — Iy — 0

Example 2.5.1.

For the matroid M in Example 1.2.1, its circuits were
C(M) ={{1,2,4},{1,3,4,5},{2,3,5}}
The Stanley-Reisner ideal of M is therefore
I =< x129%4, T1X304X5, ToL3T5 >

A free resolution for I, is therefore

0— S(=5)? — S(—4) @ S(-3)> — Iy — 0
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2.5.2 Weight hierarchy

Let M be a matroid on the ground set £ = {1,...,n}. Recall from
Chapter 1 that the Hamming weights of a matroid are defined as

d; =min{ |o| ; nm(o) =i}  for 1<i<n-—r(E)

Let us define them in terms of Betti numbers.

Theorem 2.5.1. Let M be a matroid on E. Then, the generalized Hamming

weights are given by
d; =min{d ; fiq#0} forl<i<n-—r(E)
Proof. [9, Theorem 2] O

Proposition 2.5.2. Let M be a matroid associated to a code and 3;, the
Betti numbers associated to a free resolution for its Stanley Reisner ideal.
Then,

BioIm) #0 <= Bis1o(Imy,) #0

for1 <i<|E|—r(M).

Proof. In [9, Th.1] is proved that f; , # 0 < ¢ is minimal for inclusion in MV,
where N; = {0 ; n(0) =i}. Let 0 <i < |E| — r(M).
Let us take o € N;(M). The nullity function for its first elongation is

ney (o) = max{0, n(o) — 1} = max{0, ¢ — 1}

Therefore, o belongs to N;_1(M1)).
Let us now take o € N;_1(M()). The nullity function now is

nay =1 — 1 = max{0, n(o) — 1}

so n(o) = i. Therefore, o belongs to N;(M).
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Since N;(M) and N;_1(M 1)) have exactly the same elements, if we take
o minimal from N;(M) it will be minimal in N;_;(M)) and vice versa.

Therefore,
Bio(Im) #0 51'71,0([/\/1(1)) #0

Corollary. All o € N; = {0 | n(o) =i} have the same cardinality.

Proof. Let 0 € N;. By [10, Lemma 3.1], for o € Nj, there exists a subcode
C" of dimension ¢ such that o = supp(C”). Then, due to [15, Theorem 1],
lo| = |supp(C")| = Wt(C") =d; =d - %.

O
Corollary. If the Stanley-Reisner ring of a matroid M has a pure resolution,

then its elongations My also have pure resolutions ¥ 1 < k < |E| — r(M).

Proposition 2.5.3. For 0 <i < |E| —r(M),

di(M 1)) = dig1(Mj)

Proof.
di(M11)) = min{[o]| ; ngen(o) =1}
min{lo| ; n(o) — (j +1) =i}
min{|o| ; n(o) —j =i+ 1}
= minflo] ; ng)(o) =i} = dipn(Mgj)



Chapter 3
Weight enumerator

In this chapter we will define the weight enumerator for extended codes
and for matroids. In addition, we will write about the relation between a

code and its dual code as shown in the MacWilliams identity.

3.1 Weight enumerator for codes and extended

codes

Let C be an [n, k]-code over F,. Just as a reminder from the first chapter,

its weight enumerator is defined as:

Definition 3.1.1.
We(X,Y) =) Ae;X"7Y7
7=0

where A¢ ; denotes the number of codewords in C of weight j.

Let C be an [n, k]-code over F, with generator matrix G. The set of all
[F,- linear combinations of words of C is itself a linear code, named extension
of C to Fyr, denoted by C ®p, Fir. A codeword w belonging to the extended
code C ®p, Fgr can be expressed as w = a - G, where a = (a1, ...,a;) € Fk,

and G is a generator matrix of C . We will see that the number of words

29
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of weight j in C ®p, F,r can be expressed in terms of the initial code C as a

polynomial in ¢", whose coefficients depend only on C.

Lemma 3.1.1. Let G = [¢1]...|c,] be a generator matriz for the code C.
Let a € %, where Q = ¢", and A;(Q) = {a € ]Fg;ct-a = 0}. Then, for

)

1 <...< l'j,
#(Au(Q) N N 4;,(Q)) = QFmHlenl-la)

Proof. Let ¢;; be the linear function generated by the columns [c; | ... |c;,]

from G. The cardinality of the intersection is

#(An(@)N...NA; (Q) = Hkerp;

Qdim ker(p;,j)
— Qkfdim(lmgoi,j)

Qkfrank([cil ||clj})

]

Lemma 3.1.2. Let C be a [n, k| linear code over F,. Then, exists P € Z[T|
of degree at most k such that Vr,

P(q") = Acn(q") = #{codewords of weight n in C @p, For}

Proof. Let G = [c1]ca] ... |c,] be a generator matrix of C, where ¢; denotes
the corresponding column j in G. Let i € {1,...,n} and ¢" = Q.

For 0 <m <mn, let A¢,,(Q) denotes the number of words of weight m in
C ®r, Fg.

Let a = (ay,...,ax) € F’é, then w = a - G is a codeword in C ®p, Fo.

The weight of a codeword in C ®p, Fg is n if and only if w; # 0 Vi, i.e.
ka0 Vi.

The number of words of weight n is therefore

Ac(@Q) = #la €Tl cb-a#0i)
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Those are all words, except the ones that have weight different from n.
The words that have weight different from n satisfy ¢} -a = 0 for some 1,

and the cardinality of such set of words is

)

#{acFy: Ji S.tcﬁ-azo}:#'g{aeFk :cha =0}

By using the inclusion/exclusion principle and the previous lemma,

#HOAQ) = D #AQ) - I #AQ MA@+ + (1" Y #(N A(Q)

i<j

Aoa@) = Q"= #(0A:(Q)) =
_ Qk . Z Qk—rank([ci]) + Z Qk—rank([ci,cj]) -+

i€{1,...,n} 1<j
+ (_1)l Z Qkfrank([cil ..... ciyl) o+ (_1)an7rank(G)
11 <...<4]

Corollary. P depends only on the matroid associated to C.

Proof.
Z C‘?kfrank([c21 ..... N ) — Z Qk*TM[G]({Z'l ..... ir})
11<...<9] 11<...<9;
— ZQk_TM[G](U)
lo|=l
— ZQ”M[H](E\U)
o=l
— Z QTLM[H](G)
|o|=n—I
Therefore,
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Lemma 3.1.3. For o C E, let ac,(Q) = #{w € C ®r, Fg ; supp(w) = o}.
Then,

aeo(Q 1)l $7 (=1 Pl @rann®

vCo

Proof. Let C,(Q) denotes the shortening of C ®, Fg in E\o, and let H|,
denotes the restriction of H to the columns indexed by o.

Since the shortening of C by J = {j1,...,j,} is define as the code with
parity check matrix obtained by deleting the ¢;, columns from H, we have
that H|, is a parity check matrix for C,(Q).

It is clear that ac,(Q) = ag|, -(Q).

Since M[H]||, ~ M[H|,|, and because of naqm|s(7) = nam (7),

Vv C o, aplying the latest corollary:

ac,(Q) = (=1)" Z(—l)"”Qanug(v)

vCo

]

Proposition 3.1.4. Let C be a [n, k] linear code over F, and j € [0,...,n].
Then, 3P; € Z[T] of degree at most k such that Vr,

Pi(q") = Ac,;(q") = #{codewords of weight j in C ®p, For}
Proof. For 1 < m < n we have,

Aem(Q) = ) aco(Q)

|o|=m

= (=)™ Z Z<_1)|7|Qnmm(v)

lo|=m vCo

Remark. As before, P; depends only on the matroid M.
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Definition 3.1.2. The extended weight enumerator for the code C is the

polynomial

o(X,Y,T) ZA T)X" Y7

where A;(T) are integral polynomlals in 7" and A;(¢") are the number of

codewords of weight j in C ®r, F

3.2 Weight enumerator for matroids

Let M be a matroid over the ground set E = {1,...,n}.

Definition 3.2.1. The Tutte polynomial of M is defined by
Tw(X,Y) = Z( X — 1) E)=r@)y _ 1)nl)
ocCFE

Remark.
Tpm(1,1) gives us the number of bases of M.
Trm(2,1) gives us the number of independent sets of M.

Definition 3.2.2. The Generalized weight Polynomials (GWP) are defined

as follows:

Puo(T) = 1
Prg(T) = (=1 > ) (~nhipmam®) for1<j<n

lo|=j vCo

and we call them the j-th generalized weight polynomials or just GWP of M.
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Example 3.2.1. Let C be the code

C ={{0,0,0},{0,1,1},{1,0,1},{1,1,0}}

A generator matrix for C is

1 01
011

The parity check matrix for C from G is

H=|111]
Therefore, the set of bases of its associated matroid M is

BM) = {{1}, {2}, {3}}

Let us write the following table for easier computations:

o r(o) | n(o)
0 0 0
{1} 1 0
{2} 1 0
By 1] o
ey | 1] 1
sy | 1| 1
23| 1] 1
(1,2,3 ] 1 | 2
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Let us now apply the formula of the GWP to this concrete matroid:

PM70(T) — 1

PM,l(T) = Z Z MT”M

lo|l=1~vC0o
(—1)- <[(_1)|®\Tn(@> 4 (1)) 4
[(—1)7©@ L (—q)HHpnz) 4
[(—1)PI7m® (_1)\{3}|Tn<{3}>]) _
(=1)-0=0

+ 4

Ppro(T) = ZZ 1)PIrmt) =

lo|=2vCo
12, ([(_1>\@|Tn(m 4 (— D)
_p)l@Heh 4yt padien) o
(=)@ L (_p)lHpnh 4
_1)BHeh 4 ()KL paan]
(=)0 ()2 () |

(
(
[
(
[
(—1)‘{2’3}|T"({273})]) —37_3

+ o+ o+ 4+ +

P s(T)

Z Z 1)PIrm)

|o|=3Co
(—1)- (( D@ 4 ()l
() HHTn2D) - (Zq)BHpnsh 4
()12 | (yH3ln((13) |
(1)
T?

+ o+ o+

D23} n23) (—1)‘{1’2’3}|T"({172’3})> _

— 3T +2

Just in order to check the computations, we can replace T for ¢" when

g =2 and r = 1, and look at the results for our code C.
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Prio(2) 1 ~» 1 word of weight 0 : {0,0,0}.

Pyvi(2) = 0 ~» No words of weight 1.

Pus(2) = 3-2—-3=3 ~» 3 words of weight 2: {0,1,1},{1,0,1},{1,1,0}
Pus(2) = 22-3-242=0 ~» No words of weight 3 .

The GWP can be expressed in terms of Betti numbers as follows:

Theorem 3.2.1. For each 1 < j < n, and | € [0,n — r(E)], the coefficient
of T" in Ppnyj is equal to

n

> (=1 (BigUnmg ) — Big(Imy,)

=0

Proof. [18, Theorem 5.1] O

Remark. In our case, the formula will be used as

n

Z(_l)i—H (@)j (IM<171)) - ﬁz}j(IM(z) ))

=1

since we will use this theorem for computing the Betti numbers for the
Stanley-Reisner ring instead of the ones from the Stanley-Reisner ideal, and

they satisfy
Bij(Ip) = Bis1,;(S/ L)

Example 3.2.2. For M from Example 3.2.1,

Free resolutions for I, and I, o)+ respectively, are:

1)?

0— S(=3)* = S(—2) = Iy —0

0= S(=3) = Im, — 0
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So, the Betti numbers ; 4,(Zrq,,) that are different from 0 are

Brallm) =3 BoslIpm) =2 Biz(Img,) =1

Also assume that 3; j(Ia,,) = 0 whenever [ ¢ [0,2] .

Then, the coefficients for 7" in Py ;(T) are:

= Z?:O(_l)i</6i,l([/\/l(—1)) - ﬁi,l([M)) =0
= Z?:O(_l)i<5i,l(]/\4> - 51‘,1(]/\/1(1))) =0

o=V (Bia(Tangy) = Bin(Ta)) =0
o~ 1) (Bia(Ia ) = Bialn)) =~
o1 (Bia(In) = BiaInmy,)) =3
; o1 (Bia(Imy,) = Bia(Imy)) =0
o1 (Bis(Im_yy) — Bis(Im)) =2
o (=D (Bis(Im) = Bis(Img,)) =3
(1) (Bis(Imyy) = Bis(Img,)) =1

(]

M ]
«H

Q
o
@
ﬂ;
AN N N N N N N N/
g
e T
viviiy

Definition 3.2.3. The matroid enumerator is the polynomial:

Mm(X,Y,T) ZPM] T)X" 7y

Property. If C is a linear code with parity check matrix H and extended
weight enumerator We (X, Y, T) then,
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3.3 Duality

The weight enumerator of a code and the weight enumerator of its dual

code are related by the MacWilliams identity as follows:

Theorem 3.3.1. Let C be a linear code and let C+ be its dual. Then, the
weight enumerator of C completely determines the weight enumerator of C*

and vice versa, via the following formula:
Wer(X,Y) = g We(X + (g — )Y, X — V)
Proof. [12, Theorem 5.13| O

Example 3.3.1.
Let C be the following constant weight code:
C ={{0,0,0},{0,1,1},{1,0,1},{1,1,0}}
and C* its dual.
C*t = {{0,0,0},{1,1,1}}
Then, their weight enumerators are, respectively:
We(X,Y) = X°+3XY?
We(X)Y) = X*+Y°

When we use the MacWilliams identity we observe that:

WE(X,Y) = %WC(XJrY,X—Y)
_ i[(x Y +3(X +Y)(X - V)
= X°+Y°
and
We(X,Y) = %Wci(XJrY,X—Y)

= X +YP (X =)
= X3 4+3XY?
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MacWilliams identity is also true for the extended weight enumerator.

Theorem 3.3.2. Let C be a linear code and let C+ be its dual. Then, the
extended weight enumerator of C completely determines the extended weight

enumerator of C*+ and vice versa, via the following formula:
Wer(X,Y,T)=T" We(X + (T -1)Y,X - Y,T)

Proof. [12, Theorem 5.13] O
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Chapter 4
Constant weight codes

In this chapter we will focus on constant weight codes. We will find a
formula for the Betti numbers of elongations from the formula given in [5].
The N-graded resolutions associated to constant weight codes are pure, but
not linear ( [10]) and we will also see that it is enough to know the first
Betti number to know the rest of them. From the Betti numbers we can also

obtain the weight hierarchy and vice versa.

4.1 Definition and properties

Definition 4.1.1. A constant weight code is a code where all non zero

codewords have the same Hamming weight.

Example 4.1.1. The following matrix generates a constant weight code over

FQ:

0001111
G= (0110011
1010101

71



72 CHAPTER 4. CONSTANT WEIGHT CODES

An associated matroid to its parity check matrix is:
M ={{2,4,6,7},{3,4,6,7},{3,5,6,7},{2,3,5,6},{1,2,4,5},{1,4,6,7},
{1,4,5,7},{1,5,6,7},{2,4,5,7},{1,2,6,7},{2,3,4,6},{3,4,5,6},{2,3,5, 7},
{2,5,6,7},{2,4,5,6},{1,2,3,7},{1,2,3,5},{1,2,3,6},{1,3,4,7},{1,2,5, 7},
{1,3,5,6},{1,2,3,4},{2,3,4,7},{1,3,6,7},{1,4,5,6},{3,4,5,7},{1, 3,4, 5},
{1,2,4,6}}

A minimal free resolution for its Stanley-Reisner ideal
I =< 2123T5%7, ToT3T4T5, T4T5T6T7, T1T2T5T6, T1X3T4T6, T2T3TLT, T1T2TgT7 >
is:
0— S(=7)% = S(—6)" = S(—4)" = Iy =0

which is pure, but not linear.

A minimal free resolution for its Alexander dual is:
0= S(=7)% = S(—=6)* = S(=5)* = S(—4)"" = S(=3)® = Iy =0

which is pure and linear, as we expected. ( [3, Theorem 3]

Theorem 4.1.1. Let C be a [n,k,d]-code over F,. Let 1 < s < k — 1.
Suppose that all the s-dimensional linear subcodes of C have the same weight
ds. Then, for every 0 <t <k, and every subcode D, of dimension t of C, we

have: . o
q —q

qk: _ qk—s
Proof. [15, Theorem 1] O

wt(Dt) = dt = ds

Remark. This theorem shows that being of constant weight is the same as
being of constant weight in any dimension, except in dimension 0 and dimen-

sion k.
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The hierarchy (dy, ..., dy) of a constant weight code is given in ( [10]) by

¢ -1
di=d———~ 4.1
¢ (g—1) 41

where d is the minimun distance.

Conversely, a [n, k, d],-code where dj, = di%, for some 1 <i < k is

" 1(g=1)
gk -1

a constant weight code of weight dj,

Example 4.1.2. The weight hierarchy of the code from Example 4.1.1, is:

d1 ==
dy = 4.5 =
dys = 4.232;1 =

4.2 Betti Numbers for the Stanley-Reisner
ring

Let K be a field, S = K|z, ...,2,] and A a simplicial complex such that
dim(A) = d — 1. Let Ia be its Stanley-Reisner ideal. We know that there
exists a minimal free resolution for S/Ia, and, due to Hilbert Syzygy’s the-
orem, we know that the resolution is finite and its length is less or equal
to n. Let us take Ix such that proj.dim(S/In) = k, which means that the
minimal length among all finite projective resolutions (or, equivalently, by

Quillen-Suslin theorem, free resolutions) is k.

4.2.1 Simplicial complexes with pure resolution

Let us consider a particular case, when S/ has a pure resolution. Then,

there exists a strictly increasing sequence of integers dy < ... < dj, such that
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the resolution of S/Ia has the form
0= S(—=dp) — ... = S(=d))" = S(=dy)* — S/In — 0

We will show that the Betti numbers §; for 1 < ¢ < k satisfy a set of

equations.

The Hilbert series and the Betti numbers are related by

Zl‘io Bit"
Hgyp, () = 2=
S/IA( ) 1—1)r
as shown in ( [6, Section 6.1.3])
and so,
k .
D (=18 1% = Hyyry (1)(1 — 1)"
=0

We also know, due to Hilbert’s theorem, [6, Th.6.1.3], that there exists
a Laurent polynomial Qa(t) € Z[t,t7'] with Qa(1) > 0 such that

where d — 1 is the dimension of the simplicial complex.

In consequence,

k

S (1), # = Q)1 — 1)

=0

If we differenciate m times, for 0 < m < n — d, we obtain

So(-1) ()t = Sl - Qa0

- m
=0

where (i) =0 Vd; <m.
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Taking t = 1 in every derivation, we will obtain the Herzog-Kiihl equa-

tions:
k

D (=1)Bdr =0

1=0

Remark.
The Herzog-Kiihl equations are not obtained directly from the substitu-

tion of ¢ for 1, but the computations we need are simple:

If we take t =1 in

k
D (D)8t = Qalt)(1 - )"
=0
we obtain
k
> (-1)6=0
i=0
If we take t = 1 in the first derivation, we obtain
k
Z(—l)iﬁidi =0
i=0
If we take t = 1 in the second derivation, we obtain
k
i=0
Therefore,
k . k . k .
> (0B} =Y (1) Bidi = (~1)'Bid} —0 =0
i=0 i=0 i=0

which gives us the third Herzog-Kiihl equation

k

Y (=1)Bd; =0

1=0

Proceedig as before, we will get all of them.
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From the Herzog-Kiihl equations, we obtain the following system:

@ —d . (DM | A [0
L —d! dy ... (=)} B
& —d2 d2 e (—1)kd? Gy | =
I C VTl N = B NV

Taking 8; = (—1)*3; we obtain the following Vandermonde system of

equations:

4.2.2 Cohen Macaulay simplexes with pure resolution

In adittion of having pure resolution, we consider now A as a Cohen-

Macaulay simplicial complex.

Definition 4.2.1. A simplicial complex A is said to be Cohen-Macaulay if

its Stanley-Reisner ring S/Ia is a Cohen-Macaulay ring, i.e, if
krull.dim(S/Ia) = depth(S/Ia)

where the krull dimension is the supremum of the lengths of all chains of

prime ideals in S/ and the depth is the longest regular sequence for S/Ia.

Then, we have

depth(S/Ia) = krull.dim(S/Ix) = dim(A)+1=d



4.2. BETTI NUMBERS FOR THE STANLEY-REISNER RING 7

Due to Auslander-Buchsbaum formula ( [6, Corollary A.4.3])
depth(S/IA) + proj.dim(S/Ix) = depth(S)

So we get
depth(S/Ia) =n —k

Proposition 4.2.1. Let M be a matroid over E = {1,...,n} of rank r.
Then, M is Cohen Macaulay.

Proof. Since the rank of M is r, it makes Z(M) to be a simplicial complex
of dimension r — 1. Due to [6, Corolary 6.6.2], krull.dim(S/Ir) = r, so
proj.dim(S/Ipm) =n — 7.

Auslander-Buchsbaum formula gives us the desired result:
depth(S/Iy) =n — (n—r) =r = krull.dim(S/I )
[

Now, if we allow the previous Cohen-Macaulay simplicial complex to be
a matroid M of rank r, we have that dim(M) = r — 1, so depth(S/In) =7
and, as we considered before, proj.dim(S/Ix) = k.

At this point, we get the following set of equations:

n

d) N Bo 0
Y N 0
which has n — d + 1 columns and n — d rows. Since it is a non degenerate

Vandermonde matrix, it is of maximal rank, n — d, and so, the dimension of

the kernel is 1.



78 CHAPTER 4. CONSTANT WEIGHT CODES

Supposing that [vo, ..., 7] is a non-zero solution for the non-degenerate
Vandermonde system, any solution will be of the form [g7o, ..., ¢7%] for ¢ € K.
As a result, all §; are given Vi € {1, ..., k}, since we know Sy = 1 and dy = 0.

The formula given in [5, Section 1.4] finds the Betti numbers by com-

puting the solutions of the previous Vandermonde determinants:

1

Bia, = (_1)i't.Hds—di for some t
s#i
Boo = t-]] L
e d, — dg
s#0

This is in particular true if A is a matroid having a pure resolution, since
all matroids have a Cohen-Macaulay Stanley-Reisner ring. So, if M is a

matroid of rank r, it has dimension r — 1. We get the following system:

dy Aoy Bo 0
i B, 0
and
Big, = (=1)" -t H ! for some t (4.2)
o : ds - dz
s#£i
t=]]d
s#0

4.2.3 Matroids associated to constant weight codes

Let M be a matroid associated to a constant weight code. Then, we

know that it is Cohen-Macaulay and has pure resolution.
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Replacing t and d; in ( 4.2), (using ( 4.1))

Big, = Hd Hd—d

s=1 S#1

- <_1>i-ﬁqd<qs—1>).ﬁqsﬂ—wq—u g - 1)

s=1 3*1(q —1 s=0 d(qs - ql) s=i+1 d(qs - ql>

ok ¢ —1 i1 ¢! k ¢
= (-1 81_[1 g1 ' — 1— g ' Sl;[rl |
) _ 1 i i—1 k—i m—+i—1
_ (_1)1 . 1_[1 q H q H q

The q binomial is defined as

m , IO qJ)”](jquz r.q)

where f(n,q) = H(qz —1)..
Then,

k i(i—1)
Bia; = {} q
t )

Since all the elongations will have pure resolutions, we can apply to them

the same strategy that we have applied to M.

Let us extend the definition of weight hierarchy to dy.

d; = min{|o| ; n(o) =i}, for0<i<n—r(M)
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Let dz(j)
troid M associated to the constant weight code and f; 4, ,, its Betti numbers.
We have:

Let 0 <5 < k.

denotes the weight hierarchy for the j-th elongation of the ma-

s

fﬁ e
=

tyy = [[dw =

s#0
s+j_ .
ds(j) = dstj = dqsfj,—i(ql_l) for1<s<k—j
k—j
1
Bidiy = dg - S —
. 1 ds(j) — diy)
)i+l ¢t -1 ¢t = qH‘J 1 ko ear!
- H s+J71 ' z+] H _ ) H qS*i -1
s=1+1
_ Hqsﬂ -1 ¢ gt = qlﬂ 1 kﬁj azazas!
= 5+]—1 H-] _ 1 qm __1
m=1
k—i— j k—]
giti—l. qu+J 1. H gmritil H(qs“—l)
= . s=1
B k—j i—1 k—i—j
Hqs-l-J—l <qi+j _ 1) . (qm . 1) . H (qm . 1)
s=1 m=1 m=1
k i+j—1
[T -0 I] @ -1
— S5 m=1 m=i
-1 J i+ k—i—j
[T -] -1 (¢"—1)
m=1 m=1 m=1
i+j—1
(¢" —1)
_ 1(12 ) m=i k
! J i+
[T -1
m=1
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Example 4.2.1. Using this formulas is easy to compute the Betti numbers
for the resolutions for the elongations of the matroid from Example 4.1.1.

The resolutions for the Stanley Reisner ideals for the elongations of M are:
0—S(=7)% = S(—6)" = S(—4)" — Iy — 0

0= S(=7)° = S(=6)" = I, —0

0= S(=7) = Imp — 0

4.3 Weight enumerator

In this section we will analyze the weight enumerator of a constant weight
code, from which we will try to obtain as much information as possible. In
addition, we will find out that the dual of a Hamming code is, in fact, a con-
stant weight code. Hence, given a Hamming code, we will be able to obtain
its weight enumerator just by using the information from its parameters.

Let us write, as a reminder, the definition of weight enumerator.

WX, Y, T) =" Py (T)X" 7Y
j=0

4.3.1 Duality - Hamming codes

Definition 4.3.1. Let K be a finite field, and let » > 1 be an integer. Con-

sider PK] " = (K!\0)/F;. It has -1 elements. Choose a column vector in
q

K for every class. Let H be the q;%ll X r matrix whose columns are precisely

these vectors. Then H is a parity check matrix of a code C called a (r,q)

Hamming code.
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Proposition 4.3.1. Let r > 2. Then, the gq-ary Hamming code Ham(r,q)

has parameters [%, % —r, 3],
Proof. [11, Proposition 5.7] O

Theorem 4.3.2. Let C be a [n, k|, code given by a parity check matriz H.

Then, the minimum distance of C is d if and only if
(1) Any d — 1 columns of H are linearly independent.
(2) There exist d columns that are linearly dependent.
Proof. [11, Proposition 5.6] O

Corollary. Let C be a code given by a parity check matriz H . Then, C has

minimum distance 1 if and only if H has a 0 column.

Proof. 20, Corollary 5.3] O

Theorem 4.3.3. The dual code of a Hamming code Ham(r,q) is a [qqr_—_ll,r]q
code such that all the non-zero codewords have the same weight: ¢"~*. The

weight hierarchy of such a code is di = ¢"~' and di., = di%

Proof. [1, Theorem 2.15] O

Thanks to this last theorem, we can get the weight enumerator for a
Hamming code using the MacWilliams formula for dual codes given in The-

orem 3.3.1.
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Example 4.3.1. Given the Hamming code Cyum,
Cram = {{1,0,0,0,0,1,1},{0,1,0,0,1,0,1},{0,0,1,0,1,1,0},{0,0,0,1,1,1,1}}

Generator and parity check matrices are:

o O O
o O = O
o~ O O
_ o O O
— = = O
=
_ O = =
_ o
[
— =
o O =
[ B S
_ o O

It is a Ham(3,2)-code, so r = 3,q = 2,n = 7,k = 4. Consequently, its
dual code will be a [7, 3], constant weight code of weight 4.

Notation. We will use the following notation for Betti numbers:

Bl,dl 52,d1+1 /83,d1+2
ﬁl,dﬁrl 52,d1+2
5[/\4] = 51,d1+2

6k,dk—1

ﬁkfl,dkfl ﬁk,dk 44,

which gives us f; ;(S/1a) for 1 <i < k. It is known as Betti table.

The Betti tables for a matroid M from C.,. and its elongations, com-

puted by using the formulas from the last section, are:

7

5[/\4]:[; 104 g] B[M(n]:[? 6}6 B[M(z)]Z[l}
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Then, a table for the coefficients of Z! in GWP is:

7
D DB (M) = Biy(Mp))
=0
[=0|l=1|1=2 =3
j=1 0 0 0
j =2 0 0 0
i=3] 0 | 0o | o 0
j=4| -7 | 7 | 0 0
j=5/ 0 | 0 | 0 0
j=6| 14 |-21| 7 0
j=7] -8 | 14 | -7 1
The GWP is therefore
( 1 if j =0
0 if1<j<3
Py ;(2Z) = 77 -7 if j =4
772 - 217 + 14 if j =6
| -T2 v 14z -8 ifj=T

Its weight enumerator is

Weno(X.Y) = 3 Aces X"V
j=0
= XT4+7X%v*

So the weight enumerator for its dual code will be

Weon (X, Y) = ¢7F Wene(X + (¢ = 1)V, X = Y)
= 273 : chc<X + KX - Y)
= 27((X+Y) +T(X + Y (X - Y)!)
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Its extended weight enumerator is

We

cwce

(X,Y,T) = zn: P (T) X"y
=0
= ;(7 +(TT = )X3Y* + (TT? — 21T + 14) XY° +
+ (T* =177 + 14T - )Y
So the extended weight enumerator for its dual code will be

Weuun (XY, T) = T7% WeolX + (T —1)Y, X = Y,T)
— T—3((X F(T—=1)Y) + (T =7)(X+(T-1DY)’ (X —=Y)* +
+ (T =21T+14)(X+ (T - 1)Y)(X = Y)° 4+ (I° - 71" +
+ 14T — 8)(X — Y)7)
= X"+ 7T - )XY+ 7(T - 1)X?Y* +21(T* - 3T + 2) X?Y" +
+ (T3 - 6T? + 11T — 6) XY + (T* — 773 + 21T% — 28T + 13)Y”

Remark. When we replace X,Y in W(X,Y,T) for 0 and 1 respectively, we

obtain

W (0,1,T) =Y 0" -1 - Pagy(T) = 0" 1" - Pryn(T) = Prgn(T)
j=0

That will coincide with Py 4, (7') when the code is non-degenerate.

4.3.2 Betti tables for constant weight codes

Notation. We are going to make a slightly change of notation for the Betti

numbers of elongations so that they become easier to read.

Bii (L)) = B
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Let us consider a matroid M from a constant weight code with weight
enumerator W(X,Y,T).

Lemma 4.3.4. Let Py ;(T) be the GWP of M. Then,
d; = min{j ; deg(Pum;) =1}

Proof. We know that d; = min{|o| ; n(c) =1i}.
If j < d;, V|o| = j < d; we have n( < 4. It is also clear that Vy C o,

n(y) < i. Therefore, Pu( Z Z DT has degree less
lo|=j 7Co
than <.

vaj(T) _ (_1)j Z (Z(—l)MTn('Y) +(_1)U|Tn(0))

lol=j ~1&e
n(o)=i

+ Z Z 1P

lo|=j 7Co
n(o)<i

which has degree 7, since there is at least one o such that |o| = j,n(o) =i

and the two last summands have degree at most ¢ — 1, i.e.,

Py (T) = Z T+ (=1) Z Z(_ D) 4 (- Z Z MT” )

lo|=j lo|=j 7&o lo|=j ¥Co
n(o)=i n(o)=i n(o)<i

O
Taking W(X,Y,T) from the begining of the section, we have now that
W(X,Y,T) = Puagg X" + Ppga, (T) X" YN 4 4 Ppgg, (T) X"y %
So, when we replace X and Y by 0 and 1 respectively, we get
W(0,1,T) = Pun(T) = Praa,(T)

since d = n for non-degenerate codes.
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From here, by using the formulas given in Theorem 3.2.1 and Proposition
2.5.3 we can obtain all the Betti numbers for the last position in the last

column of the Betti table for each elongation of M, as we will now explain.

Pyn(T) = Ppga, (T) = ayT* + ...+ arT + ao

n

BIM] ~ S0 ELY =8Y) = a
=0

5;&%,6 = —Q

BIM@)] ~ Z(—l)”l(ﬁffg—,@ﬁf) =
1=0

0 1
(DM (B, + B .) = @
B = (=1 Y(ar +ag)

n

BMul = I EDTERT =B =

i=0
—m— m—1 m
(=1)* 1( Ig—m+)1,dk +5;g_,)717dk) = a,
/BIEJT’Zn,dk = (_]—)k_m(a/m + ... CLO)

Since all the resolutions considered are pure, we could get all the other
Betti numbers by taking the other Py 4, for 1 <s <k.

The general formula for getting the 3; ; in 5[M.,)] from the weight enu-
merator for 0 < m < k is therefore
B = (=10 4.+ al)) (4.3)

where a'*) are the coefficients of T* in Py, (T).

i
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Example 4.3.2. Let

W(X,Y,T) = X" +(TT—-7) XY *+(7TT° 21T +14) X Y - (T* —7T*4+14T-8)Y"
be the weight enumerator for a matroid M from a constant weight code.

W(0,1,T) = Py =T — 7T + 14T — 8

where T™8 = T*_ So k = 3 and therefore, C is a constant weight [7, 3]-code.

The j's that are different from 0 in W (X,Y,T) give us the weight hier-
archy, so (dy,dy,d3) = (4,6,7).

The Betti numbers that are different from 0 are therefore,

M M Mz

Bra, = Pra Brai oy = Pra, = Pig Bl = Bras = Piz
Ba,d, = P26 52,@(1) = Bods = Boy

B3,d3 - 63,7

By using the formula (4.3),

/81,4(1/\/1) - 7 /BI,G(IM(U) - 7 61,7(-[./\/[(2)) =1
Bas(Im) = 14 Boz(Im,y) =6
B37(Im) =8

So the Betti tables look like this:
7 0 0
= M| = Miy] =
BiMm] [0 y 8]4 BiM) =7 6] BlMl=]1]

which can be compared with the Betti tables we have from before, in Example
4.3.1.



Chapter 5
Duals of towers of Betti tables

As seen in last chapter, for a constant weight code, we can get all the
Betti numbers of the matroid associated to the code and its elongations from
its GWP. This works fine for all matroids having pure resolutions, but not

in general.

5.1 Betti table for a general matroid

Let M be a matroid of rank r over the ground set £ = {1,...,n}. Let
k' =n—r. Let o C E. The ungraded 3;, was defined in Chapter 2 as
dimg Tor? (K, S/Ia)s

As a reminder, the notation we use for the Betti table is the following

[ Bia Boae1 Baarte

Bra+1 Brdi+2

B[M]: B17d1+2

' Brn-1
Br-1n-1  Brn

S d;

where 3;;(M) = 5;;(S/Ip)  for 1 <i<k.

89



90 CHAPTER 5. DUALS OF TOWERS OF BETTI TABLES

The Betti numbers listed in the table refer to the sum of 3;, for a cer-

tain cardinality 7, i.e, 5;; = Z Bi, and each B;;4;_1 is displayed in the
|lof=7
i-th column and (j —d+1)-th row, where d is the minimal Hamming distance.

Lemma 5.1.1. Fori ¢ [1,k], f;;(M)=0.

Proof. 1t comes directly from the definition of Betti number for the resolution
of Ir. It is obvious for ¢ < 0. We also have that proj.dim(S/Iy) = k, which
gives us f; ; = 0 for ¢ > k + 1.

O

Lemma 5.1.2. Ifj >d, —k+i+1, §;;(M)=0.

Proof. As said in [9, Corollary 5|, dy = | U 7| = |E| \ {coloops of M},
TeC
where C denote the set of circuits of M.

Let F' be the union of all circuits of M. Then, E'\ F is the set of coloops
of M, i.e, the set of elements of M that are in all the bases.
Let o C F. Then, M|, = M|p_, so

Bio(M) = Bio(Mp) = hioj—i-1 (M}, K)

Let o SZ F. Then, 3z € E'\ F such that x € 0. Then, M|, has, at least

one coloop.

T, (@) = el =ram (o \ @) =7, (0)
= 1—rpm(o\x) —rm(o)
x coloop ~» rTpm(o\z)=rpm(o)—1

P (@) = 0

Therefore, z is still a coloop in M),.
It is proven that a simplicial complex with an isthmus (an element that

is in all the facets) has no homology. Then, due to Hochster’s formula,

Bio(Im) = Z\o|_i_1(M|g,K) =0
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Therefore,

BIMrlo] = BIM,]

We can therefore assume that n = dj. The lemma is then given in [19,
Lemma 3.2]. O

Proposition 5.1.3. Let (dy,...,dy) be the weight hierarchy of M. Then, if
j<di, Bij(Im) =0

Proof. By definition of d; = min{|o|;n(0) = i}, for j < d; it is not possible
to find any ¢ such that n(o) = i and |o| < min{|o|;n(c) = i}. Therefore,
Bi; = 0 for those j.

[

This way, the Betti table for any Stanley Reisner ideal of a matroid has
zeroes at the left (i < 0) and right (¢ > k) sides, as well as at the top (j < d;)
and bottom (7 > dp — k 4+ + 1) of the table, so that we can just focus in

what is inside these bounds.

5.2 Weight enumerator

The Betti table is distributed in such a way that the Betti numbers asso-
ciated to a given cardinality of ¢ C E, |o| = d; + 14, are in the same diagonal.
In addition, from the previous lemmas and proposition we know that, in

certain positions of the table, 3; ; = 0, so, for now, we have the following
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where each ”diagonal” corresponds to a given cardinality of o, and therefore,
to a given polynomial Py ;. As we see, for the diagonals corresponding to
lo| = dy, |o| = dp — 1 and |o| = di, at most one of the f; ; is different from 0,

so these can be retrieved from the GWP as we did for constant weight codes.

For computing Sy 4, and Bj_1,4,-1 we can use the formula ( 4.3), given in
Chapter 4.
Let 0 < m < k. Then,

—m k
B g = B, = (D@ + .+ af?) (5.1)
B =B g, = (D @+ (52)

where ag %) are the coefficients of T in Py s(T), for s = dy and s = dp — 1

respectively.

Remark. Note that every time a matroid is elongated, its rank increases by

one. Then, its corresponding k = n — r decreases by one.

5k(m),dk Bk myd

For the computations for the first Betti number of each elongation BYZZ( )

we must consider the polynomials Puy g4 for each m'™-elongation, since

m—+1
From Theorem 3.2.1, we have

n

i m m+1 (m+1
Z(_l) o (61‘(,013&1 o Bl'(,dm+3) = O :
=1

Since the weight hierarchy increases, d; < dy < ... < dg, we get that

dim)y = dmy1 < dypyo = digmy)

Then,

ﬁfﬁ:jz =0 Vi,m
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We also know that Bﬁzz(m) # 0 . It is the first coordinate in the Betti
table for the m'-elongation. By Proposition 5.1.3,

B =0 Vm,i#1

i1 (m)
Thus,
(m) (m) (m+1)
61,(11(7”) = 1,dm+1 - am+1 (53)
where aﬁ,’jfl” is the coefficient of 7! in Pyq,,.,(T).

Summing up, from the GWP of a matroid M of rank r over £, we can

figure out

BIMm)] =

5.3 Dual Betti tables

Given all the Betti numbers for an unknown matroid M and its elonga-
tions, we will try to get as much information as we can about the Betti tables

for its dual matroid and elongations.

Let us begin with an example about the difficulties when computing the
duals of Betti tables. There exists matroids with equal Betti tables, but
different dual Betti tables (see example below). Because of this reason, we
need at least the Betti tables for the elongations so that we can get more
information about the duals. It is not known if knowing the Betti tables for

all the elongations is enough to know the Betti tables of the dual.
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Example 5.3.1. Let

M, = {{1,3,4,6,7},{1,2,3,6,8},{1,2,3,4,8},{1,2,3,5,8},{1,2,5,6,8},
{1,2,3,4,7},{1,2,3,5,7},{1,2,5,6,7},{1,3,4,5,7},{1, 3,4,6,8},
{1,2,4,6,8},{1,2,4,6,7},{1,3,4,5,8},{1,2,4,5,7},{1,4,5,6, 7},
{1,2,3,6,7},{1,3,5,6,7},{1,4,5,6,8},{1,3,5,6,8},{1,2,4,5,8}}

My = {{1,3,4,6,7},{1,2,3,4,8},{1,2,3,5,8},{1,2,5,6,8},{1,2,3,4, 7},
{1,2,3,5,7},{1,2,5,6,7},{1,3,4,5,7},{1,3,4,6,8},{1,2,4,6,8},
{1,2,4,6,7},{1,3,4,5,8},{1,2,4,5,7},{1,3,4,5,6},{1,2,4,5,6},
{1,3,5,6,7},{1,2,3,5,6},{1,2,3,4,6},{1,3,5,6,8},{1,2,4,5,8}}

Then,
100
000
M| = = B|M
BIM] _— B[ M;]
05 4
2
but
1 0 0 0 0 10 0 0 0
1 1.0 00 22 0 0 0
M| = Mz =
pMil 10 25 21 6 0 piml 4 14 13 4 0
0 10 25 21 6 4 922 38 27 7
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Consider M a matroid of rank r over F = {1,...,n} and let k =n —r.

Counsider its tower of Betti tables.

61 de B2 dom 0

BIMm)] = ﬁl’df*’” .

L ﬂkmldkl /Bkmdk_d1+m

If we know all the BZ ;> we can get the GWP thanks to the formula in

Theorem 3.2.1 given in Chapter 3.

Puyuo = 1
Puj = Y. (Z(—l)”l(ﬁm(fmm1))—5i,j(IM(m>)))Tm
m=0 =1

Then, the coefficient for 7 in Py ; is
k+1
i m—1 m
Cm = Z(_1> Jr1(62'(,]' ) _ﬁz(] ))

=1

The weight enumerator was defined as

Mm(X,Y,T) ZPM] T)X" 7y

Replacing,

Mm(X,Y,T) Z Z e, T XY

7=0 m=0

If X =0and Y =1 we have

Wn=(0,1,T) = Pr=n(T)



96 CHAPTER 5. DUALS OF TOWERS OF BETTI TABLES
MacWilliams identity reads
Wi (X, Y, T) =T% - W(X +(T -1)Y,X -Y,T)
SO

PM*,TL(T) = WM* (07 17 T) = Tﬁk : WM(T - 17 _1>T)

By using the formula for the coefficients in Py ;,

n k+1
Wu(T—1,-1,T) = (T —-1)"+ Z (Z cme> (T — )" (=1

(5.4)

Note that

(T—-1)"7 = an (n ; j) To(—1)"7

o7

The coefficient of T in ( 5.4) is determined by the values m and o« = t—m
when m varies from 0 to ¢, along with the convention (2) = (0 when s < 0 or

s >r. Then,

t

e = (—1)"—t((?) +Z<—1>m2°’m(f—_£>)

m=0 j=1

3

where (t"_:i ) is a polynomial in j of degree t — m.

Lemma 5.3.1. For all polyomial P € Q[j] of degree at most r-m-1, then

n n

SO S~ PGB (S Tu,,y) = 0

i=0 j=0

and
n n

(=1)'P(5)Bij(Mm)) = —P(0)
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Proof. The first part is true because of the Herzog-Kiihl equations, that

affirm
Z(_l)iﬂi,j(s/b\/t(m))jl =0
2%

for 0 <l <r—m—1=n—krulldim(S/Ir,,) — 1.

For the second part, we have the following

ZZ Bz] S/IM m)> = ZZ ﬂu S/IM(,,L)) +P( )BO,O(S/IM(m>)
=0 j=0 z;éO = 0
= ZZ (7)B:5(S/ In,,n,) + P(0) - 1
i#0 =0

Then,

D D (=1)'P()Bij(Mmy) = —P(0)

i£0 j=0

O]

Lemma 5.3.2. Let k =n —1r. Then, fort <k, e, =0.

Proof.

(= S ) () e

mO]lzl

SIS DA 7ﬂ(tgew%wu

m=1 j=1 =1
t n n .
igm) (V=] n—ttm-+1
—zzxm%( )
m=0 j=1 i=1 t—m
where (;:fl ) is a polynomial in j of degree t —m <k —m — 1.

Applying Lemma 5.3.1 to e,

o = D9 SEVEH (e (I

7j=1 =1

= () = (=0
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Remark. This was expected since W« is known to be a polynomial.

For t > k we have therefore

Pron(T) =T*-> T => e
t=k t=k

From here, we can apply the formula obtained before for computing the
Betti numbers from the GWP.

Remark. Note that, for the dual matroid, M*, the parameters are

k* = n—k = r

*

r* = n—r =
*

n = N

The last Betti number for the duals are therefore,

Bt = (I (ekim )

_ zr+mz ((k+z) Z:: licl(mz—))

Jj=1

x(m)

Remark. Even if the matroid is degenerated, this formula holds for 5%~ ,

since we know that the only Betti numbers that might be different from 0

are those with ¢ =r —m and j = n.

Remark. It is not possible to give such formulas for B* m 1n—1 andf% P

since Py« ,,—1 depends only on 3%, m 1n—1 and ﬁ and we generally

rmn17



5.3. DUAL BETTI TABLES 99

do not know which one is 0. We know that one of them is 0, but we cannot

decide generally which one.

M* degenerate (df = 1) = ﬁ*fffzn_lvn_l =0
M* non-degenerate (df #1) = 5*7("@717”,1 =0

Summarizing, for given ﬁf;n) of M, a non degenerated matroid of rank r
over F/, we have a formula for computing the Betti numbers in the last, next-
to-last and first position in every Betti table for the dual of a matroid M*.
Along with the results in the previous lemmas and proposition at the begining

of the chapter, we know additionaly, all the elements in the last columns, i.e.,

BIMm] = g ~ BIME,] =

d1+m d’{«km

Besides, we can obtain some certain positions for zeroes in the dual Betti
tables. Since the @‘(?) are given, we know the weight hirarchy (dy,...,dg),
and, therefore, the dual weight hierarchy, (d;*,...,d,"), thanks to the Wei’s
duality theorem, given in Chapter 1, that affirms

{di,...;dg,n+1—=4dj,....n+1—-d} ={1,...,n}

Proposition 5.1.3 will gives us the zeroes in the dual Betti tables.
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5.4 Examples

Let’s give some examples in order to clarify what has been said so far.

Example 5.4.1. Let M over E = {1,...,6} with the following Betti tower:

ﬁ[M]—ll " 0] BiMu] = 5 4 |

712 5 ﬂw‘”]:[l]

4 5

The rank of the matroid is r = 3.
Since di(M) = 2,d1(Mq)) = 4 and di(Mg)) = 5, we get the weight

hierarchy for M:
(di,dz,d3) = (2,4,5)

The rank of M* isn —r = 3.

In consequence of Wei’s duality theorem, the weight hierarchy of M* is
(dy, s, d3) = (1,4,6)

The weight enumerator of M is

Wu(X,Y,T) = XS+ (T -1)XY?>+ (1T - 7)X3Y3 +
+ (BT?* — 17T + 12) X*Y* + (T° — 5T% + 9T — 5) XY

The weight enumerator of M* is
Wy (X, Y, T) = T3 Wy(X+(T-1)Y,X-Y,T)

= XS4 (T-DXY +(T - )XY+ (T? + T - 2)X?Y* +
+ (T* - 10T +6)XY® + (T° — 5T% + 7T — 3)Y*®
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Then, by using the formulas ( 5.3) ,( 5.2) and ( 5.1):

pRi=1 pi=1 0 =1
Fae=6  5i3=d
Fie=3  Fig=14

BIM™] =

O N R
S S e I
w o O O

Example 5.4.2. Let us take an example where the matroid is non-representable.

Let M be the non-Pappus matroid. Its set of independent sets are all the sub-

setsof £ = {1,...,9} with cardinality |o| < 3 except for {1,2,3},{1,5,7},{1,6,8},{2,4, 7},
{2,6,9},{3,4,8},{3,5,9} and {4,5,6}. Its betti tower is:

M= _788 324 620 680 227 408]3
BiMw) = [ 126 420 510 315 70 |
BiMe) = [ 81 216 189 56 |

BiMe) = |36 63 28 |

BiMw] = :9 8]8

BIMp)] = :1]9
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The rank of the matroid is r = 6, and its weight hierarchy (3,5,6,7,8,9).
Therefore, the dual weight hierarchy is (6,8, 9).

The weight enumerators for M and M* are

Wm(X,Y,T) X%+ (8T — 8) XY™ + (78T — 78) X°Y* +
12672 — 5107 + 384) X*Y® +
8473 — 50477 + 1100T — 680) X°*Y° +

(
(
(36T* — 25272 + 756T* — 11407 + 600) X*Y" +
(
(

9T — 72T* + 252T% — 50477 4 5827 — 267) XY™ +
T —9T° + 36T* — 84T% + 1267 — 118T + 48)Y”?

+ o+ o+ o+

Wa-(X,Y,T) = X+ (8T —8)X3Y° + (127 — 12)X?Y" +
+ (9T? — 48T +39)XY® + (T® — 9T* + 28T — 20)Y?

Then, by using the formulas ( 5.3) ,( 5.2) and ( 5.1):

* * *2
Fa=8  FR=9  Fi=1
x(0 (1

O=30 pl)=s

B3 = 20

ﬁw*]:[f M QOOL sl =0 8], Bimpl=[ 1],

Actually, we can know 6;07) too by using Herzog-Kiihl equations,
since ,8(0) =0
2,7 = Y-
Biy = —Bia + Bia — Bis — Ao = 12 (5.5)
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Then,

5[M*]:[182 309 20()]6 B[M?”]:[g 8]8 Al T”]:[l]g

This example shows that the method works for general matroids. There

is no necessity that the matroid is associated to a linear code.
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