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We study three-dimensional boundary value problems for the nonhomogeneous wave equation,
which are analogues of the Darboux problems in R?. In contrast to the planar Darboux problem the
three-dimensional version is not well posed, since its homogeneous adjoint problem has an infinite
number of classical solutions. On the other hand, it is known that for smooth right-hand side
functions there is a uniquely determined generalized solution that may have a strong power-type
singularity at one boundary point. This singularity is isolated at the vertex of the characteristic light
cone and does not propagate along the cone. The present paper describes asymptotic expansion
of the generalized solutions in negative powers of the distance to this singular point. We derive
necessary and sufficient conditions for existence of solutions with a fixed order of singularity and
give a priori estimates for the singular solutions.

1. Introduction

In the present paper some boundary value problems (BVPs) formulated by M. H. Protter for
the wave equation with two space and one time variables are studied as a multidimensional
analogue of the classical Darboux problem in the plane. While the Darboux BVP in R? is
well posed the Protter problem is not and its cokernel is infinite dimensional. Therefore
the problem is not Fredholm and the orthogonality of the right-hand side function f to the
cokernel is one necessary condition for existence of classical solution. Alternatively, to avoid
infinite number of conditions the notion of generalized solution is introduced that allows
the solution to have singularity on a characteristic part of the boundary. It is known that
for smooth right-hand side functions there is unique generalized solution and it may have
a strong power-type singularity that is isolated at one boundary point. In the present paper
we prove asymptotic expansion formula for the generalized solutions in negative powers of
the distance to the singular point in the case when f is trigonometric polynomial. We leave
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for the next section the precise formulation of the paper’s main results and the comparisons
with recent publications concerning Protter problems, including a semi-Fredholm solvability
result in the general case of smooth f but for somewhat easier (3 + 1)-D wave equation
problem. First we give here a short historical survey.

Protter arrived at the multidimensional problems for hyperbolic equations while
examining BVPs for mixed type equations, starting with planar problems with strong
connection to transonic flow phenomena. In the plane, the problems of Tricomi, Frankl, and
Guderley-Morawetz are the classical boundary-value problems that appear in hodograph
plane for 2D transonic potential flows (see, e.g., the survey of Morawetz [1]). The first two of
these problems are relevant to flows in nozzles and jets, and the third problem occurs as an
approximation to a respective “exact” boundary-value problem in the study of flows around
airfoils. For the Gellerstedt equation of mixed type, Protter [2] proposes a 3D analogue to the
two-dimensional Guderley-Morawetz problem. At the same time, he formulates boundary
value problems in the hyperbolic part of the domain, which is bounded by two characteristics
and one noncharacteristic surfaces of the equation. The planar Guderley-Morawetz mixed-
type problem is well studied. Existence of weak solutions and uniqueness of strong solutions
in weighted Sobolev spaces were first established by Morawetz by reducing the problem to
a first order system which then gives rise to solutions to the scalar equation in the presence
of sufficient regularity. The availability of such sufficient regularity follows from the work of
Lax and Phillips [3] who also established that the weak solutions of Morawetz are strong.
On the other hand, for the 3D Protter mixed-type problems a general understanding of the
situation is not at hand—even the question of well posedness is surprisingly subtle and
not completely resolved. One has uniqueness results for quasiregular solutions, a class of
solutions introduced by Protter, but there are real obstructions to existence in this class. To
investigate the situation, we study a simpler problem—the Protter problems in the hyperbolic
part Q of the domain for the mixed-type problem. For the wave equation

Ot = Uy, xy + Unyx, — U = f(X, 1), (1.1)

this is the set

1
Q::{(xl,xz,t): O<t<§,t<\/x%+x§<1—t}. (1.2)

It is bounded, see Figure 1, by two characteristic cones of (1.1)

1
51:{(x1,x2,t): 0<t<§, x%-{-x%:l_t}’
1
SZ={(xl/x2/t): 0<t<§, x%+x§=t},

and the disk Sp = {(x1,x2,t) : t=0,x7 + x5 < 1}, centered at the origin O(0,0,0).

One could think of the Protter problems in Q as three-dimensional variant of the
planar Darboux problem. The classic Darboux problem involves a hyperbolic equation in
a characteristic triangle bounded by two characteristic and one noncharacteristic segments.
The data are prescribed on the noncharacteristic part of the boundary and one of

(1.3)
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Figure 1: The domain Q.

the characteristics. Actually, the set £ could be produced via rotation around the t-axis in
R? of the flat triangle Qp = {(x1,t) : 0 < t < 1/2; t < x1 < 1 -t} C R?>—a characteristic
triangle for the corresponding string equation

uxlxl - utt = g(xll t)‘ (1’4)

As mentioned before, the classical Darboux problem for (1.4) is to find solution in €, with
data prescribed on {t = 0} and {t = 1 - x;}, for example. In conformity with this planar BVP,
Protter [2, 4] formulated and studied the following problems.

Problems (P1) and (P2)

Find a solution of the wave equation (1.1) in which € satisfies one of the following boundary
conditions:

u|50 = O, u|51 = 0, (Pl)

or

ut|50 = 0, u|51 =0. (PZ)

Nowadays, it is known that the Protter Problems (P1) and (P2) are not well posed,
in contrast to the planar Darboux problem. In fact, in 1957 Tong [5] proved the existence
of infinite number nontrivial classical solutions to the corresponding homogeneous adjoint
problem (P1*). The adjoint BVPs to Problems (P1) and (P2) were also introduced by Protter.

Problems (P1*) and (P2*)

Find a solution of the wave equation (1.1) in © which satisfies the boundary conditions:

uls,=0,  uls, =0 (adjoint to Problem (P1)), (P17)
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or

uls, =0, uls, = 0 (adjoint to Problem (P2)). (P2%)

Since [5], for each of the homogeneous Problems (P1*) and (P2*) (i.e., f =0in (1.1)),
an infinite number of classical solutions has been found (see Popivanov, Schneider [6], Khe
[7]). According to this fact, a necessary condition for classical solvability of Problem (P1) or
(P2) is the orthogonality in L, (£2) of the right-hand side function f(x, t) to all the solutions of
the corresponding homogenous adjoint problem (P1*) or (P2*). Although Garabedian proved
[8] the uniqueness of a classical solution of Problem (P1) (for its analogue in R*), generally,
Problems (P1) and (P2) are not classically solvable. Instead, Popivanov and Schneider [6]
introduced the notion of generalized solution. It allows the solution to have singularity on
the inner cone S, and by this the authors avoid the infinite number of necessary conditions
in the frame of the classical solvability. In [6] some existence and uniqueness results for the
generalized solutions are proved and some singular solutions of Protter Problems (P1) and
(P2) are constructed.

In the present paper we study the properties of the generalized solution for Protter
Problem (P2) in R®. From the results in [6] it follows that for n € N there exists a smooth
right-hand side function f € C"(Q), such that the corresponding unique generalized solution
of Problem (P2) has a strong power-type singularity at the origin O and behaves like ¥ (P, O)
there. This feature deviates from the conventional belief that such BVPs are classically
solvable for very smooth right-hand side functions f. Another interesting aspect is that the
singularity is isolated only at a single point the vertex O of the characteristic light cone,
and does not propagate along the bicharacteristics which makes this case different from the
traditional case of propagation of singularity (see, e.g., Hormander [9], Chapter 24.5).

The Protter problems have been studied by different authors using various types of
techniques like Wiener-Hopf method, special Legendre functions, a priori estimates, nonlocal
regularization, and others. For recent known results concerning Protter’s problems see the
paper [6] and references therein. For further publications in this area see [7, 10-16]. On
the other hand, Bazarbekov gives in Q another analogue of the classical Darboux problem
(see [17]) and analogously in R* (see [18]) in the corresponding four-dimensional domain
Q. Some different statements of Darboux type problems in R® or connected with them
Protter problems for mixed type equations (also studied in [2]) can be found in [19-25].
Some results concerning the nonexistence principle for nontrivial solution of semilinear
mixed type equations in multidimensional case, can be found in [26]. For recent existence
results concerning closed boundary-value problems for mixed type equations see for example
[27], and also [28] that studies an elliptic-hyperbolic equation which arises in models
of electromagnetic wave propagation through zero-temperature plasma. The existence of
bounded or unbounded solutions for the wave equation in R? and R*, as well as for the
Euler-Poisson-Darboux equation has been studied in [7, 13-16, 29].

Further, we aim to find some exact a priori estimates for the singular solutions of
Problem (P2) and to outline the exact structure and order of singularity. For some other
Protter problems necessary and sufficient conditions for existence of solutions with fixed
order of singularity were found (see [15] in R® and [16] in R*) and an asymptotic formula for
the solution of Problem (P1) in R* was obtained in [30].

Considering Protter Problems, Popivanov and Schneider [6] proved the existence of
singular solutions for both wave and degenerate hyperbolic equation. First a priori estimates
for singular solutions of Protter Problems, involving the wave equation in R%, were obtained
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in [6]. In [10] Aldashev mentioned the results of [6] and, for the case of the wave equation in
R™*1 he notes the existence of solutions in the domain Q. (Q, — Qand S,, approximates
Sy if e — 0), which blows up on the cone Sy like e~ "2 when ¢ — 0. It is obvious that for
m = 2 this results can be compared to the estimates in Corollary 2.4 here. Finally, we point out
that in the case of an equation, which involves the wave operator and nonzero lower terms,
Karatoprakliev [24] obtained a priori estimates, but only for the sufficiently smooth solutions
of Protter Problem.

Regarding the ill-posedness of the Protter Problems, there have appeared some
possible regularization methods in the case of the wave equation, involving either lower
order terms ([11, 31]), or some other type perturbations, like integrodifferential term, or
nonlocal one ([12]).

In Section 2 the result of the existence of infinite number of classical solutions to
the homogeneous Problem (P2*) (Lemma 2.1) and the definition of generalized solution of
Problem (P2) are given. The main results of the paper, concerning the asymptotic expansion
of the unique generalized solution u(x,t) of Problem (P2) (Theorem 2.3) are formulated and
discussed. The expansion of u(P) is given in negative powers of the distance r(P,O) to
the point O of singularity. An estimate for the remainder term and the exact behavior of
the singularity under the orthogonality conditions imposed on the right-hand side function
of the wave equation is found. Necessary and sufficient conditions for the existence of
only bounded solutions are given in Corollary 2.4. In Section 3, the auxiliary 2D boundary
value Problems (P2.1) and (P2.2), which correspond to the (2 + 1)-D Problem (P2), are
considered. Actually, these 2D problems are transferred to an integral Volterra equation,
which is invertible. Using the special Legendre functions P,, some exact formulas for the
solution of the Problem (P2.2) are derived in Lemma 3.4. Some figures showing the effects
appearing near the singularity point are also presented. Section 4 contains the most technical
part of the paper. In this section the results concerning the asymptotic expansions of the
generalized solution of the 2D Problem (P2.1) are proved and the proof of the main Theorem
2.3 is given.

2. Main Results on (2 + 1)-D Protter’s Problem (P2)

Define the functions

k (x% " xg _ tz)n—l/z—k—i

E'(x,t)= > BF —
A

, mkeNuU{0}, (2.1)

where the coefficients are

BF = (-1)

1

J(k—i+1),(n+1/2-k-1i),

By =1 2.2
il(n — i), Lo (22)

with (a); :==a(a+1)---(a+i-1), (a) := 1. Then for the functions

W (x,t) = EQ(x,t) Ref(x1 +ix2)"}, .
2.3
Wi, (x,t) = E(x, t) Im{ (x +ix2)"},

we have the following lemma.
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Lemma 2.1 (see [29]). Let n € N, n > 4. For k = 0,...,[(n - 3)/2] and i = 1,2 the functions
W (x,t) are classical C?2(Q) N C*=(Q) solutions to the homogeneous Problem (P2*).

A necessary condition for the existence of classical solution for Problem (P2) is the
orthogonality of the right-hand side function f to all functions W', (x, £), which are solutions
of the homogeneous adjoint Problem (P2*). To avoid these infinite number necessary
conditions in the framework of classical solvability, one needs to introduce some generalized
solutions of Problems (P2) with possible singularities on the characteristic cone Sy, or only at
its vertex O. Popivanov and Schneider in [6] give the following definition.

Definition 2.2. A function u = u(xy, x2,t) is called a generalized solution of the Problem (P2)
in Q if:

(1) ue CY(Q\ O), uslsy\0 =0, uls, =0,

(2) the identity

I (Wt — Uy, Wy — U, Wy, — fw)dxrdxrdt =0 (2.4)
Q

holds for all w € C! (ﬁ), w; =0on Sy, and w = 0 in a neighborhood of S,.

The uniqueness of the generalized solution of Problem (P2) and existence results for
f € CY(Q) can be found in [6].

Further, we fix the right-hand side function f as a trigonometric polynomial of order I
with respect to the polar angle:

1
fx1,x2,) = Re{an(|x|,t)(x1 + ix2)"}, (2.5)
n=2

with some complex-valued function-coefficients f,(|x|,t). Forn =0,...,I; k =0,...,[n/2]
and i = 1,2, denote by f} . the constants

i = f W (x,t) f (x, t)dxdt. (2.6)
Q

Note that actually ), = 0 and f; , = 0 in cases of n = 0 and n = 1, due to the special
form of the functions W}, and the fact that in the representation (2.5) of the function f the
sum starts from n = 2.
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The main result is as follows.

Theorem 2.3. Suppose that the function f(x,t) € C1(Q) is a trigonometric polynomial (2.5). Then
there exist functions F*(x,t), F,’(’,i(x, t), F(x,t) € C32(Q\ O) with the following properties:

(i) the unique generalized solution u(x,t) of Problem (P2) exists, belongs to C? (Q\ O) and
has the asymptotic expansion at the origin O:

1

ue )= S (I +2) "Fr e+ (1P 2) e (P + ), 27)

m=0

(ii) for the coefficient functions F™ (x,t) the representation

2
F™(x,t) Zﬁm+2kpm+2k (x,t), m=0,...,1, (2.8)
k=0 i=1

holds, where the functions F{! ,(x, t) are bounded and independent of f,

(iii) if in the expression (2.8) for F™(x, t) at least one of the constants ﬂ”‘+2k is different from zero
(i.e., the corresponding orthogonality condition is not fulfilled), then there exists a direction
(a1, a2, 1) with (aq, a2, 1)t € Sy for 0 <t < 1/2, such that lim;_, ,oF™ (a1, ast, t) = ¢y =
const #0,

(iv) if in the expression (2.8) for FO(x,t) at least one of the constants ﬂZk. is different from
zero (i.e., the corresponding orthogonality condition is not fulfilled), then the generalized
solution is not continuous at O,

v) for the function F(x,t) the estimate

|F(x,t)| < C{mﬁax|f(x, ol +m§ax|ft(x, t) }, (x,t) €Q, (2.9)

holds with a constant C independent of f.

As a consequence of Theorem 2.3 one gets the following results that highlight the two
extreme cases of the assertion. The first part gives rough estimate of the expansion (2.7) and
describes the “worst” possible singularity. The second part shows that one could control the
solution by making some of the defined by (2.6) constants fi{; in (2.8) to be zero, that is, by
taking f to be orthogonal in L>(€2) to the corresponding functions Wy!; defined in (2.3).

Corollary 2.4. Suppose that f € C'(Q) has the form (2.5).

(i) Without any orthogonality conditions imposed, the unique generalized solution u of
Problem (P2) satisfies the a priori estimate

-1/2
e ) < (1P +2) N fllag, (b e (2.10)
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(ii) Let the orthogonality conditions,
Py = J; Wi (x, ) f(x, t)dxdt = 0, (2.11)

be fulfilled foralln =2,...,1; k =0,...,[(n—1)/2] and i = 1,2. Then the generalized
solution u(x, t) belongs to C*(Q \ O), is bounded and the a priori estimate

suplul < C{|flley + Ifillea | (2.12)

holds.

(iii) In addition to (ii), if the conditions (2.11) are fulfilled for k = [n/2] also, then u € C (Q) is
a classical solution and u(O) =

Let us point out that in the case (ii), the generalized solution u is bounded if and
only if the conditions (2.11) are fulfilled for k < [(n — 1)/2] due to Theorem 2.3(iii). In
addition, if all the conditions (2.11) are fulfilled for k < [(n — 1)/2], but for some k = [n/2]
the corresponding orthogonality condition is not satisfied, then u is not continuous at O,
according to Theorem 2.3 (iv). Such a solution is illustrated in Figure 4.

Notice that some of the functions W, (x, f) involved in the orthogonality conditions in
Corollary 2.4(ii) and (iii) are not classical solutions of the homogenous adjoint Problem (P2*)
in view of Lemma 2.1, although they satisfy the homogenous wave equation in Q. In fact,
for some k, W}, or their derivatives may be discontinuous at Sy. For example when 7 is an
odd number and k = (n-1)/2, the functions W" are not continuous at the origin O. On the
other hand, when nis evenand k =n/2, W} , are singular on the cone S, and do not satisfy
the homogeneous adjoint boundary condltlon there. However, this singularity is integrable
in the domain Q.

To explain the results in Theorem 2.3 and Corollary 2.4 we construct Table 1. It
illustrates the connection between the singularity of the generalized solution and the
functions W/ ..

Both funchons W, i=1,2arelocated in column number n and row number (n - 2k)
in Table 1. Thus, Wy, form the rightmost diagonal, the next one is empty—we put in these
cells “diamonds” o, W",l constitute the third one, and so on. The row number designates the
order of singularity of the generalized solution.

Corollary 2.4 shows that the generalized solution u(x,t) is bounded, when the right-
hand side function f is orthogonal to the functions in Table 1, except the ones in row number
0. If f is orthogonal to all the functions in the Table1 (including the row 0), then u is
continuous in Q. When the right-hand side f satisfies orthogonal conditions (2.11) for all
the functions from the rows in Table 1 with row-number larger then m, 0 < m < [, but there
is a function Ws, ; with p — 2q = m from m th row which is not orthogonal to f (i.e., ﬂZ,i #0),
then the solution behaves like " at the origin, according to the expansion (2.7). If there are
no orthogonality conditions, then the worst case with singularity r~' appears.

Figures 2-5 are created using MATLAB and represent some numerical computations
for singular solutions of Problem (P2) (actually the behaviour in (r,t)-domain D;, not
including the terms sinng and cosngp). They illustrate different cases according to the
main results for the existence of a singularity at the origin O depending on orthogonality
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Table 1: The order of singularity of the solution and the functions W} ..
! I-1 1-2 1-3 e p e 4 3 2
0 W ¢ we,
1 © Wfi o
2 Wi ¢ We,
3 ¢ Wo,
4
4 Wy,
P-29 Wes
1-1 1-3
-3 o Wi o Wa.
1 1-2
1-2 Wi, 3 Wy
1-1
-1 o Wy,
1
! Wo,
10
5 8
6
0 AN
AN 4
E )
-10 0
-2
-15
-4
-20
05", -6
0. v -8
. ] - - i 1 —_
07 02 04 0.6 10

Figure 2: No orthogonality conditions.

conditions. Figure 2 is related to Corollary 2.4(i)—it gives the graph of the solution for
the worst case without any orthogonality conditions fulfilled and the solution is going to
—oo at the singular point O. In Figure 3, only one of orthogonality conditions (2.11) for
k < [(n—-1)/2] is not fulfilled and the solution tends to +oo. Figures 4 and 5 are connected
to Corollary 2.4(ii) and (iii): Figure 4 presents the case when all the orthogonality conditions
(2.11) for k < [(n — 1)/2] are satisfied and the solution is bounded but not continuous at
(0,0), while Figure 5 concerns the last part (iii) from Corollary 2.4, when conditions (2.11)
are additionally fulfilled for k = [n/2] and the solution is continuous.

Remark 2.5. We mention some differences between the results given here for the Problem (P2)
and some other results in R?, but for the Problem (P1), like that from [15].

(i) In [15], assuming the right-hand side function f is smooth enough (i.e., f € C)
only the behavior of the singularities was studied using some weighted norms
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5

Figure 3: One orthogonality condition is not fulfilled.

Figure 4: Orthogonality conditions fulfilled for k < [(n —1)/2].

OOV~ O 2

Figure 5: All orthogonality conditions fulfilled for k < [n/2].
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(analogous to the weighted Sobolev norms in corner domains). In the present paper
we need only f € C! and find in addition the explicit asymptotic expansion of the
generalized solution. The bounded but not continuous at the origin solutions are
also studied here.

(ii) Comparing the power of singularity of the generalized solution for Problem (P2)
here and for Problem (P1) in [15] for the worst case without any orthogonality
conditions one can see that the power in the estimate (2.10) from Corollary 2.4(i)

is (Jx|> + £2)7/2, while in the analogous estimate in Conclusion 1 [15] it is (Jx|? +
tZ)_(l_l)/z‘

(iii) It is interesting to compare the results [14, 15], published in 2002. Going in a
different way in both cases the authors asked for singular solutions of Problem
(P1) in R3. However, in [14] there are absent any analogues to the orthogonality
conditions presented in [15], and in contrast to [15] in [14] the dependence of the
exact order of singularity on the data is not clarified.

Remark 2.6. Let us also compare the present expansion and the results in [30], where an
asymptotic expansion of Problem (P1) is found for somewhat easier four-dimensional case.

(i) Both for Problem (P2) in R® here and Problem (P1) in R* as in [30], the study
is based on the properties of the special Legendre functions. Instead of Legendre
functions P, with non-integer indices v = n — 1/2 here, in the four-dimensional
case one has to deal with integer indices v = n, that is, simply with the Legendre
polynomials P,. One can easily modify both these techniques to obtain similar
results for the (m + 1)-dimensional problems: for even m (analogous to the present
case R?) or for odd m (similarly to R* case). Some different kind of results for the
Protter problems in R™*! are presented in [10, 11].

(ii) For the four-dimensional Problem (P1) in [30], the Corollary 3.3 gives only that the
solution is bounded, it could be discontinuous at the origin. On the other hand,
here Theorem 2.3 gives us also the control over the bounded but not continuous
parts of the generalized solution (through the coefficient F°(x,t) for m = 0 in
the expansion formula (2.7)). As a sequence, Corollary 2.4(iii) guarantees that the
solution is continuous.

(iii) Based on the formulae and the computations from [30], the general case in R* is also
treated, when the right-hand side f is smooth enough, but not a finite harmonic
polynomial analogous to (2.5). The results are announced and published in [32,
33]. For right-hand side functions f € C(Q) in [33] the necessary and sufficient
conditions for the existence of bounded solution are found. They involve infinite
number of orthogonality conditions for f that comes from the fact that this is not
a Fredholm problem. On the other hand, the results from [33] show that the linear
operator mapping the generalized solution u into f is a semi-Fredholm operator
in C'°(Q). Let us recall that a semi-Fredholm operator is a bounded operator that
has a finite dimensional kernel or cokernel and closed range. Additionally, in [32]
a right-hand side function is constructed such that the unique generalized solution
of Protter Problem (P1) in R* has exponential type singularity. One expects that
similar results could also be obtained for the Problem (P2) in R3 studied here. These
questions correspond to the Open Problem (1) below.
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Remark 2.7. Let us mention one obvious consequence of Theorem 2.3 and all the arguments
above, concerning construction of functions orthogonal to the solutions W} . of the

homogeneous adjoint Problem (P2*). Take an arbitrary C?(Q) function U(x,t) satisfying
the boundary conditions (P2). Then the function F := OU with the wave operator [J, is
orthogonal to all the functions W}, n=1,2,....

Finally, we formulate some still open questions, that naturally arise from the previous
works on the Protter problem and the discussions above.

Open Problems

(1) To study the more general case when the right-hand side function f € C*(Q), for an
appropriate k. The smooth function f could be represented as a Fourier series rather than,
the finite trigonometric polynomial (2.5) in the discussions here.

(i) Find some appropriate conditions for the function f under which there exists a
generalized solution of the Protter problem (P2).

(ii) What kind of singularity can the generalized solution have? The a priori estimates,
obtained in [6, 31], which indicate that the generalized solutions of Problem (P2)
(including the singular ones), can have at most an exponential growth as p — 0.
The natural question is as follows: is there a singular solution of these problems
with exponential growth as p — 0 or do all such solutions have only polynomial
growth?

(iii) Is it possible to prove some a priori estimates for generalized solutions of the Problem
(P2) with smooth function f which is not a harmonic polynomial?

(iv) Find some appropriate conditions for the function f under which the Problem (P2)
has only regular, bounded solutions, or even classical solutions.

(2) To study the Protter problems for degenerate hyperbolic equations. Up to now it is
only known that some singular solutions exist.

(i) We do not know what is the exact behavior of the singular solution even when the
right-hand side function f is a finite sum like (2.5). Can we prove some a priori
estimates for generalized solutions?

(ii) Is it possible to find some orthogonality conditions for the function f, as here, under
which only bounded solutions exist?

(3) Why does there appear a singularity for such smooth right-hand side even for the
wave equation? Can we numerically model this phenomenon?

(4) What happens with the ill-posedness of the Protter problems in a more general
domain (as in [2, 4]) when the maximal symmetry is lost if the cone S; is replaced by another
light characteristic one with the vertex away from the origin.
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3. Preliminaries

We have a relation between the functions W/, and the Legendre functions P,. For v > -1/2,
the functions P, could be defined by the equahty (Section 3.7, formula (6), from Erdélyi et al.
[34]),

P,(z) = %J‘ <z +Vz2-1cos t>vdt, z>0, (3.1)

0

where for z < 1 in this formula vz2 - 1 := iv1 - 22,

Let (p, @, t) be the cylindrical coordinates in R3, that is, x; = pcosp, x, = psin¢. For
simplicity, define the function E}(p,t) := E}(x,t)|x|". The following result is in connection
with Lemma 5.1 from [15]. Actually, to prove this result one could formally follows the
arguments of Lemma 2.3 from [16], where the four-dimensional analogue of Problem (P2)
is treated.

Lemma 3.1. For n € Nand v = n —1/2 define the functions

m(en) = f < ‘g('f;fl)>d (32)

for 0 <n <¢. Thenin {p > t} the equality

12 0O p+t p—t
1/2 v — n
P ot hv—zk ( 27 9 > akE (p’ t) (33)
holds for k =0,1,..., [n/2] with some constants aj #0.
Proof. Lemma 5.1 from [15] for k > 0 gives

- v p+t p_t nyyn
P UZhv 2k~ 2<T'T> = CRH (pt), (3.4)

where C}! = const #0 and according to Lemma 2.2 from [29]
0 1rn
—H Lipt) =2(n—-k-1)EL, (p,t). (3.5)

Therefore the equality (3.3) holds for k > 1. We have to prove it for k = 0. In the proof of
Lemma 5.1 from [15] the integrals h] were calculated using the Mellin transform. In order to
compute k) (§,7) in the same way let us first introduce the variables x and z:

1/2
_pHt, _p-t Y _(pP-F) 36
§= n=-—5 x_pz_tz' z= 2 : (36)
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As a consequence after some calculations, formulas (2.2.(4)), (1.10), and (1.4) from Samko et
al. [35], show that

278 n) = Cox IR (2 (e - 1)) (x), (3.7)

where I, (u)(s) is the Riemann-Liouville fractional integral (for its properties see e.g., [34,
35]); in our case we have Ié (u)(s) = fg u(t)dr. As usual, we denote also A, (s) := A(s) for
s> 0,1,(s) := 0 for s < 0. The substitution of (3.6) in (3.7) shows that

X
g{zv+1x(v+1)/213+ <x””3/2(x— 1):1/2>} _ 0 {Zv+1x(v+1)/2 J; vafs/z(T_ 1);1/2d7}

ot T ot
) P ) -v-3/2 -1/2 —v-1 v+l —v-3/2 _1/20%

A L A A e AT (3.8)

vt i (P -2 (2 - 2 o (PP =1

= P P2v+3 t (p2 —t2)2 - Pv

and thus

400 p+t p-t en
p 1/2ahv<p2 /pz ) = aOEO (P/t) (39)

O

The next result is crucial for construction of solutions of Problem (P2) in the
discussions later.

Lemma 3.2. Let v € R, v > 1/2 and the functions F(¢) € C1(0,1/2] satisfy F(1/2) = 0. Then all
solutions X € C'(0,1/2] of the Volterra integral equation of first kind

¢

A’(é)ﬂ(é)ciﬁl - F@) (3.10)

1/2

are

1) =A<%> +F(§)+J‘;/2P;<%>%d§1. (3.11)
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Proof. Formulas (35.17) and (35.28) from Samko et al. [35] state that the solution of the
integral equation (3.10) is given by

& J” <§1 > F(&)
N(@) =—-¢— P(Z)—2=d
© =43 <§ , (3)
, (3.12)
d (.4 fl ’ <§1> F(&)
=——| &— P,( = dé ).
Then, using that F(1/2) = 0, an integration gives (3.11). O
One could use the Mellin transform to calculate the following integral.
Lemma 3.3 (see [16]). Let v € R, v > —1/2, then
VR (a8 L, 1-22
m<i> 5V dg = : 3.13
L ;)= (3.13)

According to the existence and uniqueness results in [6], it is sufficient to study
Problem (P2) when the right-hand side f of the wave equation is simply

f(p,t, ) = fr(p,t) cosnp + fa(p,t)sinnp, neNU{0}. (3.14)
Then we seek solutions for the wave equation of the same form:
u(p,t,¢) = uy(p,t) cosnp + ui(p, t) sin n. (3.15)
Thus Problem (P2) reduces to the following one.

Problem (P2.1)

Solve the equation
1 n?
(un)pp + ‘;(un)p - (un)tt - ;ul’l = fn(P/ t) (316)

inD; ={0<t<1/2; t<p<1-t}CR?with the boundary conditions

1
(n);(p,0) =0 for0<p<1, uy,(p,1-p) =0 for 3 <p<l. (P2.1)
Let us now introduce new coordinates
+1 —t
éZP ) q:P (3.17)
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and set
v(&m) =pPun(p,t);  8(&m) =P fulp,). (3.18)
Denoting v = n — 1/2, one transforms Problem (P2.1) into the following.

Problem (P2.2)

Find a solution v(¢, 17) of the equation

v(v + 1)

(&+1n)°

Vgn = =g(&mn) (3.19)

in the domain D = {0 < ¢ <1/2; 0 <5 < ¢} with the following boundary conditions:
1 1
(ve —vy)(n,1) =0, v<§,11> =0 forne (0, E) (P2.2)

Problems (P2.1) and (P2.2) were introduced in [6], although the change of coordinates
¢=1-p-tandn=1-p+twasused there instead of (3.17). Of course, because the solution
of Problem (P2) may be singular, the same is true for the solutions of (P2.1) and (P2.2). For
that reason, Popivanov and Schneider [6] defined and proved the existence and uniqueness
of generalized solutions of Problems (P2.1) and (P2.2), which correspond to the generalized
solution of Problem (P2). Further, by “solution” of Problem (P2.1) or (P2.2) we mean exactly
this unique generalized solution.

Lemma 3.4. Let v € Rv > 1/2and g € C! (D). Then the solution v(¢, 1) of Problem (P2.2) is
given by the following formula:

1/2 5
o(6n) =) +L SR <w>d§1

&(E+m) 520,
12 /o1 (é—ﬂ)(él—m)+2§1m+2§n> > '
- » , d déq,
J <IP< CEENaD) s(erm)dn )de
where
¢
T(§>f (%)G(gnda, (3.21)
1/2 &im + &2 0
G- | [ <§(§1+m><6§1 o )8 Gt .

_fp (%> (1 m >d111 E/sz@)g(él,O)dél-
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Proof. Notice that the function

(&=m) (& —m) +2&m + 2§71>

NI (T e

17

(3.23)

is a Riemann function for (3.19) (Copson [36]). Therefore, following Aldashev [10], we
can construct the function v(¢,7) as a solution of a Goursat problem in D with boundary
conditions v(1/2,7) = 0 and v(¢,0) = 7(¢) with some unknown function 7(¢) € C2(0,1/2],

which will be determined later:

1/2

(&) = 1) +j r@l)a%R(f;l,o; & n)dé

¢

1/2 pn
- L L R(&,m;¢,m)8 (&, m)dmdé.
Now, the boundary condition

=0.
1=¢

(530"

gives an integral equation for 7(¢). For that reason, let us define the function G(¢):

G(¢) = (3 - i) fm(fﬂ R(él,rzl;éfn)g(él,m)dm>d§1

o On : .
p SmE &—-m >
Jo Pv<§(§1+111)>§(§1+m)8(§1,111)d111 de,

f1/2<
é
1/2

14
_Ig(glnl)dﬂ1—
0 ¢
) 1/2 / pé o o M
L <fog(§1’n1)<a§1 an1>P”<§(§l+m)>dTh>d§1
B 1/2 ¢ M i_i
_J‘é (IOPV<§(§1+H1)><8§1 aﬂl>g(§1/ﬂ1)dﬂ1>d§1
o "\e@m 1) JE\2 )T TG, )8 e

Obviously, G € C?[0,1/2]. The condition (3.25) leads us to the following equation:

n=¢

1/2

¢
g(gl,gmgl=—f0g<§,m)dm— | s@hdy

o 1o (P i8N,
T - @R L - Pv(él)dgl—c;(‘;).

(3.24)

(3.25)

(3.26)

(3.27)
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Then, using 7(1/2) = v(1/2,0) = 0, we have

¢ !
[ aplaren(s)a =rew -2 re (328)

A necessary solvability condition for the unknown function 7 € C%(0,1/2] is: 7/(1/2) =
G(1/2). One could solve this Volterra integral equation of the first kind, using Lemma 3.2.
The result is

, 1,71\ _ 1,/1 V2 e\ 45G(6) - T/ (1/2) Py (261)
pr@-57(5) =@ - (3)pen+ [ r(F) T .
(3.29)

Integrate, we find

7($) = Jf/z (G(Z) n % J‘;Z PL<%>§1G(§1)d§1>d2

LY (z-22-Z[ m(2)rewya)a

1/2 z

(3.30)

Now, using Lemma 3.3 and the equality

ff/2%< L”z p;@—l)F(gl)dgl)dz _ ﬁ/Z(p(%) -)E iy, e

for F(&) = P,(2¢)¢! one finds that the coefficient of 7/(1/2) in (3.30) is zero. Using again
(3.31) for F(¢) = ¢G(¢),  is simply

(@) = f; P, (%)G(gnda. (3.32)

Obviously, T € C?(0,1/2] and 7(1/2) = 0,7'(1/2) = G(1/2). Finally, the solution of Problem
(P2.2) is given by the formulae (3.20), (3.21), and (3.22). O

4, Proofs of Main Results

In order to study the behavior of the generalized solution of Problem (P2), in view of relations
(3.18) and Lemma 3.4, we will examine the function v(¢, 77) defined by the formulae (3.20),
(3.21), and (3.22). It is not hard to see that the part “responsible” for the singularity is the
integral in (3.21) for the function 7(¢). In fact, 7(¢) blows up at ¢ = 0, since the argument ¢; /¢
and thus the values of the Legendre function P, in (3.21) go to infinity when ¢ — 0. Actually,
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P, (z) grows like |z|” at infinity. In the next lemma we find the dependance of the exact order
of singularity of 7(¢) on the function G(¢). It is governed by the constants

(4.1)

v+1]

1/2
Y = J' & kG@) dg fork=0,..., 5
0

Actually, these numbers are closely connected to the constants f5i; from Theorem 2.3. We will
clarify this relation later in Lemma 4.1 and the proof of Theorem 23.

Lemma4.1. Let v =n—1/2, where n € N, n > 2, and let the function G(&) € C*[0,1/2]. Then the
function

(@) = ff 2 @ )Gt (42)

belongs to C2(0,1/2] and satisfies the representation

[(»+1)/2] 1

M@= % Cne g, te(03), 43)

k=0

where the function ¢(¢) € C2(0,1/2], lg(¢)| < C&¢max{|G()| : ¢ € 0,1/2]} and the nonzero
constants C} and C are independent of G(§).

Proof. The argument of the Legendre function P, in (4.2) satisfies the inequality ¢;/¢ > 1,
which allows us to apply the representation (3.1):

w022 [ (o VE-deost) cenatas. (@4

We will study the expansion at ¢ = 0 of the function

F@) = f:/z [ (o -ecost) canards. (45)

Let us define the functions

, (v=2k + 1)y (7 2k
M (&1,8) = (—1)k2k(T2)k2k L <§1 + \/ﬁcos t) sin?*t dt, (4.6)

for ¢ < ¢&; <1/2. Then, obviously

1/2

E@) = g My (61, 6)G(&1)dér- (4.7)
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First, we will examine the properties of the functions M/ (;,$) and their derivatives with
respect to &. We start with the equality

M 8) = e, a}#0. (48)

Further, the index k will be less than v. Notice that for k < v + 1/2 the integrals foﬂ 1+

cos t)”’stiHZktdt are convergent. Then, for ¢ < ¢; we have the equality
M;(6,0) = g™, b #0, (4.9)
and the inequality
|M} (&1, 8)] < cpey . (4.10)

Differentiating with respect to ¢ one finds

(—1)’”16%1\4;@1,5)

s 1 _9 o v-2k-1
_ (= 2k + 1)y (v ~2K) (é1+@wsf) — S in®costdt
0

2172 V&l - & @.11)

(v =2k)y (v -2k -1) (7 T >v—2k—2 s
B 2k(1/2), 2k + 1) 0 é<§1 + \/ﬁCOSt sin2**2tdt

= (-1)EMY (81, 9).

Therefore, for the derivatives of M we find by induction

k Aqv [k/2] _
a9 = 2 M (), (412)
i=0

where the coefficients CF are positive constants. We want to evaluate these derivatives of My
at ¢ = 0. Let us estimate the terms in the last sum for k < v:

(i) when i is such that v — 2(k — i) < 0 the inequality (4.10) gives the estimate

ey @, 0| < Py < e 413)

(ii) when v —2(k — i) > 0 and k/2 > i, we have

|E2My (&, 0)| < e (4.14)
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Hence §k’2iM}<’7i(§1,§)|¢=o = 0 for 2i < k. Therefore, at the point ¢ = 0 the only one nonzero
term in the sum (4.12) is for 2i = k, that is,

oMY 0, if k is odd
—e @0 =17 e (4.15)
0 Cepnbiné ™, if kis even.
The last observation is that (4.8) and (4.12) imply
akMz); v ¢v—k
. =diéd, (4.16)
0% &=¢

where d} = Zl[fézl Cg‘ ay_; are constants.
Now, we go back to the function F(¢). We want to differentiate [v] times and evaluate
at ¢ = 0. Differentiating (4.7) we find the following;:

1/2 9
F'(¢) = —agG(§)§" + L a_éMz);(élzé)G(‘;l)dgl' (4.17)

Next, since the assertion for G(¢) is only G(§) € C'[0,1/2], instead of F'(¢) we will
differentiate the function

1/2
Fi(¢) = F'§) + aiG(@)& = L %M;(gl,@c@l)d@l. (4.18)

Notice that it belongs to C[0,1/2] N C!(0,1/2] and the derivative is

2

1/2 d
Fy(2) = ~d}G(@)&" " + L 55 M3 &, DG (4.19)

In the same way, after denoting Fy(¢) = F(¢), define for j = 1,..., [v] the functions
Fi(¢) = F_;(§) +d} ,G(&)&" " (4.20)

with the constants d}’ from (4.16). Then, using (4.16), it follows by induction that F; is
continuous in [0,1/2] and

1/2 aj , )
Fi(§) = L a—yMO(él,é)G(él)dgl, i=0,...,[v] (4.21)
On the other hand,
1/2 a] , )
F;(0) = Io E)_z_ifMO (&1,00G(¢&1)d&, j=0,...,[v]-1 (4.22)
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Hence, according to (4.15), for j < [v] -1,

0, ifjisodd

4.23
i, if jis even. (423)

F;(0) = {

The next step is to evaluate the integral F,). Using (4.12), one could rewrite it in the
form

1/2 [

bya oA
Fm(é):L aep1 Mo (6 £)G ) e = on C;” L EIAMY(&,8)G(@)ds. (4.24)

For all the terms in the last sum, except one, the estimate is straightforward.
(1) When i is such that [v] — 2i > 2, for the corresponding terms we have

é[V]iziMFv]fi(§1/§)| S §2§1V]_2i_2crv]—i 1’—2([17]—1') < Crv]—i ézg1_3/2’ (4'25)
and, therefore,
1/2 ' UEII
MY (@, G@)dE | < o, AE L &2dg < CAZ?, (4.26)

where A := max{|G(¢)|: ¢ €0,1/2]}.
(2) For the last term in (4.24) with i = [[v]/2] there are two cases:

(2a) when [v] = 2m is an even number this is the integral

1/2
M, (81,8)G(61)déy; (4.27)

(2b) when [v] = 2m — 1 is an odd number, the integral is

1/2
L EM, (&, )G (E1 ) dey. (4.28)

For simplicity let us define some constants y;

1/2

vi=| M7(&,0)G(&)dé, (4.29)
0
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related to the constants y; given by (4.1). Indeed, due to (4.9) the equality y/ = by;
holds. Let us begin with the following case.

(2a): [v] = 2m, that is,v = 2m + 1/2. We will evaluate the difference:

1/2
M3, (81,8 G(E1)dér = Yo

1/2 1/2
M, (&1,8)G(é)dé1 — . M;,(&1,0)G(&1)dé

1/2
<|f, M@ D - M@ 0IGE)E (430)
13
| [ Mae 06|
0
For the first integral, using the estimate (4.10), we calculate
)
M1, = M &0 = || 5 M)
0 062
(4.31)
13
i ’f LM, (G b)dé| < 887 = ) 887,
0
and, therefore,
1/2
[ 060 - MG 01GEN | < Clag (432)
¢
For the second integral
3 3 ¢
[ M@06@d| <[ gndn -ca[ dan - cagt am)
0 0 0
From the last two inequalities we get the estimate
1/2
M, (41,8)G(é1)dér - y,,| < CAS>. (4.34)
Therefore, in the case [v] = 2m, m € N,
Fiy)(§) = Y + 911 (), (4.35)

where [gr,) ()] < CAEY2.
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(2b) When [v] = 2m — 1,that is,v = 2m — 1/2, we have to study the integral (4.28).
Obviously,

1/2

EM, (81,8)G(&1)dér - 1é

. g (4.36)
< L (M2,(61,8) — M2 (61, 0))Ge)der | + & fo M2 (61, 0)G(en)dd .
For the last integral we have
14 4
UO M2 (8, 0)G (&) dd | < A fo g = 2C A, (4.37)

Now, to estimate the first term in the right-hand side of (4.36), there are two cases:

(i) when m > 2, we have v > [v] = 2m — 1 > m + 1 and similarly to the previous
case (2a) we can apply inequality (4.31). Thus, we estimate the difference:

L)
M2, (61, 8) — M2 (,0)| = UO 5 M b

é
- 'fo EM (&, &)dd

(4.38)

14
—2m-2 2+-5/2
<[ G < 5,
0

(ii) when m = 1, denote for simplicity p := 1/1 - ¢2/ é%, then p € [0,1] and directly

from the definition (4.6) of the functions M), we get

MY2(&1,8) - MY2(31,0) |

— Cél—l/z

Il {(1 - pz)_l/2 -(1- z)_l/z}Mdz
-1

< Cgl—l/z

Jl (1-p)lzlvl+z
-14/1 —pz<\/1—pz+\/l —Z>

! dz
\/(1-pz)(1-2z)

(4.39)

1
< Cléfl/z(l _P) + C1§1_1/2(1 _P) fo

1
—-p+pT)T

<GP\ 1-p <GP\ 1-p2 = Cgg
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Thus for m > 1, both cases lead to

< CAEY2, (4.40)

1/2
J‘é (M, (&1, 8) = M3, (61,0)}G(é1)dé

Finally, substituting (4.37) and (4.40) in (4.36), we find the estimate

1/2

M3, (61,8)G(é1)dér — 1,8 | < CAE. (4.41)

Summarizing, in the case (2b) of odd [v] = 2m — 1, we have

Fi1() = Ymé + g1 (&), (4.42)

where |5, (§)| < CAE/.
Now, we are ready to go backwards from FJ,|(¢) to Fo(¢). Integrating (4.20) we find

13 13 )
Fj(2) = Fj(0) + fo Fioa(&)dé +d7 f &Gy, (4.43)

forj=0,...,[v] - 1. Using (4.43) and (4.23), one can find the relation between the functions
F(¢) = Fo(¢) and Fpy1(¢). Starting from (4.43) with j = 0 one expresses F; (¢) by applying again
(4.43) in the right-hand side but for j = 1:

¢ ¢
E(¢) = Fo(§) = Fo(0) + L Fi(&)dé +dg L §G(&)dé = Fo(0) + F1(0)¢

13 t : ;
+f0 <I0 Fz(él)d§1>dt+Jo{df foéT_lc(él)dél +d8tvc(t)}dt,

Similarly, (4.43) gives a representation of F,(¢) through F3(¢) and so on. Finally, we get the
sum

(4.44)

F1(0)

Fi(0), , F2(0)
1!

F@) = Fo(0) + 3

¢
£ §2+~-+d5’foc(§1>«;{dgl

(4.45)
av Jg G v—l/y d; : v-2ry 2
= ()& (6 —e)dér + — fo G(e)g (6 -d0)7de +---,

by consequently substituting Fi.1(¢) in the resulting expression at each step by applying the
same formula (4.43) for j = k + 1. Thus, for F(¢) we find inductively

F:(0) . /
F@ =Y ’].(, . = St (4.46)
> > 2k
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since F;;1(0) = 0 and F»;(0) = y;, in view of (4.23). The process ends when F,}, integrated
[v] times, appears and we can apply (4.35) or (4.42) instead of (4.43). Therefore, according to
(4.35), when [v] = 2m is an even number, the last y in this sum will be y;,, and its coefficient
will be (1/(2m)!)é*", while when [v] = 2m — 1 is an odd number, formula (4.42) shows that
the last term will be also (y),/(2m)!)¢*™. In both cases m = [(v + 1)/2] and the constant
coefficients are independent of G(¢). Then, for the function F(¢) we have the representation

[(v+1)/2] i o L4
E() = g;ﬁ mé +¥(5), (4.47)

where the function ¥ (¢) is defined by

_ g\t
€-g)

¥ (] - D)

[v]-1 d}.’
- X2 &, (4.48)

: i , :
[ Geoee-aran+ [ v

i=0 0

Therefore [¥(g)| < CAE™*!, because |G(&)| < A and |gy) (&1)] < CAZ.
Finally, recall that y; = b}y, with coefficients b} #0 from (4.9) and 7(¢) = —r1EVF(¢)
from (4.4), and, therefore,

[(»+1)/2]
@)= Y, Cnd T +e), (4.49)
k=0
where Cx = —77'b}/(2k)!#0and |¢g(¢)| < CA¢. O

This lemma, due to formula (3.20), helps us to examine the solution v (¢, 7) of Problem
(P2.2) and therefore due to (3.18), the solution u,(p,t) = p~'/?>v of Problem (P2.1). First, for
k=0,...,[n/2], denote by a} the parameters

1/2 / -t
ap = f <I E;(p,t) fu(p, t)pdp> dt. (4.50)
0 t
Theorem 4.2. Let f, € C! (51). Then the generalized solution u,(p, t) of Problem (P2.1) belongs to
C%(D; \ (0,0)) and has the following asymptotic expansion at the origin (0,0):
& ~(n2k-1/2) npm 12 n
un(p,t) = >, p 2 (p+ ) SF(p, 1) +p 2 (np)F(p,t),  (450)
k=0
where F;:(P/ t)/ Fn(P/ t) € Cz(Bl \ (0/ 0))/

RODISC PG <C{minl aml G eal), @

with functions F}! and a constant C independent of f, and lim;_, ,oF} (t,t) = const #0.
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First, let us shortly outline the proof. In order to find the behavior of u, we apply
the relation (3.18) and study the function v. Actually, Lemma 3.4 uses Lemmas 3.2 and 3.3
to describe v by formulas (3.20)—(3.22) and the analysis passes to 7, G, and the Legendre
function P,. This way the base for the asymptotic expansion (4.51) is the expansion found in
Lemma 4.1 for 7 given by (3.21).

Proof of Theorem 4.2. Denote

A= max| fu(p, 1) | +max|(fu), (p, 1) (4.53)

and thus |g(¢,7)| < CA,|G(¢)| £ CA with the constant C independent of f,. Our goal is to
apply Lemma 4.1.
The key of this will be the equality

ﬂnfﬁaa@

F R C

[, (Len (g )s(n)n )a
_£”<:”y%n(§)g@ﬁMQ>@

FLr (@ Do o
(e )<
_£”<§gw%g(§>@>ﬂ@ﬁmg

TG -R(5 s
(2 2 ) ls@umands, k=0, [2]

om

according to Definition (3.2) of functions h} in Lemma 3.1.
On the other hand, Lemma 3.1 gives

0 0 -
(5 35) @+ Psen) = 2B+ 2=, (455)
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and by definition f = (¢ + 1) '/?g. Therefore, we have the following relation between a;

defined in (4.50) and the constants yx from Lemma 4.1:

1/2 1-t
= < ) Ez<p,t>f<p,t>pdp>dt

- %f1/2<j§1<621 o >{(§1 )" () fe @m) (& +’11)1/2d711>d§1

k70

5 (12 )
=-— &G dé = -k,
al Jo ™ akY
(4.56)
with coefficients a; # 0 from (3.3). Then Lemma 4.1 gives
[(v+1)/2]
T@) = >, Crape ™ +¢(@), (4.57)
k=0

where the constants C}! #0 are independent of f and [¢(¢)| < CA¢. Hence, for the solution
v(¢, 1) of Problem (P2.1) we have

1/2 »
o(&1) = 10) +L @ <w> "

&i(&+m)

G (§_71>(§1—111)+2§1111+2§11> >
.[; <fo P”( (G +m)(E+1) g m)dm |déy (4.58)

[(v+1)/2]

= > CIBIGEH(E,m)E Y + Wi (g, 7),

k=0

where

2
Gl(gn) =1+ f éz" v — <—(§ glrzil ;;) §">dél, (4.59)

(&- 11)§1+2§11> @,
&(é+1)

) JA/Z J—'lP <(§—7Z) (§1 —711) + 2811 + 2¢n
’ (& +m)(&+m)

1/2
Wi(gm) = @)+ (If(él)g <
: (4.60)

>g(él,m)d§1dm-
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Notice that the arguments of the Legendre’s functions P, in (4.58), (4.59) and (4.60) vary in
the interval [0, 1]. Thus,

v-2k+1 p1/2 Cl

IGr(& )| <1+C "i - GG <1+ ——— = C. (4.61)
Therefore, the functions
Fl(p,t) :=2"2*C{G} < "%t, PT_t> (4.62)
are also bounded. On the other hand, v(¢,0) = 7(¢) and therefore
Fi(t,t) = 2" 2KCIG(t,0) = 2V72FCY (4.63)

with coefficients C} #0 from (4.57).
Let us now evaluate the function ¥; defined in (4.60). We have |¢(8)| < CA¢,

1/2

1/2 9 (E-1n)é1+2¢n an i
L w(él)a—élpv<w>d§1' < CAm s | < CAEng]
=1)(61 = 11) + 2611 + 261
J:: J‘0 PV< (él + 111)(5 + Tl) >g(§1/7’ll)d§1d7’[1 < CAé

Finally, let us return to (p,t) coordinates using (3.17) and (3.18). The representation (4.58)
gives (4.51), where the function

_ t p—t
F'(p,t) = p"/2(Inp) ¥, <% PT) (4.65)
is continuous in D; and the estimate |F"(p, t)| < C; Ap'/?, holds with C; = const. O

Finally, we are ready to prove our main result.

Proof of Theorem 2.3. The uniqueness and the existence of the generalized solution when f €
C1(Q) is a trigonometric polynomial, follows from the results in [6]. Now the right-hand side
function satisfies (2.5), and thus it can be written in the form

1
e, xa,8) = {11l £) cos ngp + F2(|x|, ) sinngp}. (4.66)

n=2

According to [6] the unique generalized solution u(x;, x2, t) also has the form

!
u(xy, x2,t) = Z {u}l (p,t) cosny + u> (p,t) sin n(p}, (4.67)

n=2
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where the functions u/,(p,t) are solutions of Problem (P2.1) with right-hand side function
f,ﬁ € C!(G) and are described in Theorem 4.2. Then, for the constants a from Theorem 4.2

and f; from (2.6), we have the following relation:

1/2 1-t
= <f EZ(nt)f@(p,t)de)dt:”lf Wi O f (x Dy dt = 7
0 t Q '

Therefore, from Theorem 4.2 it follows that

[n/2]

n-2k-1/2) n,i n,i
i (p,t) = ﬂlzp”%wﬂ( BrE (o t) + M (Inp) M (p,t),

where the functions FZ’i are independent of f, IFZ’i (p,t)| < Cand

fa

i (p,t)) < C<n113ax

Summing over n and i in (4.67) we get the expansion

I 2 [n/2] .
u(x,t) = ZZ Z <|x|2 +t2>k /2[52,1'1:;; (

n=2i=1 k=0

+ <|x|2 + t2>1/41:(x/ t) ln<|x|2 + t2>/

where
" b) = 2 <p2 . t2>k—n/2 (o+ t)zk—m-l/ZF,;:,l (p,t) cosnp,
Fiy(x,t) = lp™/? (p + t2> (p )Zk_"+1/2PZ’2 (p,t) sinng,
F(x,t) = <" Injx] i(l—"”l(p, t) cosng + F"*(p,t) smmp)

Qxﬁ+ﬂ)11n0ﬂ +ﬂ)n2

Obviously the functions F! (x, t) are bounded and independent of f. Also, we have

|F(x,t)| < C<m3x|f(x, B+ mgx|ft(x,t)|>.
o) o)

+mﬁa]1x| (f;>t|> <C <m§ax|f(x,t)| +m§ax|ft(x,t)|>.

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

(4.73)
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Notice that the singularity (|x| +t2)7m/ 2 for fixed m appears in the sum for the solution

u(x,t) whenn = m,m+2,m+4,..., and the corresponding coefficients are ﬂgfiF(')’fi; ﬂ;’;F{"liﬂ;
;’fl.Fgfi*“ ; an so on, until n < I. Therefore, (4.71) is equivalent to

g2 L-m)/2]

1 2
ux,t) = 3 (I +£) N Bk E (x, 1)
m=0 k=0 i=1 (474)

+ (1o + t2>1/4F(x,t) In(jx? + £).

Thus, the properties (i), (ii), and (v) are proved.
Finally, let us prove the properties (iii) and (iv). For a fixed direction (ai, ap, 1)t =
(cosy,siny, 1)t € Sp,0 <t <1/2, y € [0,27r) we have the expressions

F! (at, ant, t) = 7r‘122k‘"+1/21-“,’c”1(t, t) cosny,
(4.75)
F(ant, mot, t) = w2222 (1 ) sin ny,

with the functions FZ’i (p,t) from (4.69) and F}.(x1,x2,t) from (2.8). Therefore, according to
(2.8) and (4.74),

lim F™ (a1 t, aot, t)
t—+0
[(-m) /2] (4.76)
= {C,'gl ,':ffz" cos(m +2k)y + C[, Zf;Zk sin(m + 2k)y}
k=0

with some constants C; #0. Thus, this expression is zero for all y € [0,2sr] if and only if

all the constants Z‘;'zk involved are zero, because the trigonometric functions are linearly

independent in [0, 2or]. Thus, if at least one [5;{”1.*2" #0, one could choose v, that is, a direction

(a1, a2, 1), such that lim; _, .o F™(ayt, axt, t) = C,,’l = const # 0, which proves (iii).
For (iv) in the case m = 0 we have

[1/2]
tlin:OFO(alt, ast, t) = Z {Ci,lﬁiﬁ cos 2ky + ngﬂikz sin 2ky}, (4.77)
k=1

and the sum starts at k = 1 since ﬁg/l = ﬁg,z = 0 according to Definition (2.6) and the special
form (2.5) of f. Now, F is continuous at (0,0,0) only when the expression in the right-hand
side of (4.77) is a constant. However, the constant 1 and the trigonometric functions involved
in (4.77) are linearly independent. Therefore, if at least one ﬁikl is not zero, then FY is not
continuous at the origin. O
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